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ABSTRACT

In this paper, the condition under which composite multiplication operators on L?(u)-space become the

characterizations of posinormal and quasi-posinormal composite multiplication operators have been given.
Also p-posinormal, k-quasi-posinormal and (p,k) -quasi-posinormal operators have been obtained in terms
of radon-nikodym derivative f,
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1. INTRODUCTION

Let (X, ,u)be a o-finite measure space. Then a mapping T from X into X is said to be a
measurable transformation if T*(E)ex for every Ecy> .A measurable transformation T is said to be non-
singular if p(T(E))=0 wheneverp(E)=0. If T is non-singular then the measure uT defined as

uT*(E)=w(T*(E)) for every E in ¥ , is an absolutely continuous measure on ¥ with respect to p.Since
nis a o-finite measure, then by the Radon-Nikodym theorem, there exists a non-negative function f, in

L*(u) such that uT™*(E)=| f,du forevery Eeyx . The function f, is called the Radon-Nikodym derivative
E

of uT™ with respect top.
Every non- singular measurable transformation T from X into itself induces a linear transformation
C; on L°(u)defined as C,f =foT for every finL’(u). In case C; is continuous from L’ (u) into itself, then

it is called a composition operator on L°(u) induced by T. We restrict our study of the composition operators
on L*(u) which has Hilbert space structure. If u is an essentially bounded complex-valued measurable
function on X, then the mapping M, on L?(u) defined by M, f =u-f , is a continuous operator with range in

L?(u). The operator M, is known as the multiplication operator induced by u.
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A composite multiplication operator is linear transformation acting on a set of complex valued ¥

measurable functions f of the form

M, (f)=C:M,(f)=uoT foT
Where uis a complex valued, > measurable function. In case u =1 almost everywhere, M, becomes a
composition operator, denoted by C- .

In the study considered is the using conditional expectation of composite multiplication operator on
L*-spaces. For eachf e L°(X,> ,u), 1<p<oo, there exists an unique T7*(x )-measurable function E(f)
such that

Al\gfdung(f)du
for every T™(z )-measurable function g, for which the left integral exists. The function E(f) is called the
conditional expectation of f with respect to the subalgebraT*(z ). As an operator of L°(u), E is the
projection onto the closure of range of T and E is the identity on L°(u), p>1 ifand only if T (z )=3 .
Detailed discussion of E is found in [1-4].

1.1 Posinormal
An operator A € B(H), A is said to be posinormal if AA* <c? A*Afor somec>0.

1.2 p-posinormal
An operator A e B(H), A is said to be p-posinormal if (AA*)P < c? (A*A)P
for some ¢>0,0<p<1.

1.3 Quasi-posinormal
An operator A € B(H), A is said to be quasi-posinormal if A*(AA*)A <c? A*2A2
for some ¢ >0.

1.4 k-Quasi-posinormal

An operator A B(H), A is said to be k-quasi-posinormal if

A (AAHAK <2 A*DAKRD for some ¢ > 0,where K is a positive integer.

1.5 (p,k) -Quasi-posinormal

An operator Ae B(H), A is said to be (p,k) -quasi-posinormal if
AR AATP AK <c? ATk (ATAIPAK
for some ¢>0,0<p<1.

2. RELATED WORK IN THE FIELD

The study of weighted composition operators on L?spaces was initiated by R.K.Singh and
D.C.Kumar [5]. During the last thirty years, several authors have studied the properties of various classes of

weighted composition operator. Boundedness of the composition operators in LP (Y ), (1<p <) spaces,

where the measure spaces are o -finite, appeared already in [6]. Also boundedness of weighted operators on
C(X,E) has been studied in [7]. Recently S.Senthil, P.Thangaraju, Nithya M, Surya devi B and D.C.Kumar,

have proved several theorems on n-normal , n-quasi-normal, k-paranormal, and (n,k) paranormal of
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composite multiplication operators on L?spaces [8-12]. In this paper we investigate composite multiplication

operators on L?(u)-space become Quasi-P-Normal operators and n-Power class Q operator have been
obtained in terms of radon-nikodym derivative f .

