
© 2022 IJNRD | Volume 7, Issue 7 July 2022 | ISSN: 2456-4184 | IJNRD.ORG 

IJNRD2207171 International Journal of Novel Research and Development (www.ijnrd.org)  

 

1527 

CURRENT SCENARIO ON LINEAR 

PROGRAMMING AND THE SIMPLEX 

METHOD AND GRAPHICAL METHOD 

Manish Gaur, Ashwin Singh Chouhan 

Jai Narain Vyas University, New Campus Jodhpur (Raj.) India 

Address for Correspondence: 

Manish Gaur 

Guru Raja Ram Nagar 1st Parihar Nagar Jodhpur, Rajasthan India 342006 

E-mail: manishgaur76108@gmail.com 

Mobile No. = 7610832309 

Abstract  

Linear programming (LP) using a linear function for optimization is reviewed. Our research found that the 

best techniques are associated with the simplex and the graphical methods. Examples of these methods are 

given, although these methods are widely used, there is a wide scope for their improvement both in the 

theoretical formulations and their practical applications. 
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Introduction  

Linear programming is a method that could be used to find out the best achievement of a mathematical 

model using linear relationships. It is the best method to perform linear optimization by making a few 

simple assumptions. The linear function is known as the objective function. Real-world relationships can be 

extremely complicated. However, linear programming can be used to depict such relationships, thus, 

making it easier to analyze them. 

LP is technique that is used for optimizing a linear function in order to reach the best outcome. This linear 

function or objective function consists of linear equality and inequality constraints. We obtain the best 

outcome by minimizing or maximizing the objective function. 

LP is used in many industries such as energy, telecommunication, transportation, and manufacturing. This 

article sheds light on the various aspects of linear programming such as the definition, formula, and methods 

to solve problems using this technique, and associated linear programming examples. 

 

http://www.ijrti.org/
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A Linear Program (LP) is a problem that can be expressed as follows (the so-called Standard Form):  

Minimize   c’x 

Subject to Ax = b 

x >= 0 

Where x is the vector of variables to be solved for, A is a matrix of known coefficients, and c and b are 

vectors of known coefficients. The expression "c’x" is called the objective function, and the equations 

"Ax=b" are called the constraints. The matrix A is generally not square, hence you don't solve an LP by just 

inverting A. Usually A has more columns than rows, and Ax=b is therefore quite likely to be under-

determined, leaving great latitude in the choice of x with which to minimize c’x. 

Linear Programming Examples 

Suppose a postman has to deliver 6 letters in a day from the post office (located at A) to different houses (U, 

V, W, Y, and Z). The distance between the houses is indicated on the lines as given in the image. If the 

postman wants to find the shortest route that will enable him to deliver the letters as well as save on fuel 

then it becomes a linear programming problem. Thus, LP will be used to get the optimal solution which will 

be the shortest route in this example. 

 

Linear Programming Formula 

A linear programming problem will consist of decision variables, an objective function, constraints, and 

non-negative restrictions. The decision variables, x, and y, decide the output of the LP problem and 

represent the final solution. The objective function, Z, is the linear function that needs to be optimized 

(maximized or minimized) to get the solution. The constraints are the restrictions that are imposed on the 

decision variables to limit their value. The decision variables must always have a non-negative value which 

is given by the non-negative restrictions. The general formula of a linear programming problem is given 

below: 

Objective Function: Z = ax + by 

Constraints: cx + dy ≤ e, fx + gy ≤ h. The inequalities can also be "≥" 

Non-negative restrictions: x ≥ 0, y ≥ 0 

How to Solve Linear Programming Problems? 

The most important part of solving linear programming problem is to first formulate the problem using the 

given data. The steps to solve linear programming problems are given below: 

 Step 1: Identify the decision variables. 

http://www.ijrti.org/
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 Step 2: Formulate the objective function. Check whether the function needs to be minimized or 

maximized. 

 Step 3: Write down the constraints. 

 Step 4: Ensure that the decision variables are greater than or equal to 0. (Non-negative restraint) 

 Step 5: Solve the linear programming problem using either the simplex or graphical method. 

 

Linear Programming Methods 

There are two main methods available for solving linear programming problem. These are the simplex 

method and the graphical method. Given below are the steps to solve a linear programming problem using 

both methods. 

Linear Programming by Simplex Method 

The simplex method in lpp can be applied to problems with two or more decision variables. Suppose the 

objective function Z = 40x1 + 30x2 needs to be maximized and the constraints are given as follows: 

 

x1 + x2 ≤ 12 

2x1 + x2 ≤ 16 

x1 ≥ 0,  x2 ≥ 0 

Step 1: Add another variable, known as the slack variable, to convert the inequalities into equations. Also, 

rewrite the objective function as an equation. 

- 40x1 - 30x2 + Z = 0 

x1 + x2 + y1 =12 

2x1 + x2 + y2 =16 

y1 and y2 are the slack variables. 

Step 2: Construct the initial simplex matrix as follows: 

                                                         x1     x2    y1   y2   Z 

                                                         1     1      1    0    0     12 

                                                         2     1      0    1     0    16 

                                                      −40 −30     0    0    1     0 

Step 3: Identify the column with the highest negative entry. This is called the pivot column. As -40 is the 

highest negative entry, thus, column 1 will be the pivot column. 

Step 4: Divide the entries in the rightmost column by the entries in the pivot column. We exclude the entries 

in the bottom-most row. 

