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ABSTRACT

Group theory in mathematics refers to the study of a set of different elements present in a
group. A group is said to be a collection of several elements or objects which are consolidated
together for performing some operation on them. The study of a set of elements present in a
group is called a group theory in Mathematics. Its concept is the basic to abstract algebra.
Algebraic structures like rings, fields, and vector spaces can be recognized as groups with axioms.
Evariste Galois (born October 25, 1811, Bourg-la-Reine near Paris, France, died May 31, 1832,
Paris), French mathematician is famous for his contributions to the part of higher algebra i.e.,
now known as group theory. Cyclic group is a part of group in which every element is in form of

indices of an element, that element is known as generator of the cyclic group.
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INTRODUCTION

Binary operation, algebraic structure and some properties are main keys for defining group.
A mathematical operation between two digits is known as binary operation. The usual binary
operation is addition, subtraction, multiplication and division which are familiar with us. But, in
mathematics there are defined many types of binary operation according to need. An algebraic
structure has a non empty set whose element is connected with defined binary operation.
Normally group has four properties which are closure law, associative law, existence of identity
element and existence of inverse element. When group has commutative property also, then it is
known as abelian group. On the basis of number of elements in a group it is classified in two

categories named finite and infinite groups.
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Cyclic group is a group which is generated by single element which is known as generator

of cyclic group. Graph of cyclic group is known as Caley graph M. Every finite group is virtually

cyclic 21,

CONCEPT

A group G is called cyclic, if for some a € G every element x € G is of the form an, where
n is some integer. The element a is known as generator of the group G.

A finite abelian group is a direct sum of primary cyclic group El.

Example: The multiplicative group of unity is cyclic.

Example: The multiplicative group of nth root of unity is cyclic.

Some properties of cyclic group:
Theorem: Every cyclic group is an abelian group.
Proof: Suppose G = (a) be a cyclic group which is generated by element a and x and y are
two elements of the group G.
Hence there exists integers r and s such that x=a", y=a°
Now we take, xy=a'. a
=>Xxy=a"
=>xy=a"
=>xy=2a.a
SXY =Y. X
Hence, G holds commutative law.

Therefore G is abelian.

Theorem: If a is generator of a cyclic group G, then a will also be generator of the group

Proof: Let G = (a) be a cyclic group which is generated by a and ar be the element of G
where r is some integer
Then we can write, a" = (a?)"
Since —r is some integer; therefore each element of G is generated by a™

Therefore a is also generator of the group G.
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Theorem: Every group of prime order is cyclic.

Proof: Let G is a finite group and order of G is a prime number p, then we have to prove
that G is cyclic group.
We know that an integer p is said to be prime number if,

p=0,p=1

Only divisors of p are 1, +p
Since G is a group of prime order, therefore G has at least two elements.
We know that 2 is the least positive prime number. Therefore there exists an elementa € G such
that,
a # the identity element e
Since the element a is not identity element, hence o (a) = 2
Now suppose that o (a) =m
If H is cyclic subgroup of G generated by a,
Theno(H)=0(a) =m
With the help of Lagrange’s theorem (order of subgroup is divisor of order of group) which
implies m must be divisor of p.
Here we see that p is prime and m > 2
Hencem=p
Therefore H=G

Since H is cyclic therefore G will be cyclic and the element a will be generator of G.

Theorem: Every subgroup of a cyclic group is cyclic B,
Proof: Let G= (a) is a cyclic group which is generated by element a. If H = G or {e}, then
H will be cyclic group.
Now let H is proper subgroup of G.
Then the element of H be in multiple power of a.
If a" € H, then inverse of a" which is a®, hence, a* € H
This shows that H has elements which are positive and negative multiple power of a.
Suppose m is the smallest positive integer, such that
am"e H
Then we have to prove, H={a"} i.e.,

The subgroup H is cyclic subgroup and is generated by the element a™,
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Now let a' € H, with help of division algorithm there exist integer q and r, such that, t=mq +

r, where0<r<m

Now, am € H

= (a™)" € H (by closure property)

=a™MeH

= (@"le H

=a™m™e H

Sincea'e Handa™%e H =a'.am™e H
=a™mie H

=a € H (~r=t-mq)

Now m is the smallest positive integer, such that
a"e Hand 0<r<m

This shows that value of r should be zero.
Hencet=mq

= a'=a™=(am

Hence each element a' € H is denoted by (a™) which shows that H is cyclic generator element

am.