3. CHARACTERIZATION ON COMPOSITE MULTIPLICATION OF POSINORMAL AND
QUASI-POSINORMAL OPERATORS ON L?-SPACE

3.1 Proposition:
Let the composite multiplication operator M, 1 € B(L2(u)).Then for u>0

(i) M*uT My 1 f=u?fy f
(i) Myt M*u1f =u?oT- fooT- E(f)

(i) My T(F)=(CtM)"(F)=u, (FeT") u,=uoT.uoT?uoT3. ... uoT"
(iv) M 1 f=ufy -E(f)oT™

(V) My f=ufy -E(ufy)o T "D EF)oT™

where E(ufo)e T —E(ufy)e TH-E(ufp)e T2 E(ufp)e T

Theorem 3.2
Let the composite multiplication operator MuvTeB(LZ(u)). Then M, ris posinormal if and only if

u?oT -fyoT E(f)<C2u?f,f almost everywhere, for all C>0

Proof:

Suppose M, 1is posinormal. Then M+ M*y1 <C?* M*y7M, 1 forall C>0.
This implies that

(M7 Mt ~C2M*uTM,)F, f ) <0forall f < L2 ()

Since M, M 1 f =u?oT-fooT-E(F) and Myt M, f =u’f,f U=0 we have

[{(u2 T fooT- E(F)—C? u?f, f jdu<0forevery Ecy .
E

o U?oT -fyo T E(f) <C ?u’f, f almost everywhere, for all C>0

Corollary 3.3
The composition operator C; on B(L?(w)) is posinormal if and only if

fo o T E(f) <C 2f, f almost everywhere, for all C>0

Proof:
The proof is obtained from Theorem 3.2 by puttingu =1.

Theorem 3.4
Let the composite multiplication operator M, + € B(L*(n)). Then M, ris quasi-posinormal if and only if

u’fy < C2E(u?fy)o Tt almost everywhere, forall C>0.
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Proof:

Suppose M, tis quasi-posinormal. Then (M*ytM, 1)? < C? M* .1 M2,7 forall C>0.
This implies that

2
<((M*U,TMU,T)2 ~CZM* yr MAyT)f, f >s0for all f e L?(w)

. 2 ~
Since M*y1 M +f =u®fofand M* u1 M?u1f =u?f E(u?fy)o T u>0, we have

{ute2 f—C2 u2fy E(u3o) o T2 fdu < Ofor every Ec s .
E

& Ufy< C? E(u?fy)o T talmost everywhere, for all C>0

Corollary 3.5
The composition operator Ct on B(L?(u)) is quasi-posinormal if and only if

f, < C?E(f,) o T *almost everywhere, for all C>0

Proof:
The proof is obtained from Theorem 3.4 by puttingu =1.

Theorem 3.6
Let the composite multiplication operator M, + € B(L?(w)). Then M"u1 is quai-posinormal if and only if

utoT fe? o T E(F)<C2uoT u?oT2 f,0 T2 E(uf,)o TE(f) almost everywhere, forall C>0.

Proof:
. ) ) ., £
Suppose Myt is quai-posinormal. Then (M, tM*y1)? <C* M2yt M*“y1 forall C>0.

This implies that
<((|\/|U,T|\/|*U,T)2 _C2M2yr MU T)E, f >g Oforall feL?(w)

Since M, M*u1f =u?oT.f,oT. E(f) and
2
M2 TM* urf=uoT-u?oT? -fyo T2 -E(ufy)o T-E(f),u >0 we have

é{(uz oT-fo 0T E(f))2 ~C2uoT-u2o T2 -foo T2 -E(ufy)o T-E(f)jdu <Ofor everyE s .

o Ut oTfy? o TE(F)<C?uoT u?oT? fy o T2E(ufy)o TE(f) almost everywhere, for all C>0

Corollary 3.7
The composition operator C1* on B(L?(w)) is quai-posinormal if and only if

fo? o T E(f) <C%fy o T2E(f,) o TE(f) almost everywhere, for all C>0

Proof:
The proof is obtained from Theorem 3.6 by puttingu =1.
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4. CHARACTERIZATION ON COMPOSITE MULTIPLICATION OF P-POSINORMAL AND K-