 

 

http://www.ijrti.org/
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12 / 1 = 12 

16 / 2 = 8 

The row containing the smallest quotient is identified to get the pivot row. As 8 is the smaller quotient as 

compared to 12 thus, row 2 becomes the pivot row. The intersection of the pivot row and the pivot column 

gives the pivot element. 

Thus, pivot element = 2. 

Step 5: With the help of the pivot element perform pivoting, using matrix properties, to make all other 

entries in the pivot column 0. 

Using the elementary operations divide row 2 by 2 (R2 / 2) 

x1     x2     y1    y2    Z 

1       1     1      0      0      12 

1       ½      0     ½     0       8 

−40 −30    0     0       1       0 

Now apply R1 = R1 - R2 

x1     x2      y1    y2     Z 

0       ½       1       -½      0     4 

1        ½       0        ½       0     8 

−40   −30     0       0        1      0 

Finally R3 = R3 + 40R2 to get the required matrix. 

x1      x2       y1      y2      Z 

0       ½          1     −½       0      4 

1       ½          0       ½       0      8 

0     −10         0      20       1     320 

Step 6: Check if the bottom-most row has negative entries. If no, then the optimal solution has been 

determined. If yes, then go back to step 3 and repeat the process. -10 is a negative entry in the matrix thus, 

the process needs to be repeated. We get the following matrix. 

x1     x2      y1      y2     Z 

0       1         2      −1      0     8 

1       0       −1       1       0      4 

0       0        20     10       1     400 

Writing the bottom row in the form of an equation we get Z = 400 - 20y1 - 10y2. Thus, 400 is the highest 

value that Z can achieve when both y1 and y2 are 0. 

Also, when x1= 4 and x2 = 8 then value of Z = 400 

http://www.ijrti.org/
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Thus, x1 = 4 and x2 = 8 is the optimal points and the solution to our linear programming problem. 

Linear Programming by Graphical Method 

If there are two decision variables in a linear programming problem then the graphical method can be used 

to solve such a problem easily. 

Suppose we have to maximize Z = 2x + 5y. 

The constraints are x + 4y ≤ 24, 3x + y ≤ 21 and x + y ≤ 9 

Where, x ≥ 0 and y ≥ 0. 

To solve this problem using the graphical method the steps are as follows. 

Step 1: Write all inequality constraints in the form of equations. 

x + 4y = 24 

3x + y = 21 

x + y = 9 

Step 2: Plot these lines on a graph by identifying test points. 

x + 4y = 24 is a line passing through (0, 6) and (24, 0). [By substituting x = 0 the point (0, 6) is obtained. 

Similarly, when y = 0 the point (24, 0) is determined.] 

3x + y = 21 passes through (0, 21) and (7, 0). 

x + y = 9 passes through (9, 0) and (0, 9). 

Step 3: Identify the feasible region. The feasible region can be defined as the area that is bounded by a set 

of coordinates that can satisfy some particular system of inequalities. 

Any point that lies on or below the line x + 4y = 24 will satisfy the constraint x + 4y ≤ 24. 

Similarly, a point that lies on or below 3x + y = 21 satisfies 3x + y ≤ 21. 

Also, a point lying on or below the line x + y = 9 satisfies x + y ≤ 9. 

The feasible region is represented by OABCD as it satisfies all the above-mentioned three restrictions. 

Step 4: Determine the coordinates of the corner points. The corner points are the vertices of the feasible 

region. 

 = (0, 0) 

 A = (7, 0) 

 B = (6, 3). B is the intersection of the two lines 3x + y = 21 and x + y = 9. Thus, by substituting y = 9 

- x in 3x + y = 21 we can determine the point of intersection. 

 C = (4, 5) formed by the intersection of x + 4y = 24 and x + y = 9 

 D = (0, 6) 

http://www.ijrti.org/
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Step 5: Substitute each corner point in the objective function. The point that gives the greatest (maximizing) 

or smallest (minimizing) value of the objective function will be the optimal point. 

S.No Corner Points Z = 2x + 5y 

1 O = (0, 0) 0 

2 A = (7, 0) 14 

3 B = (6, 3) 27 

4 C = (4, 5) 33 

5 D = (0, 6) 30 

 

33 is the maximum value of Z and it occurs at C. Thus, the solution is x = 4 and y = 5. 

Applications of Linear Programming 

 Linear programming is used in several real-world applications. It is used as the basis for creating 

mathematical models to denote real-world relationships. Some applications of LP are listed below: 

 Manufacturing companies make widespread use of linear programming to plan and schedule 

production. 

 Delivery services use linear programming to decide the shortest route in order to minimize time and 

fuel consumption. 

 Financial institutions use linear programming to determine the portfolio of financial products that 

can be offered to clients. 

Linear Programming and Simplex Method 

Simplex Method 

Simplex methods are a family of LP solution techniques in wide use today. The simplex methods are based 

on an initial design of k+1 trial, where k is the number of variables. A k+1 geometric figure in a k-

dimensional space is called a simplex. The shapes of the simplex in a one, a two and a three variable search 

space, are a line, a triangle or a tetrahedron.  

http://www.ijrti.org/
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Geometric interpretation of lower dimensional simplexes. 

The corners of this figure are called vertices. The simplex method can be viewed as moving from one vertex 

to another along the edges of the boundary.  

 

Gaussian Procedure Revisited 

As a prelude to the analysis of the Simplex Method it is extremely useful to remind ourselves of the method 

underlying a variety of techniques for the solution of systems of linear equations, namely the good old 

faithful Gaussian Elimination procedure. Our main task will be to explain how this procedure is modified so 

http://www.ijrti.org/
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as to take care of the fact that in linear programming we do not merely solve a system of linear equations. 