Theorem: If G is finite group of order n which has an element of order n, then the group

must be cyclic 1“1,
Proof: Let G be a finite group of order n and suppose a € G and the number n be the order

of ai.e., nis the least positive integer.
Such that a" = e the identity element of G
Now, we have to prove that G is cyclic.

If H is cyclic subgroup of G generated by aand H={a": r € |} then the order of H is n,
because the order of generator a of H is n. This shows that H is cyclic subgroup of G and the
order of H is equal to the order of G.

Hence H =G and therefore G itself is a cyclic group and a is generator of G.

Theorem: If G is an infinite cyclic group generated by a then show that G has exactly two
generators a and at.
Proof: Suppose G be an infinite cyclic group which is generated by a. Hence elements of

a G is multiple power of a.
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First, we show that no two different multiple powers of a can be equal.

If this is true, then suppose, 8" = a® where r>s
= aa® =a a°

=>as = a’

=a>° =e

Sincer-s>0anda"* = e, this implies that order of a is infinite. This shows that a can not be
a generator of infinite cyclic group G.

Hence a" # a° unlesswe getr=s
So G can be represent as,
G={....a%ata%=e ala%ada"....}

If ar is any element of the group G, then, a"=( a®)”’
Therefore, the element a is generator of the group G.
Hence the element a and a* is the generator of the group G.
Now, we show that no element of G be the generator of G.
Suppose b be any generator of G.
= b =a™ for some integer m.

Similarly, we get a = b" for some integer n.

Now, we have, a=D"

= a=@mM"=am

= a™li=e

= 0 (a)isfinite and 0 < [Tmn-1

This condition satisfies only when,
mn-1=0

=>mn =1
= m =1/n
= m =x1 as m and n are integers and hence b = a or a-1

Thus G has exactly two generators a and a™.

Theorem: If a cyclic group G has a subgroup H, then the order of G must be a multiple of
order of subgroup H.
Proof: Let order of the cyclic group generated by a is n.
ThenG={a, a% a*,a*.....,a"=¢e}

Suppose H be proper subgroup of G.
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Since the order of the cyclic group is n, therefore the order of aisalson. i.e., a"=e

~ a"€ Hsinceee H
Every member of H will evidently be some integral powers of a, positive or negative. Suppose
m be the smallest of these positive integers, such that a™e H.
We know that H is a cyclic subgroup of a™.
Let the order of a™ i.e., generator of H be g.
Then(aM)i=e=2a"
=a™ = a"
>maq=n
~ H consist of q distinct elements.
Hence subgroup H of a finite cyclic group G of order of n is a finite cyclic group of order g =
n/m

= m =n/q i.e., order of H divides the order of G.

Theorem: Prove that every proper subgroup of an infinite cyclic group is infinite.
Proof: Let H be a proper subgroup of G and G is an infinite cyclic group. In this condition
H will be cyclic because this is theorem that every subgroup of a cyclic group is cyclic.
If m is the smallest positive integer, such that, a™e H.
Now we suppose H is a finite group of order p. Since the element am is a generator of H, hence
we get, (am )P =e
= a™ =e, where value of mp>0
This shows that order of p is finite and order of G is also finite, which is against of our

hypothesis. Hence the subgroup H must be an infinite cyclic subgroup of the group G.

CONCLUSION

Cyclic group is specific type of group which has generator. A finite abelian group is direct
sum of primary cyclic group. The multiplicative group of unity and multiplicative group of nth
root of unity is cyclic. We get result that every cyclic group is abelian. If an element is generator
of cyclic group then its inverse will also be generator of the group. Every group of prime order
Is cyclic. Each subgroup of cyclic group will be cyclic. If any finite group of order n has an

element of order n, then the group must be cyclic. An infinite cyclic group has two generators
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which are generator and its inverse. If a cyclic group has subgroup then order of the group must

be multiple of order of subgroup and every proper subgroup of an infinite cyclic group is cyclic.
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