QUASI-POSINORMAL OPERATORS ON L*-SPACE

Theorem 4.1
Let the composite multiplication operator M, ; eB(L%(w)). Then M, 1 is p-posinormal if and only if

u? o T P o T E(f) <C? u® f,° f almost everywhere, for all C>0

Proof:

Suppose M, 1 is p-posinormal. Then (M, M*y1)P <C? (M*y M, 1)Pforall C>0.
This implies that

<((|v|u,T M*u1)P = C% (M utM,1)P)f, f >s oforall f e L2(u)

Since Myt M*u1f =u?oT-fyoT-E(f) and M*y1 M +f =u®f,f We have

é{(uz oT-fooT- E(f))P —C2 (u?f,)P ffdu<Oforevery Ecs

o U oT £, o T E(f) <C? u? £,° f almost everywhere, for all C>0

Corollary 4.2
The composition operator C; on B(L?(u)) is p-posinormal if and only if

fo? o T E(f) <C? f,° f almost everywhere, for all C>0

Proof:
The proof is obtained from Theorem 4.1 by puttingu =1.

Theorem 4.3
Let the composite multiplication operator M, 1 € B(L?(w)). Then M, 1 is k-quasi-posinormal if and only if
ufg E(ufg) o T M D (E(uy)) o T u2 o T gy o 7D
<C? (ufg E(ufg)) o T E(Uyg) o T
almost everywhere, forall C>0.

Proof:
Suppose M, 1 is k-quasi-posinormal.

Then M*y1 (M, M uT)M* 1 <CZM™y tM*, 1 forall C>0.
This implies that
<( M1 (M, tM 1) MK T = CE M M 1), f > <0forall f e L?(w)

Since M+ M*y1f =u?oT-fooT: E(f)

uf o E(UF) o T-C D (E(U. ) o T X u2oT D §, oT7-D_
(oo E(LTo) (k( ) ‘ ° du<OforeveryEeyX .
E|  C2(ufy E(ufg))o T K E(U ) o T ®D)f
Ufo E(ufg) o T-* D EE(U,))o T u? o T-*D fo o7
<C2 (Ufy E(Uf)) o T E(Uy,q) o T
almost everywhere, forall C>0.
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Corollary 4.4

The composition operator C1 on B(L?(u)) is k-quasi-posinormal if and only if
fo E(fg) o T £, 0 TV <2 (£, E(f,)) o T almost everywhere, for all C>0

Proof:
The proof is obtained from Theorem 4.3 by puttingu =1.

5. (P, K)-QUASI-POSINORMAL COMPOSITE MULTIPLICATION OPERATORS ON L*-
SPACE

Theorem 5.1
Let the composite multiplication operator M, 1 € B(L?(w)). Then M, 1 is (p,k)-quasi-posinormal if and only
if
ufg E(ufg) o T8 (E(u)P) o TF u2P o7~k £ P o 7D
<C2ufy E(ufy)) e TV EW2Pf,Pu, P)o T K
almost everywhere, forallC>0.

Proof:

Suppose M, 1 is (p,k)-quasi-posinormal.

Then M™, 1 (M, tM*u1)P MKy 1 <C2 M*ur(M*uTM, )P M¥y 7 forall C>0.
This implies that

<( M0 (M 1M )P MYy —C2 M™ 1 (M4 TM 1)P MK LT T, f>s0

forall f e L?(n)
Since Myt Myt f =u®oT-fyoT- E(f)

(Ufg E(UFg) o T-D (B )P) o T u2P o T-D gP o T~k
I du<0
; ~C? ufg E(ufo)) o TP Eu?PFPu,”) o T)f
foreveryEey .
f=4
ufg E(ufg) o T (B, )P) o TH u2P o T kD £ o TD

<C?ufg E(ufg)) o T E(U?PFoPu,P) o TK

almost everywhere, for all C>0.

Corollary 4.4
The composition operator C1 on B (L? (u)) is (p,k)-quasi-posinormal if and only if

fo E(fg) o T £ P o Tk < C2£,E(fy)) o T K E(f,Pu,P) o T* almost everywhere, for all C>0

Proof:
The proof is obtained from Theorem 5.1 by puttingu =1.
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