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ARTICLE 6 ABOUT THEORY OF
DISTRIBUTION OF PRIME NUMBERS

A. Gabriel

ABSTRACT

Let
G ={ x| x€eN and 6x-1, 6x+1, 6x+5 & 6x+7 are all prime numbers}
In other word,
G = {x | x€E(AUB)¢ and x+1€(AUB)<}

Where A and B are two subsets of set of natural numbers as defined
in my second article [JNRD 2304175. Set of natural numbers as universal set.

1.
G =1{17,32,137,247,312,347,542,577,942, 1572, c.coceecvvsrverrerrrrrrans}
In this article, Theorem states that,
n( [6b+1, (b-1)(6b+1)-1]NG)
= (b-2)(6b+1)(1/5)(3/7)(7/11)(9/13)............. (Pr-4)/Py).
Where P is greatest prime number such that Pr < 6(b-1)+1.

Infiniteness of pairs of two consecutive pairs of twin prime numbers
in the form 6k-1 & 6k+1 and 6k+5 & 6k+7 is the immediate consequence of
the above theorem.
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INTRODUCTION

Numbers are wonderful, marvelous creature of human. Numbers are classified
into many types. They are Natural numbers, Whole numbers, Integers, Real numbers,
Complex numbers, Rational numbers, Irrational numbers.

Natural numbers are classified into two categories

1) Prime numbers,
2)  Composite numbers.

Prime numbers are Natural numbers which cannot be expressed in the form of product
of two Natural numbers both greater than 1.

Composite numbers are other than Prime numbers. i.e. Which can be expressed in the
form of product of two Natural numbers both greater than 1

From the definition of Prime number, 2 and 3 are Prime numbers, but 2x3=6
Is a composite number. Multiples 6 are also composite numbers. Numbers in the form
6k+2 are even numbers i.e multiples of 2, hence composite numbers, Numbers in the
form 6k+3 are odd multiples of 3 hence composite numbers.

Therefore, Prime numbers except 2 and 3 are in the form of 6k+1. where k is
any natural number, but not for all natural numbers. For some Natural number k, 6k+1
Is a Prime number but 6k-1 is a Composite number. For some Natural number k, 6k-1 is
a Prime number but 6k+1 is a Composite numbers. For some Natural number k, 6k+1
and 6k-1 both are Prime numbers (twin Prime numbers). For some Natural number K,
6k+1 and 6k-1 both are Composite numbers. Hence this k is the key factor that
determines Prime numbers and Composite numbers.

Before 2500 years ago Euclid proved that Prime numbers are infinite,
Composite numbers generated by their prime factors, but Prime numbers are not
generated. They are distributed among the gaps left by Composite numbers. This article
is about Theory of distribution of Prime numbers. Distributive rule of Prime numbers is
nothing but violation of generating rule of Composite numbers. And since all Prime
numbers except 2 and 3 are in the form 6k+1, this k determines the numbers in the form
6k+1.

In my first two article, | have written about this k. Especially In my second
article, IINRD 2304175 | have defined two sets A and B, which are subsets of natural
numbers. | want to make remember.

A= (Uh) U (Ul
n=1 & n=1 &

6n+1 a prime number. 6n-1 a prime number.
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B = (UJn) U (UJ-n)
n=1& n=1&

6n-1 a prime number. 6n+1 a prime number.

Where

In= { X/ XEN, XE€[N]en+1 & X>n}
l.n= { X/ XEN, XE€[-N]en-1 & X>n}
Jn={ X/ XEN, X€[n]en-1 & x>n}

J-n = { )d XEN, XeE :'n]6n+1 & X>n}

It is obvious that two sets A and B are infinite. A and B are union of residue
classes of infinite number of prime moduli. so Itis very difficult to study the nature of sets
A and B. to overcome this drawback, | define this closed interval [1, (b-1)(6b+1)]. the
natural numbers of A and B that are contained in this closed interval are union of residue
classes of finite number of prime moduli. Therefore, In my third article, IINRD 2304384

| have proved the following facts.

