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Abstract 

  Let 𝐺 = (𝑉, 𝐸) be a graph. A subset of S of vertices in G is called a pendant dominating set if the sub graph induced by S contains a 

pendant vertex. The pendant domination polynomial of G is defined as 𝐷𝑝𝑒(𝐺, 𝑥) = ∑ 𝑑𝑝𝑒
𝑛
𝑖=1 (𝐺, 𝑖)𝑥𝑖, where 𝑑𝑝𝑒(𝐺, 𝑖) is the number of 

pendant dominating sets of size i. In this paper, we extend the study of pendant domination polynomial of a graph and recurrence relations 

are obtained for polynomials of path and cycle graphs 
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1. Introduction 

Let 𝐺 = (𝑉, 𝐸) be any graph of order n and size m. A vertex of degree zero is called an isolated vertex and a vertex of a degree one is 

called a pendant vertex. An edge incident to pendant vertex is called a pendant edge. For a detailed treatment of the domination polynomial 

of a graph, the reader is referred to [1]. We have introduced and studied the concept of pendant domination polynomial of G, and obtained 

pendant domination polynomial for some standard graphs in [4]. The join of G and H denoted by 𝐺 ∨ 𝐻 is the graph such that 𝐺 ∨ 𝐻 =

𝑉(𝐺) ∪ 𝑉(𝐻) and 𝐸(𝐺 ∨ 𝐻) = 𝐸(𝐺) ∪ 𝐸(𝐻) ∪ {𝑢𝑣: 𝑢 ∈ 𝑉(𝐺), 𝑣 ∈ 𝑉(𝐻)\}. Let 𝐺1 and 𝐺2 be sub graphs of G. We say that 𝐺1 and 𝐺2 

are disjoint if they have no vertex in common and edge-disjoint if they have no edge in common. The union 𝐺1 ∪ 𝐺2 of 𝐺1 and 𝐺2 is the 

subgraph with vertex set 𝑉(𝐺1) ∪ 𝑉(𝐺2) and edge set 𝐸(𝐺1) ∪ 𝐸(𝐺2); if 𝐺1 and 𝐺2 are disjoint, we sometimes denote their union by 𝐺1 ∨

𝐺2. A graph G is called a bi-star if it can be constructed from 𝐾2 by touching m edges in one vertex and n in the other vertex, denoted by 

𝐵(𝑚, 𝑛).  Graph polynomial is good representation for the graph. There are many polynomials which play an important role in 

Combinatorics. One of the recent graph polynomial is domination polynomial which was introduced in [1]. The dominating polynomial 

motivated us to introduce and study the pendant domination polynomial in graph. 

Dominating set: A subset S of V (G) is a dominating set G if each vertex 𝑢 ∈ 𝑉 − 𝑆 is adjacent to a vertex in S. The least cardinality of a 

domination set is called the domination number of G, donated by 𝛾(𝐺) 

Isolated Dominating Set: A subset S of V (G) is called an isolated dominating set of G if < S > contains at least one isolated vertex. The 

minimum cardinality of an isolated dominating set in G is called the isolated domination number of G, denoted by 𝛾0(𝐺). 

Pendant Domination Number: A dominating set S in G is called a pendant dominating set if < S > contains at least one pendant vertex. 

The minimum cardinality of a pendant dominating set is called the pendant domination number denoted by 𝛾𝑝𝑒(𝐺). The pendant 

domination polynomial is defined for all non-trivial connected graphs of order at least two. Hence, throughout the paper we assume that 

by a graph G, we mean a connected graph of order at least two. 

II. Pendant Domination Polynomial of a graph: 

Let 𝐺 = (𝑉, 𝐸) be any graph of order 𝑛 ≥ 2. The pendant domination polynomial of G is denoted by 𝐷𝑝𝑒(𝐺, 𝑥) and is defined as 

𝐷𝑝𝑒(𝐺, 𝑥) = ∑ 𝑑𝑝𝑒
𝑛
𝑖=1 (𝐺, 𝑖)𝑥𝑖, where 𝑑𝑝𝑒(𝐺, 𝑖) is the number of pendant dominating sets of size i. 