There are two complicating factors: 

 All the variables are required to be non-negative. 

 A solution is sought that optimize a prescribed linear objective function. 

So let us begin at the beginning, say with the following system of linear equations: 

2x1 + x2 +  x3   =  40 

x1 + x2 +  x4  =  30 

x1 +      x5 =  15 

And if we ignore the decorations and focus on the coefficients themselves, the picture is this: 

2 1 1 0 0 40 

1 1 0 1 0 30 

1 0 0 0 1 15 

It is very easy to solve this system because the coefficient matrix of the variables contains a collection of 

columns that constitute an identity matrix. Thus, all we have to do is set the variables associated with these 

columns to the respective right-hand side values, and set all the other variables to zero. This will generate 

the following basic solution: x=(0,0,40,30,15). For obvious reasons we shall refer to the last column of this 

matrix as the right-hand side (RHS) column. 

And to make it easier to relate the elements of the table to the elements of the original systems we shall 

append some headers to the table. The end product will look like this: 

 

x1 x2 x3 x4 x5 RHS 

2 1 1 0 0 40 

1 1 0 1 0 30 

1 0 0 0 1 15 

At this point you might be a bit disturbed about the fact that we exploit here a very pleasant situation where 

a collection of the columns of the coefficient matrix constitutes an identity matrix. This is indeed a good 

comment, which unfortunately we cannot address right now. We shall do it later on. For the time being we 

shall assume that the system of linear equations we are dealing with is canonical in the sense that a 

collection of columns of the coefficient matrix constitutes an identity matrix. Typically these columns will 

not be nicely positioned together in one block, but rather will be spread all over the place. Nevertheless, 

they will be there ready to do their job. 

Observe that in this environment it is very easy to generate other basic solutions from a given one, if such 

beasts exist. All we have to do is replace one of the basic columns with a non-basic column and conduct a 

pivot operation to recreate the same elementary column in a new position. For example, suppose that we 

decide to take x4 out of the basis and put x2 in instead. All we have to do then is conduct a pivot operation at 

the row 2, column 2. The result is as follows: 

x1 x2 x3 x4 x5 RHS 

1 0 1 -1 0 10 

1 1 0 1 0 30 

1 0 0 0 1 15 

The basic solution associated with this table is equal to x=(0,30,10,0,15). Now, to make our life even easier, 

let us append a column on the left-hand side of the table that will be used to list the basic variables 

associated with the each one of the rows. This done, the last table will look something like this: 

http://www.ijrti.org/
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BV x1 x2 x3 x4 x5 RHS 

x3 1 0 1 -1 0 10 

x2 1 1 0 1 0 30 

x5 1 0 0 0 1 15 

Here BV is used as an abbreviation for Basic Variables. In any case, now it is very easy to read the values of 

the basic variables, recalling that all the nonbasic variables are equal to zero. Using this new column it is 

easy to compose the identity matrix corresponding to the current basis. In our example left-hand side 

column says that the identity matrix is composed of the columns of x3, x2 and x5 in this order!  

Non-negativity constraint  

As we indicated at the outset, the standard linear programming formulation requires all the variables to be 

non-negative. Thus, we need a mechanism to ensure that 

 The initial basic solution is non-negative. 

 The new basic solution we generate by pivoting is non-negative.  

Thus, in the context of our table environment, or rather tableau as it is called endearingly, we have to make 

sure that the initial entries in the RHS column are non-negative and that this column remains nonnegative 

throughout the process. 

The issue concerning the construction of an initial tableau comprising a non-negative basic solution is an 

important modeling issue that we shall discuss at a later stage. For the time being we assume that our initial 

tableau satisfies this condition. 

The question is then: 

Given that we intend to bring xj into the basis, what basic variable should we take out 

of the basis to ensure that the RHS remains non-negative? 

The following is a partial answer to this question: suppose that we plan to bring column j into the basis. 

Since the RHS is non-negative and the pivot element will not be equal to zero, we better pivot on a strictly 

positive entry. This will ensure that the new basic variable will be non-negative. This simple rule guarantees 

that the new basic variable will be non-negative. So far so good! 

But how about ensuring that the other (old) basic variables will remain non-negative? The answer is not too 

complicated either: make sure that if you pivot on (row i, column j) then 

RHS i 

------ 

t i,j 

<=  RHS k 

------ 

t k,j 

for all rows k for which t k,j > 0. Here t i,j denote the (i,j)th entry of the simplex tableau (ignoring the 

headers). This is the famous ratio test of the simplex method. 

The reason for the ratio test: Gauss elimination will update the RHS(k) as RHS(k)-t(k,j)*RHS(i)/t(i,j), which 

we want to be non-negative.  

In practice it dictates the following:  

Variable Leaving the Basis 
 

If you plan to bring column j into the basis, then take out of the basis the basic 

variable associated with row i, where i is any row where the ratio test attains its 

minimum value.  

http://www.ijrti.org/
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In summary, using the simple ratio test we ensure that the basic solutions we generate by pivoting are 

nonnegative hence basic feasible: not only that they are basic solutions to the functional constraints, they are 

also non-negative. Obviously, for this scheme to make sense we must require the RHS to be non-negative at 

the outset!! We shall deal with this issue shortly, for the time being we shall assume that this is indeed so. 

Suffice it to say that this is a minor technical issue. 