For any natural number b

) [1, (b-1)(6b+1)] N A =

b-1 b-1
[1, (b-1)(6b+1)] N ( (Ul)) U (Uly))
n=1& n=1&

6n+1 a prime number. 6n-1 a prime number.

i [1, (b-1)(6b+1)] N B

b-1 b-1
=[1, (b-1)(6b+1)] N ( (UJn) U (Ud.n))
n=1 & n=1 &

6n-1 a prime number. 6n+1 a prime number.
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iy [1, (b-1)(6b+1)] N (AUB)

b-1 b-1
= [1, (b-1)(6b+1)] N ( (U(1nUJ)) U (U(1:aUJn)) )
n=1& n=1&

6n+1 a prime number. 6n-1 a prime number.

Let us continue from here to develop new concept about theory of distribution
of prime numbers. For that we need some probability ideas, which is essential in proving
theorem.

We know that,
Probability = Number of favourable outcomes + Total Number of outcomes.

Let us select a pair of two consecutive natural numbers randomly in the set of natural
numbers N. we know that N is infinite. Let our favour of selection is that the selected pair of two
consecutive natural numbers contained in the complement of union of residue class [n] of
modulo 6n+1 and residue class [-n] of modulo 6n+1. i.e our favour of selection is that the
selected pair of two consecutive natural numbers belongs to ([n]en+1U[-N]en+1)C. i.€ selected pair
of two consecutive natural number does not belong to the following four sets [n-1]gn+1U[N]6n+1,
[Nlen+1U[N+1]6n+1, [-N-1l6ns1U[-Nlen+1 &  [-n]en+1U[-n+1]6n+1. i.e our unfavourable sets are
[n-1]6n+1U[N]6n+1, [Nlens1U[N+1]6n+1, [-N-1]6ns1U[-n]6en+1, & [-N]en+1U[-N+1]ens1. What is the
probability of our favourable event? Answer follows.

The set of natural numbers is union of 6n+1 disjoint residue classes of modulo
6n+1. Hence each one of selected two natural numbers cannot belong to more than one residue
class of modulo 6n+1. And also, the selected two natural numbers are a pair of two consecutive
natural numbers. Hence both cannot belong to a same residue class of modulo 6n+1. It is
obvious that the selected two consecutive natural numbers belong to some [i]en+1U[i+1]6n+1,
where 0 £i<6n. And each residue class is an infinite set of natural number. Therefore, for each
0 <i<6n, [i]lens1U[i+1]6ns1 is an infinite set. Hence, for each 0 < i £ 6n, [ilens1U[i+1]6n+1 has an
equal chance in selection. Therefore, the selected two consecutive natural number should
belong to exactly any one of following 6n+1 sets, [0]en+1U[1]en+1, [1]ens1U[2]6n+1, [2]en+1U[3]6n+1,
....................... [n-1]en+1U[N]6n+1, [N]ens1U[N+1]6n+1, coeeevveervenees [-N-1]6n+1U[-N]6n+1, [-N]en+1U[-N+1]6n+1,
..................... [6Nn-2]6n+1U[6N-1]6n+1, [6N-1]6n+1U[6N]6ns+1, [6N]6n+1U[O]6n+1. Therefore, Total Number
of outcomes are 6n+1. But our favour of selection is that the selected pair of two consecutive
natural numbers should not belong to [n-1]gn+1U[N]6n+1, [N]en+1U[N+1]6n+1, [-N-1]en+1U[-N]6n+1, &
[-n]en+1U[-n+1]6n+1. i.€ our favour of selection is other than the above 4 sets. Hence number of
favourable outcome is 6n+1-4 = 6n-3.

Probability of our favourable event = (6n-3)/(6n+1).

Next, let us select a pair of two consecutive natural numbers randomly in the
closed interval [x, y]. where x and y are natural numbers, natural number n < x, and 6n+1 <
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length of [x, y] = y-x+1 = number of natural numbers in [x, y]. it is obvious that the number of

natural numbers in [x, y] is finite. Let our favour of selection is that the selected pair of two
consecutive natural numbers belongs to ([n]en+1U[-N]6n+1)C. i.€ selected pair of two consecutive
natural numbers does not belong to the following four sets [n-1len+1U[N]6en+1, [N]len+1U[N+1]6n+1,
[-n-1]6ni1U[-N]ens1 & [-N]ens1U[-n+1]6ns1. i.e the above four sets are unfavourable sets. What is
the probability of our favourable event? Answer follows.