The pendant domination polynomial is defined for all non-trivial connected graphs of order at least two. Hence, throughout the paper we 

assume that by a graph G, we mean a connected graph of order at least two. 

Observations 1:1: Let G be any connected graph of order 𝑛 ≥ 2, Then 

1. 𝑑𝑝𝑒(𝐺, 𝑛) =  {
1,    𝑖𝑓 𝛿(𝐺) = 1
0,     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

2. 𝑑𝑝𝑒(𝐺, 𝑖) = 0 if only if 𝑖 < 𝛾𝑝𝑒(𝐺) 𝑜𝑟 𝑖 > 𝑛 

3. 𝐷𝑝𝑒(𝐺, 𝑥) is a monotonically increasing function. 

4. 𝐷𝑝𝑒(𝐺, 𝑥) has no constant. 

5. 𝑧𝑒𝑟𝑜 is a root of 𝐷𝑝𝑒(𝐺, 𝑥) 𝑜𝑓 multiplicity 𝛾𝑝𝑒(𝐺). 
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Theorem 1.1: if a graph G consists of m components 𝐺1, 𝐺2, … . . 𝐺𝑚 , 𝑡ℎ𝑒𝑛 𝐷(𝐺, 𝑥) = 𝐷(𝐺1, 𝑥)𝐷(𝐺2, 𝑥) … . . 𝐷(𝐺𝑚 , 𝑥) 

Proof: Let G be a disconnected graph having components. Then, the pendant domination polynomial of each connected component will 

be a factor of pendant domination polynomial of G. Therefore, pendant domination polynomial of G is obtained by considering the product 

of pendant domination polynomial of each component. 

Proposition 1.1[4]: Let G be a connected graph of order 𝑛 ≥ 2.  Then 𝐷𝑝𝑒(𝐺, 𝑥) = (
𝑛
2

) 𝑥2 if only if G is a complete graph of order n. 

Theorem 1.2[4]: Let 𝐺1, 𝐺2 be connected graphs of order 𝑛, 𝑚 ≥ 2 respectively. Then 𝐷𝑝𝑒(𝐺1 ∨ 𝐺2, 𝑥) = 𝑛𝑚𝑥2 + 𝐷𝑝𝑒(𝐺1, 𝑥) +

𝐷𝑝𝑒(𝐺2, 𝑥). 

Theorem 1.3: Let 𝐺1, 𝐺2 be connected graphs of order 𝑛, 𝑚 ≥ 2 respectively. Then $𝐷𝑝𝑒(𝐺1 ∪ 𝐺2, 𝑥) = 𝐷𝑝𝑒(𝐺1, 𝑥) + 𝐷𝑝𝑒(𝐺2, 𝑥). 

Proposition 1.2. The following properties hold for coefficients of 𝐷𝑝𝑒(𝐶𝑛 , 𝑥). 

1. 𝑑𝑝𝑒(𝐶𝑛 , 𝑛) = 1, 𝑖𝑓 𝑛 ≥ 2. 

2. 𝑑𝑝𝑒(𝐶𝑛 , 𝑛 − 1) = 𝑛, 𝑖𝑓 𝑛 ≥ 3. 

3. 𝑑𝑝𝑒(𝐶3𝑛 , 𝑛) = 0. 

4. 𝑑𝑝𝑒(𝐶3𝑛 , 𝑛 + 1) = 𝑛(𝑛 + 1) 

5. 𝑑𝑝𝑒(𝐶3𝑛+1, 𝑛 + 1) = 𝑛 

6. 𝑑𝑝𝑒(𝐶4𝑛 , 2𝑛) = 1 

Proposition 1.3. The following properties hold for coefficients of 𝐷𝑝𝑒(𝑃𝑛 , 𝑥). 

1. 𝑑𝑝𝑒(𝑃𝑛 , 𝑛) = 1, 𝑖𝑓 𝑛 ≥ 2. 

2. 𝑑𝑝𝑒(𝑃𝑛 , 𝑛 − 1) = 𝑛, 𝑖𝑓 𝑛 ≥ 3. 