Now, what happens if for a given nonbasic variable, say x j, we have t i,j <= 0, for all i, namely the entire 

column is non-positive? We shall discuss the implications of this scenario shortly. For the time being we 

shall refer to such cases as unbounded cases. 

Example: Given the following initial table as follows 

x1 x2 x3 x4 x5 RHS 

2 1 1 0 0 40 

1 1 0 1 0 30 

1 0 0 0 1 15 

if we want to bring x2 into the basis, the ratio test determines that x4 should leave; if we want to bring x1 into 

the basis, the ratio test determines that x5 should leave. Next question is how do we know which one to bring 

into the basis? 

The Objective Function 

We still have to consider a major issue, namely: optimization. In other words, the simplex method is 

supposed to optimize a linear function subject to linear constraints. We have shown how we can easily 

generate basic feasible solutions from a given basic feasible solution, but we have said nothing about 

optimization. The question is then: how do we incorporate an objective function into the above framework? 

The Simplex Method conducts a sequence of pivot operations of the type we described above with a view to 

optimize a prescribed linear function of the decision variables. This is done by ensuring that in each step 

there is an improvement in the value of the objective function, namely the objective function will decrease. 

Since there are finitely many basic feasible solutions, sooner or later this process must terminate. The theory 

of linear programming guarantees that if we cannot improve the objective function by a single pivot 

operation (moving from a basic feasible solution to an adjacent (neighboring) basic feasible solution) then 

the current basic feasible solution is (globally) optimal. We can thus stop! 

To show how this is done, let us first explain how the linear objective function we try to optimize is 

incorporated into the Gaussian procedure as a constraint. 

So let c denote the vector of coefficients of the objective function under consideration, namely assume that 

our objective is to optimize the function  

f(x):= c1x1 + ... + cnxn 

Subject to a system of linear equations and the beloved non-negativity constraint.  

Then this is equivalent to optimizing the scalar z subject to and the other "conventional" constraints, 

observing that in this framework z is also a decision variable.  

z - c1x1 - ... - cnxn = 0 

To see how this idea works, let us consider the linear objective function associated with the coefficient 

vector =(-4,-3,0,0,0). If we add the corresponding constraint to the original system, the resulting model is as 

follows: 
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  2x1 + x2 +  x3   =  40 

  x1 + x2 +  x4  =  30 

  x1 +      x5 =  15 

z + 4x1 + 3 

x2 

    =  0 

The associated tableau is then: 

BV z x1 x2 x3 x4 x5 RHS 

x3 0 2 1 1 0 0 40 

x4 0 1 1 0 1 0 30 

x5 0 1 0 0 0 1 15 

z 1 4 3 0 0 0 0 

In summary, a new row is appended to the table (at the bottom) comprising the negative values of the 

coefficients of the objective function and zero in the last position resulting from the definition of the 

additional variable z. As we shall see, this last position will store the value of the objective function 

pertaining to the current basic feasible solution. In our case this value is equal to zero because all the cost 

coefficients of the original basic variables are equal to zero. 

Needless to say, if the cost coefficients of the original basic variables are non-zero, pivot operations will 

have to be performed to create an identity matrix out of the columns of the basic variables, which always 

include the z-column. For example, if the cost vector is c=(-4,-3,0,0,1) then would initially have 

BV z x1 x2 x3 x4 x5 RHS 

x3 0 2 1 1 0 0 40 

x4 0 1 1 0 1 0 30 

x5 0 1 0 0 0 1 15 

z 1 4 3 0 0 -1 0 

This tableau is not in a canonical form, and to fix this detail we have to pivot on the -1 entry in the x 5 

column. This yields the following tableau: 

BV z x1 x2 x3 x4 x5 RHS 

x3 0 2 1 1 0 0 40 

x4 0 1 1 0 1 0 30 

x5 0 1 0 0 0 1 15 

z 1 5 3 0 0 0 15 

The corresponding basic solution is x= (0, 0, 40, 30, 15) with z=15.  

As far as terminology goes, we shall refer to the elements of the z-row corresponding to the columns of x as 

reduced costs. This title is not very good, actually it is quite bad! But it has become a sort of standard in this 

business and we shall thus have to stick with it here. 

You may wonder at this point why we keep schlepping the z-column in the tableau: since we have do not 

plan to pivot on elements of the z-row it is clear that the z-column will never change! So why keep it there?  

This is a good suggestion and we shall adopt it immediately: from now own we shall not include the z-

column in the simplex tableau. Thus, the last tableau will be displayed as follows: 

BV x1 x2 x3 x4 x5 RHS 

x3 2 1 1 0 0 40 

x4 1 1 0 1 0 30 

x5 1 0 0 0 1 15 

z 5 3 0 0 0 15 

http://www.ijrti.org/
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So we conclude that the introduction of an objective function into the analysis can be easily dealt with by 

the Gaussian procedure: the same operation, i.e. pivoting, that is used to generate new basic feasible 

solutions to the problem is used to update the value of the objective function. 

Optimization 

We established a framework for incorporating the objective function of a LP problem into the Gaussian 

elimination scheme as well as for keeping the decision variables non-negative. We now have to address the 

obvious question: how do we optimize the objective function? 

The answer is straight forward, namely: we choose the next pivot operation so that it will "improve" the 

value of the objective function. That is, we choose the next pivot operation so that it will decrease the value 

of the objective. 

The following key observation suggests a number of heuristics for determining the new basic variable: 

The reduced costs of the non-basic variables in a canonical simplex tableau are equal 

to the marginal decrease in the objective function pertaining to these variables. 