Let the Total Number of natural numbers in [x, y] is p(6n+1)+g+1. i.e y-x+1 =
p(bn+1)+g+1. where p is a natural number, g is a whole number such that 0 < q< 6n+1. [x, y] is
a closed interval implies that p(én+1)+g+1 natural numbers contained in [x, y] are consecutive.
Hence total number of pairs of two consecutive natural numbers in [x, y] is p(én+1)+q. If g =0,
then the Total number of pairs of two consecutive natural numbersin [x, y] is p(6n+1) a multiple
of 6n+1. Hence the p(6n+1) pairs of two consecutive natural number in [x, y] are equally
distributed among  [XlensU[X+1]en+1,  [X+1]en+1U[X+2]6n+1,  [X+2]6n+1U[x+3]6n+1,
........................... , [Xx+6n-1]en+1U[X+6n]6n+1, [X+6N]6n+1U[X]6n+1. Hence, for each 0 <i < 6n,
[x+i]en+1U[x+i+1]6n+1 has an equal chance in selection. Therefore, as in above, Total
number of outcomes = 6n+1. And Number of favourable outcomes = 6n-3.

probability of our favourable event = 6n-3/6n+1.

If g # 0, Then the p(6n+1)+q pairs of two consecutive natural numbers in [x, y] are not
equally distributed among [Xlen+s1U[X+1]en+1, [X+1]en+1U[x+2]6n+1, [X+2]6n+1U[x+3]6n+1,
.......... , [x+6n-1]en+1U[x+6n]6n+1, [X+6n]6n+1U[X]en+1. Since each of the following q sets
[X]en+1U[X+1]en+1, [X+1]en+1U[X+2]6n+1, ceeeereeeneee , [X+Q-1]en+1U[X+q]en+1 cONtains exactly p+1 pairs of
two consecutive natural numbers which are in [x, y]. And each of the other 6n+1-q sets
[x+qlen+1U[x+q+1]en+1, [X+g+1]ens1U[X+0+2]6n+1,  [X+q+2]en+1UX+0+3]6n+1,  corerrveeeermiveiieecieennnnn.
[x+6n-1]6n+1U[X+6N]6n+1, [X+6N]6en+1U[X]en+1 cONtains exactly p pairs of two consecutive natural
numbers, which are in [x, y]. Therefore, each set of 6n+1 sets has not an equal chance in
selection. i.e the Chance in selection of each set of [X]en+1U[X+1]n+1, [X+1]en+1U[X+2]6n+1,

[X+2]6n+1U[X+3]6n+1)ceeereerrvernenanenne [X+9-1]en+1U[X+q]en+1 is greater than the chance in selection of
each set of [x+q]en+1U[X+0+1]6n+1, [X+q+1]en+1U[X+q+2]6n+1, [XF+2]6n+1UXF+3]6n+1, coeeeverervvernnnen
[x+6Nn]6n+1U[X]6n+1- But each set of [X]6ns1U[X+1]6ns1, [X+1]6n+1U[X+2]6n+1,
[X+2]6n+1U[X+3]6n+1)eeeeereeennnen. [x+g-1]en+1U[X+0q]en+1 has an equal chance in selection. And each set

of  [x+qlens1U[X+0+1lens1,  [X+0+1]ens1U[X+q+2]6n+1,  [X+OQ+2]6ns1U[X+0+3]6nt1,  eevvvervvvvveeens
[x+6n]en+1U[X]6n+1 has an equal chance in selection. hence five cases arise in the calculation of
probability of our favourable event. Let us discuss one by one.

Case (1)

Let, [n-1]6n+1U[N]6n+1 includes exactly p+1 pairs of two consecutive natural numbers,
which are in [x, y], and each of [n]gn+1U[N+1]en+1, [-N-1]en+1U[-N]6n+1, & [-N]en+1U[-N+1]gn+1includes
exactly p pairs of two consecutive natural numbers, which are in [x, y].