3. 𝑑𝑝𝑒(𝑃3𝑛 , 𝑛) = 0. 

4. 𝑑𝑝𝑒(𝑃3𝑛 , 𝑛 + 1) = 𝑛(𝑛 + 1) 

5. 𝑑𝑝𝑒(𝑃3𝑛+1, 𝑛 + 1) = 𝑛 

6. 𝑑𝑝𝑒(𝑃4𝑛 , 2𝑛) = 1 

Theorem 1.4[4]: Let 𝐺 ≅ 𝐾1,𝑛 be a star of order n. Then 𝐷𝑝𝑒(𝐺, 𝑥) = 𝑥((1 + 𝑥)𝑛−1 − 1)). Converse of the above result is also true. We 

state above theorem as follows: 

Theorem 1.5: Let G be any connected graph n. Then 𝐷𝑝𝑒(𝐺, 𝑥) = 𝑥((1 + 𝑥)𝑛−1 − 1)) if and only if G is a star on n vertices. 

Proof: Let G be a connected graph order n with the pendant domination polynomial 𝐷𝑝𝑒(𝐺, 𝑥) = 𝑥((1 + 𝑥)𝑛−1 − 1)). It is clear from the 

polynomial that, there are exactly n-1 pendant dominating sets of cardinality 2. Since, pendant dominating set of size two leads to an edge 

in G, it follows that G contains at least n-1 edges. For any integer 𝑘, 2 ≤ 𝑘 ≤ 𝑛, the number of pendant dominating set of cardinality k is 

given by (
𝑛 − 1
𝑘 − 1

).  Thus a pendant dominating set of size k is obtained by choosing k-1 vertices out of n-1 vertices. Therefore, G is 

isomorphic to the sum of 𝐾1 and a graph of order n-1 say H. That is, 𝐺 ≅ 𝐾1 ∨ 𝐻. Clearly H must be totally disconnected. On contrary, 

suppose H is connected. It is possible to choose a pendant dominating S of H of cardinality say k. Then S is also a pendant dominating set 

of G of cardinality k. This implies that 𝑑𝑝𝑒(𝐺, 𝑘) is at least (
𝑛
𝑘

) + 1, which is a contradiction. This contradiction show that 𝐻 ≅ 𝑘̅𝑛−1 and 

hence 𝐺 ≅ 𝐾1 ∨ 𝑘̅𝑛−1, a star on n vertices. Converse follows from Theorem 1.4. 

Theorem 1.6: Let G be any connected graph 𝑚 + 𝑛 + 2 vertices. Then 𝐷𝑝𝑒(𝐺, 𝑥) = 𝑥2(1 + 𝑥)𝑚+𝑛 if and only if G is a bi-star on n 

vertices 

Proof: Let G be a connected graph of order 𝑚 + 𝑛 + 2 with the pendant domination polynomial 𝐷𝑝𝑒(𝐺, 𝑥) = 𝑥2(1 + 𝑥)𝑚+𝑛. It is clear 

from the polynomial that, there is only one pendant dominating set of cardinality 2. Therefore, $G$ contains only one edge 𝑒 = 𝑢𝑣 of 

degree at least 𝑚 + 𝑛. That is, every vertex in G is adjacent to u or v. For if all the vertices in G are adjacent to u only, then for any vertex 

w different from v, the edge 𝑒′ = 𝑢𝑤 will be a pendant dominating set in G, which is not possible. Thus, both u ad v are of degree at least 

two. Suppose  𝑆1, 𝑆2 be any two subsets of 𝑉(𝐺)of cardinality m, n respectively, containing neither u nor v. 