Before we show why this is so let us examine a simple example to ensure that the term marginal decrease in 

the objective function is fully understood. 

BV x1 x2 x3 x4 x5 RHS 

x3 2 1 1 0 0 40 

x4 1 1 0 1 0 30 

x5 1 0 0 0 1 15 

z 4 3 0 0 0 0 

There are two non-basic variables here, namely x1 and x2, whose reduced costs are equal to 4 and 3 

respectively. The above observation asserts that the marginal decrease in the objective function with respect 

x1 is equal to 4 and with respect to x2 is equal to 3. 

If this is indeed true, then a "small" increase, say q, in x1 will result in a decrease of q(4) in the value of the 

objective function. Similarly, a "small" increase, say p, in x2 will result in a decrease of p(3) in the objective 

function. This is so because Z-row of the tableau represents the following equation: 

Z +4x1 +3x2 = 0 

Which in turn is equivalent to  

Z = -4x1 - 3x2 

Thus, an increase of q units in x1 results in an increase of -4q units in the objective function or equivalently 

a decrease of 4q units. 

The term "small" is used here to guard against the possibility that by increasing the value of a non-basic 

variable (from zero) we do not force any basic variable to become negative. The question of how small the 

increase should/can was discussed under the header "Ratio Test" in the preceding section. We draw your 

attention to the fact that in certain pathological cases "small" means zero, in which case the observation is 

trivially true but not very informative. 

The implications of this observation can be summarized as follows: 

Look for non-basic variables with positive reduced costs 

http://www.ijrti.org/
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If you push this argument one step further you'll find the following: 

Greedy Rule for Selecting New Basic Variable 

Select the non-basic variable with the "most positive" reduced cost. 

Furthermore, this observation also supplies the following: 

Stopping Rule 

Stop if the reduced costs of all the non-basic variable are non-positive. 

In short, to optimize the objective function you keep iterating (pivoting) using the above rules until the 

Stopping rule instructs you to stop. Observe that once you select a new basic variable (column) say 

according to the Greedy Rule, the basic variable to leave the basis is determined by the Ratio Test, which is 

basically fully automated in that it does not need human intervention, except perhaps in cases where it 

produces a tie. 

Example:  Given following initial table 

BV x1 x2 x3 x4 x5 RHS 

x3 2 1 1 0 0 40 

x4 1 1 0 1 0 30 

x5 1 0 0 0 1 15 

z 4 3 0 0 0 0 

Greedy Rule for Selecting New Basic Variable determines that x1 should be brought into the basis as next 

new basic variable, and the ratio test determines that x5 should leave: 

BV x1 x2 x3 x4 x5 RHS 

x3 0 1 1 0 -2 10 

x4 0 1 0 1 -1 15 

x1 1 0 0 0 1 15 

z 0 3 0 0 -4 -60 

Notice the z-value is decreased to -60. By using the Greedy Rule and ratio test again, we need to replace x3 

is by x2: 

BV x1 x2 x3 x4 x5 RHS 

x2 0 1 1 0 -2 10 

x4 0 0 -1 1 1 5 

x1 1 0 0 0 1 15 

z 0 0 -3 0 2 -90 

Notice the z-value is decreased to -90. By using the Greedy Rule and ratio test again, we need to replace x4 

is by x5: 

BV x1 x2 x3 x4 x5 RHS 

x2 0 1 -1 2 0 20 

x5 0 0 -1 1 1 5 

x1 1 0 1 -1 0 10 

z 0 0 -1 -2 0 -100 

Since all reduced cost coefficients are non-positive, we stop. The minima are (10, 20, 0, 0, 5) and minimum 

is -100. 
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Violations of the Standard Form 

What do we do if our linear programming problem does not comply with the requirements of the "standard 

form"? 

The good news is that it is easy to handle violations of the standard form. The general strategy is to 

transform a problem that is a non-standard form into an equivalent problem that is in a standard form. By 

equivalent we mean that the two problems have the same set of feasible solutions, the same set of optimal 

solutions, and the same optimal value for the objective function. Thus, by solving the equivalent problem 

(having a standard form) we recover a solution to the original problem (having a non-standard form). 

We shall now see how each of the possible violations of the standard form is handled. So recall that the 

standard form requires the following: 

 The right-hand side coefficients (bi) are non-negative  

 All the functional constraints are of the "=" type  

 All the decision variables are non-negative.  

 Initial problem is canonical. 

There are consequently four types of violations: 

 Violation # 1: Negative right-hand side coefficient (bi < 0)  

 Violation # 2: A decision variable is not required to be non-negative.  

 Violation # 3: A functional constraint that is not of the "=" type  

 Violation # 4: Initial problem is not in canonical form. 

Since the third violations has two cases ( a "<=" type constraint or a ">=" type constraint), there are 

altogether five violations to examine. 

Violation # 1: Negative right-hand side coefficient 

This is the easiest violation: all we have to do is multiply the offending constraint by -1, observing that if the 

constraint is not an "=" type, multiplication by -1 will reverse the direction of the inequality (from "<=" to 

">=" and vice versa.)  

You certainly have observed that by fixing this type of violation we may cause a different violation. In 

particular, this fix will transform a "<=" constraint into a ">=" constraint. As promised, we shall shortly 

examine a fix for the third type of violation 

Violation # 2: A decision variable is not required to be non-negative 

To handle this violation we call upon a very old trick: any number (positive or negative) can be expressed as 

the difference of two non-negative numbers. For example, x=-4 can be expressed as v-w, where say v=6 and 

w=10. 

So all we have to do to handle a variable that is not restricted in sign is to replace it (in the objective 

function and the functional constraint) by the difference of two new decision variables that are required to 

be non-negative. 

For example, consider the following problem: 

max z =  3x1 + 4x2 + 5x3 

s.t.   

 2x1 + 5x2 + 3x3 <= 10 

 3x1 + 2x2 + 7x3 <= 20 

 x2 >= 0 
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Two decision variables (namely x1 and x3) are not subject to the non-negativity constraint. So we replace 

each of them by the difference of two new decision variables. The result is as follows: 

max z =  3(x'1 - x"1) + 4x2 + 5(x'3 - x"3) 

s.t.   

 2(x'1 - x"1)+ 5x2 + 3(x'3 - x"3) <= 10 

 3(x'1 - x"1) + 2x2 + 7(x'3 - x"3) <= 20 

 x'1,x"1,x2,x'3,x"3 >= 0 

There are now five decision variables. 

We shall refer to such variables as URS (short for Un Restricted Sign).  

Violation # 3: A functional constraint is not a "=" type 

We distinguish here between two cases, namely 

 A >= constraint  

 A <= constraint  

We deal with the first by transforming it into an equivalent "=" constraint which will then be handled by the 

trick we use to handle this type of constraints. 

The details are simple: we subtract a decision variable, called surplus variable from the left-hand side of a 

">=" constraint, subject this variable to the non-negativity constraint and rewrite the constraint as a "=" 

constraint. 

To illustrate how little trick works, consider the following functional constraint: 

3x1 + 2x2 + 7x3 >= 20 

Then, this constraint is equivalent to 

3x1 + 2x2 + 7x3 - x4 = 20 , ( x4 >= 0) 

in that they both have the same set of feasible solutions with regard to original decision variables (x1,x2,x3). 

In other words, (x1,x2,x3) is feasible with respect to the original constraint if and only if (x1,x2,x3,x4) is 

feasible with regard to the = constraint, where  

x4 = 20 - 3x1 - 2x2 - 7x3 

Make sure that you understand why it is necessary to subject x4 to the non-negative constraint. 

So far so good! Our next task is to deal with " <= " type of constraints. 

In this case, we introduce slack variables. For example, consider the constraint 

x1 + 3x2 + 7x3 - x4 <= 25 

We thus introduce a new decision variable, x5 >=0,  called slack variable and designate it as the representative 

of this constraint in the basis. The resulting constraint will thus be as follows: 

x1 + 3x2 + 7x3 - x4 + x5 = 25 
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Violation # 4: Initial problem is not in canonical form. 

Recall that the Simplex Method requires a problem is a canonical form. Thus, our " = " constraint will need 

a basic variable to represent it in the basis. For this reason, we do here exactly what we did for  " <= 

“constraints, namely we add to the left-hand side of the constraint a decision variable. For example, consider 

the constraint 

x1 + 3x2 + 7x3 - x4 = 25 

We thus introduce a new decision variable, x5, and designate it as the representative of this constraint in the 

basis. The resulting constraint will thus be as follows: 

x1 + 3x2 + 7x3 - x4 + x5 = 25 

You may wonder, perhaps why we need to introduce x5, into the picture given that the constraint has other 

variables. Why don’t we let say x1 represent this constraint in the basis? 

This is a very good question. The answer goes like this. If it is indeed possible to designate one of the 

original variables as a representative of a = constraint in the initial basis then it is not necessary to introduce 

a surplus variable for this constraint.  

The difficulty is that it is not always easy to identify such a representative because the original variables 

typically appear in more than one constraint. 

There is one major difficulty, however, with the above scheme: The original = constraint is equivalent to the 

constraint resulting from the introduction of the additional decision variable only if the additional variable is 

equal to zero. Thus it is more appropriate to rewrite the above example as follows: 

x1 + 3x2 + 7x3 - x4 = 25 

x1 + 3x2 + 7x3 - x4 + x5 = 25 , ( x5 = 0) 

This important observation implies that in the course of the Simplex Procedure we shall have to take out of 

the basis all the additional variables representing equality constraints in the initial basis. These variables are 

therefore viewed as temporary constructs. Appropriately they are called artificial variables. 

We therefore need a method for taking all the artificial variables out of the basis whenever this is possible. 

This qualification is merely a reminder that if the problem is not feasible, namely if the constraints cannot 

be satisfied, then it is impossible to take all the artificial variables out of the basis.  

But before we address this issue, let us summarize the modeling aspect of the discussion. Here is then the 

recipe for handling violations of the standard form: 

S.No Violation Remedy 

1 Negative right-hand side 

coefficient 

Multiply the offending constraint by -1 

2 URS variable Replace the offending variable by the difference of two new 

variables that are subject to the non-negativity constraint 

3 " >= " constraint Rewrite the offending constraint as an " = " constraint through 

the introduction of a surplus variable 

4 " <= " constraint Rewrite the offending constraint as an " = " constraint through 

the introduction of a slack variable 

5 Not in canonical form Add an artificial variable to the offending constraint and use it 

(temporarily) as a basic variable for the constraint 

Let us now see how this recipe works in the context of the following little example: 
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x1 + 3x2 + 7x3 > = 25  

-3x1 - 2x2 + 7x3 = - 5  

2x1 + x2 + 4x3 < = 10  

   x2,x3 >= 0 

The first constraint is fixed by the introduction of a surplus variable (to make it an = constraint) and an 

artificial variable to (to construct the canonical form). Thus, its modified form is as follows: 

x1 + 3x2 + 7x3 - x4 + x5 = 25 

The second constraint is multiplied by -1 (to handle the negative RHS) and then an artificial variable is 

introduced to construct the canonical form. The end result is as follows: 

3x1 + 2x2 - 7x3 + x6 = 5 

The third constraint is fixed by adding a slack variable. 