From the polynomial, it is clear that, there are (
𝑚 + 𝑛
𝑘 − 2

)ways to select pendant dominating sets of cardinality k by choosing vertices from 

𝑆1 and 𝑆2 together with u, v. Now, we show that no vertex in 𝑆1 is adjacent to a vertex in 𝑆2. On contrary, if there is an edge between 𝑆1and 

𝑆2, then we any pendant dominating set of < 𝑉(𝐺) − {𝑢, 𝑣} > of cardinality k will be a pendant dominating set of G. Therefore, there at 

least (
𝑚 + 𝑛
𝑘 − 2

) + 1 possibilities for a pendant dominating sets of cardinality k, a contradiction. This contradiction proves that, there are no 
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edges between 𝑆1 and 𝑆2. Further, it is easy to observe that the sub graphs induced 𝑆1 and 𝑆2 are totally disconnected. Therefore, G obtained 

by attaching m, n number of vertices to u, v respectively. That is, 𝐺 ≅ 𝐵(𝑚, 𝑛). 

Theorem 1.7: Let G be a graph of connected graph of order 𝑛 ≥ 3 with  r isolated vertices. Then  

1. 𝑟 = 𝑛 − 𝑑𝑝𝑒(𝐺, 𝑛 − 1) 

2. 𝑑(𝐺, 2) = |{𝑢𝑣 ∈ 𝐸(𝐺)|𝑑𝑒𝑔(𝑒) ≥ 2(𝑛 − 2)𝑎𝑛𝑑 𝑁(𝑣) ∩ 𝑁(𝑢) = ∅}| 

Proof:  

1. Let G be a connected graph and let A be a collection of isolated vertices in G. Therefore by our assumption, |𝐴| = 𝑟. Now for any vertex 

𝑣 ∈ 𝑉(𝐺) − 𝐴, the set 𝑉(𝐺) − {𝑣} is a pendant dominating set of G. Therefore, 𝑑𝑝𝑒(𝐺, 𝑛 − 1) = |𝑉(𝐺 − 𝐴)| = 𝑛 − 𝑟, and 𝑟 = 𝑛 −

𝑑𝑝𝑒(𝐺, 𝑛 − 1). 

2. A pendant dominating set of cardinality is an edge 𝑒 = 𝑢𝑣 in G. Therefore 𝑑𝑝𝑒(𝐺, 2)$ counts number of edges in G dominating G. That 

is, number of edges 𝑒 = 𝑢𝑣 with deg(𝑒) = deg(𝑢) + deg(𝑣) is at least 2(𝑛 − 2) such that 𝑁(𝑣) ∩ 𝑁(𝑢) = ∅. 

A finite sequence of real numbers {𝑑0, 𝑑1, … . . 𝑑𝑚 } is said to be unimodal if there exist an index 0 ≤ 𝑗 ≤ 𝑚 such that 𝑑0 ≤ 𝑑1 ≤ ⋯ . . ≤ 𝑑𝑗 

and 𝑑𝑗 ≥ 𝑑𝑗+1 ≥ ⋯ . . ≥ 𝑑𝑚$. A polynomial is said to be unimodal if its sequence of coefficients is unimodal. 

Conjecture: The domination polynomial of any graph is unimodal. 

When counting the number of dominating sets with cardinality close to n, it may simplify things to count the number of subsets which are 

not dominating. A subset 𝑆 ⊆ 𝑉(𝐺) is not dominating if there exists a vertex v in G such that none of its neighbors, nor itself, is in S. That 

is, 𝑁[𝑣] ∩ 𝑆 = 𝜙.  The next proposition will help us identify which subsets are not dominating by looking at the subset’s complement 

(with respect to V). If there exists a vertex v and subset 𝑆 ⊆ 𝑉 such that 𝑁[𝑣] ⊆ 𝑆 then we say S encompasses v or v is encompassed by 

S. We shall state the following proposition without proof. 

Proposition 1.4: For a graph G and 𝑆 ⊆ 𝑉(𝐺). S is not dominating if and only if there exists a vertex 𝑣 ∈ 𝑆 which is encompassed by S. 

 

III. Conclusion 

In recent days, the study of domination and its related parameters has a major significance in graph theory and polynomial representation 

of graphs leads to study of graphs through graphs. In this article, we are interested in studying behavior of roots of pendant domination 

polynomial. We also study the unimodality of pendant domination polynomial and try to obtain expressions for 𝑑𝑝𝑒(𝐺, 𝑛 − 2) and 

𝑑𝑝𝑒(𝐺, 𝑛 − 3). 
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