2x1 + x2 + 4x3 + x7 = 10 

Finally, x1 is URS, so we replace it everywhere in the functional constraints by the difference of two non-

negative variables. The result is then as follows: 

x'1 - x"1 + 3x2 + 7x3 - x4 + x5 = 25  

3x'1 - 3x1 + 2x2 - 7x3 + x6 = 5  

2x1 - 2x1 + x2 + 4x3 + x7 = 10  

   x'1,x"1,x2,x3,x4,x5,x6,x7 >= 0 

Or, equivalently, in a more military format 

 x1 -   x2 +  3x3 +  7x4 -  x5 +  x6     =  25  

3x1 -  3x2 +  2x3 -  7x4 +      x7   =   5  

2x1 -  2x2 +   x3 +  4x4 +       x8 =  10  

xj>= 0 , j=1,...,8  

The initial basis consists then of (x6,x7,x8) 

As a rule, we always name (index) the slack, surplus and artificial variables in such a manner that initial 

basis consists of the last m decision variables (m = number of functional constraints). That is, the m by m 

identity matrix representing the initial basis consists of the last m columns of the left-hand side coefficients 

of the canonical form. 

In a tabular form, the coefficients of the functional constraints will appear as follows: 

x1 x2 x3 x4 x5 x6 x7 x8  RHS 

1 -1 3 7 -1 1      25  

3 -3 2 -7     1     5  

2 -2 1 4       1  10  
 

One more thing. 

Because of the special role that artificial variables play in the canonical form, it is useful introduce a 

convention for identifying them in the canonical form and in the simplex tableau. 

This can be done on a variety of ways. For example, we can underline them, e.g. x3. This way we can easily 

identify all the artificial variables of a given formulation. For instance, consider the tableau representation of 

the previous example:  
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x1 x2 x3 x4 x5 x6 x7 x8  RHS 

1 -1 3 7 -1 1      25  

3 -3 2 -7     1     5  

2 -2 1 4       1  10  
 

 

Two-Phase Method 

There are two standard methods for handling artificial variables within the simplex method: 

The Big M method 

The 2-Phase Method  

Although they seem to be different, they are essentially identical. However, methodologically the 2-Phase 

method is much superior. We shall therefore focus on it. 

The 2-Phase method is based on the following simple observation: Suppose that you have a linear 

programming problem in canonical form and you wish to generate a feasible solution (not necessarily 

optimal) such that a given variable, say x3, is equal to zero. Then, all you have to do is solve the linear 

programming problem obtained from the original problem by replacing the original objective function by x3 

and setting opt=min. 

If more than one variable is required to be equal to zero, then replace the original objective function by the 

sum of all the variables you want to set to zero. 

Observe that because of the non-negativity constraint, the sum of any collection of variables cannot be 

negative. Hence the smallest possible feasible value of such a sum is zero. If the smallest feasible sum is 

strictly positive, then the implication is that it is impossible to set all the designated variables to zero. 

Applying this simple idea to artificial variables we obtain the following recipe:  

To set all the artificial variables to zero, solve a linear programming problem derived 

from the canonical form of the original problem by replacing the original objective 

function by the sum of all the artificial variables and setting opt=min.If the optimal 

value of the modified objective function is not equal to zero, then the problem (system 

of constraints) is not feasible. 

To illustrate the modeling aspects of this approach let us re-examine the following little example: 

x1 + 3x2 + 7x3 > = 25  

-3x1 - 2x2 + 7x3 = - 5  

2x1 + x2 + 4x3 < = 10  

   x2,x3 >= 0 

Taking case of its violations of the standard form we obtain the following canonical form: 

 x1 -   x2 +  3x3 +  7x4 -  x5 +  x6     =  25  

3x1 -  3x2 +  2x3 -  7x4 +      x7   =   5  

2x1 -  2x2 +   x3 +  4x4 +       x8 =  10  

xj>= 0 , j=1,...,8  
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There are two artificial variables, namely x6 and x7. Thus, Phase 1 of the 2-Phase method involves the 

following linear programming problem: 

w* := min w := x6 + x7 

 x1 -   x2 +  3x3 +  7x4 -  x5 +  x6     =  25  

3x1 -  3x2 +  2x3 -  7x4 +      x7   =   5  

2x1 -  2x2 +   x3 +  4x4 +       x8 =  10  

xj>= 0 , j=1,...,8  

If we now incorporate the objective function in the constraint in the usual manner and place the new 

variable, namely w last, we obtain the following system: 

 x1 -   x2 +  3x3 +  7x4 -  x5 +  x6      =  25  

3x1 -  3x2 +  2x3 -  7x4 +      x7    =   5  

2x1 -  2x2 +   x3 +  4x4 +       x8  =  10  

                  -  x6 - x7    + w =   0  

xj>= 0 , j=1,...,8, w>= 0   

Note that this system is not in a canonical form because the columns of the artificial variables are not 

elementary columns. To obtain a canonical form we have to add the rows of the artificial variables to the 

last row. This yield: 

 x1 -   x2 +  3x3 +  7x4 -  x5 +  x6      =  25  

3x1 -  3x2 +  2x3 -  7x4 +      x7    =   5  

2x1 -  2x2 +   x3 +  4x4 +       x8  =  10  

4x1 - 4x2 + 5x3 +   - x5 +            w =  30  

xj>= 0 , j=1,...,8, w>= 0   

This is then the system that will be used to initialize the simplex algorithm for Phase 1 of the 2-Phase 

method. Of course, the column of w will not appear in the tableau. 

We can distinguish between two cases as far as the end of Phase 1 is concerned, namely:  

Case 1: w* > 0 : The optimal value of w is greater than zero. 

Case 2: w* = 0 : The optimal value of w is equal to zero. 

In Case 1 we conclude that the LP problem under consideration does not have a feasible solution whereas 

Case 2 implies that the constraints are feasible, hence the problem under consideration possesses a feasible 

solution. 

The following final simplex tableau is an example of Case 1: 

x1 x2 x3 x4 x5 x6 x7 w  RHS 

1 -1 2 7 -1   2    25  

  -3 1 -7   1 1     5  

  -2 -1 -4     -1 1  5  
 

One artificial variable (x6) is in the basis and is not equal to zero. The problem does not have a feasible 

solution. 

It should be noted that although Case 2 implies that all the artificial variables are equal to zero, this does not 

mean that they are all out of the basis. 

So it is necessary to consider Case 2 in more detail, namely: 
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Case 2.1: All the artificial variables are non-basic. 

Case 2.2: some of the artificial variables are in the basis 

In Case 2.1 we proceed to Phase 2 of the 2-Phase method replacing the objective function of Phase 1 with 

the original objective function. This will typically violate the canonical form of the problem and thus pivot 

operations may have to be used to restore the canonical form. 

The following is a typical example of Case 2.1 

x1 x2 x3 x4 x5 x6 x7 w  RHS 

1 -1 2 7     2    25  

  -3 1 -7 1 1 1     5  

  -2 -1     -3 -1 1  0  
 

The two artificial variables are not in the basis, hence w is equal to zero. 

Case 2.2 represents a degenerate basis, namely a situation where one or more of the basic variables are equal 

to zero. Here is an example: 

x1 x2 x3 x4 x5 x6 x7 w  RHS 

1 -1 2 7 -1   2    25  

  -3 1 -7   1 1     0  

  -2 -1 -4     -1 1  0  
 

To take a degenerate artificial variable out of the basis we pivot on any non-artificial variable whose 

coefficient in the row of the artificial is not equal to zero and enter it into the basis.  

Fore example, in the table above, we can replace x6 by either x2 or x3 or x4.  

If the coefficients of all the non-artificial variables in that row are zeros, then the conclusion is that the 

constraint is redundant and thus can be ignored. 

Method and material: We conducted this research paper by observing the different types of reviews, as 

well as conducting and evaluating literature review papers. 

Result.  

It is the best method to perform linear optimization by making a few and methods to solve problems using 

this technique, and associated linear Linear programming, also abbreviated as LP, is a simple method that is 

used to depict complicated real-world relationships by using a linear function. Programming is used to 

perform linear optimization so as to achieve the best optimizing a linear function in order to reach the best 

outcome. We obtain the best outcome by minimizing or maximizing the objective function linear 

programming problem.  

A linear programming problem will consist of decision variables, an objective Z, is the linear function that 

needs to be optimized (maximized or minimized) The Step 1 to 5 Solve the linear programming problem 

using either the simplex or graphical method. There are two main methods available for solving linear 

programming problem. Given below are the steps to solve a linear programming problem using both to 

problems with two or more decision variables. Linear Programming by Graphical Method If there are two 
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decision variables in a linear programming problem, then the graphical method can be used Linear 

Programming and Simplex Method.  

Linear Programming by Simplex Method The simplex method in lpp can be applied 

to problems with two or more decision variables. Suppose the objective function Z = 40x1 + 30x2 needs to 

be maximized. Linear Programming by Graphical Method If there are two decision variables in a linear 

programming problem, then the graphical method can be used to solve such a problem easily. Applications 

of Linear Programming are used in several real-world applications. Linear Programming and Simplex 

Method are a family of LP solution techniques in wide use today. The simplex methods are based 

on the initial design of the k+1 trial, where k is the number of variables. 

Future Scope & Conclusion  

It will be the best method to perform linear optimization by making a few simple assumptions. This article 

sheds light on the various aspects of linear programming, such as the definition, formula, and methods to 

solve problems using this technique, and associated linear programming examples. Linear programming, 

also abbreviated as LP, is a simple method that will used to depict complicated real-world relationships by 

using a linear function. Linear programming can be defined as a technique that is used for optimizing a 

linear function in order to reach the best outcome. We obtain the best outcome by minimizing or maximizing 

the objective function. A linear programming problem will consist of decision variables, an objective 

function, constraints, and non-negative restrictions. The objective function, Z, is the linear function that 

needs to be optimized (maximized or minimized) to get the solution. Linear Programming by Graphical 

Method If there are two decision variables in a linear programming problem, then the graphical method can 

be used to solve such a problem easily. Linear Programming by Graphical Method If there are two decision 

variables in a linear programming problem, then the graphical method can be used to solve such a problem 

easily. Applications of Linear Programming are used in several real-world applications. Linear Programming 

and Simplex Method Simplex methods are a family of LP solution techniques in wide use today. The 

simplex methods will be based on an initial design of the k+1 trial, where k is the number of variables. 
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