Therefore, Number of unfavourable outcomes = p+1+3p = 4p+1

Since the sets [n-1]n+1U[N]6n+1, [Nl6ns1U[N+1]6n+1, [-N-1]6ns1U[-N]6n+1, & [-N]6ns1U[-N+1]6n+1
are unfavourable sets. i.e the selected pair of two consecutive natural numbers should not
belong to the above 4 sets.
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And the randomly selected pair of two consecutive natural numbers should be any

one pair of p(bn+1)+q pairs of two consecutive natural numbers of [x, y]. Hence each pair of
p(6bn+1)+q pairs has an equal chance in selection. Therefore,

Total number of outcomes = p(6n+1)+q

Therefore, Number of favourable outcomes
= Total number of outcomes — number of unfavourable outcomes.
= p(6n+1)+q - 4p-1.

Therefore,

Probability of our favourable event = (p(6n+1)+qg- 4p-1)/(p(6n+1)+q).

Case (2)

Let each of [n-1]en+1U[N]6n+1 & [N]6n+1U[N+1]6n+1 includes exactly p+1 pairs of two consecutive
natural numbers, which are in [x, y], And each of [-n-1]en+s1U[-N]en+1, & [-N]6ns1U[-N+1]6ns1
includes exactly p pairs of two consecutive natural numbers, which are in [x, y].

Therefore, Number of unfavourable outcomes = 2(p+1)+2p = 4p+2.
Similar to the above argument,

Probability of our favourable event = (p(6n+1)+qg- 4p-2)/(p(6n+1)+q).

Case (3)

Let each of [n-1]en+1U[N]en+1, [N]en+1U[N+1]6n+1 & [-N-1]en+1U[-N]6n+1, includes exactly p+1 pairs
of two consecutive natural numbers, which are in [x, y], And [-n]en+1U[-N+1]gn+1 includes exactly
p pairs of two consecutive natural numbers, which are in [x, y],

Therefore, Number of unfavourable outcomes = 3(p+1)+p = 4p+3.
Similar to the above argument,

Probability of our favourable event =(p(6n+1)+g- 4p-3)/(p(6n+1)+q).

Case (4)

Let each of [n-1]en+1U[N]6n+1, [Nl6ns1U[N+1]6n+1, [-N-1lens1U[-N]6n+1, & [-N]ens1U[-N+1]6n+1
includes exactly p+1 pairs of two consecutive natural numbers, which are in [x, y].

Therefore, Number of unfavourable outcomes = 4(p+1) = 4p+4
Similar to the above argument,

Probability of our favourable event = (p(6n+1)+q- 4p-4)/(p(6n+1)+q).
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Case (5)

Let each of [n-1]6n+1U[n]6n+1, [n]6n+1U[n+1]6n+1, ['n'1]6n+1U['n]6n+1; & ['n]6n+1U['n+1]6n+1
includes exactly p pairs of two consecutive natural numbers, which are in [x, y].

Therefore, Number of unfavourable outcomes = 4p
Similar to the above argument,
Probability of our favourable event = (p(6n+1)+q- 4p)/(p(6n+1)+q).

the probabilities of above five cases are different from the probability of selecting a
pair of two consecutive natural numbers randomly in N such that it belongs to ([n]en+1U[-N]en+1)°
i.e All the above probabilities are different from 6n-3/(6n+1).

but it is obvious that all the above five probabilities are almost (approximately)
equal to the probability of selecting a pair of two consecutive natural numbers randomly in N
such that it belongs to ([n]en+1U[-n]en+1)¢. i.e the above five probabilities are almost equal to
6n-3/6n+1.

The difference (error) between case (5) and 6n-3/(6n+1)
(p(6n+1)+qg-4p)/(p(6n+1)+q) — (6n-3)/(6n+1)
= ((6n+1)(p(6n+1)+q-4p)-(6n-3)(p(6n+1)+q)) / (6n+1)(p(6n+1)+q)
= ((6n-3+4)(p(6n+1)+g-4p)-(6n-3)(p(6n+1)+q)) / (6n+1)(p(6Nn+1)+q)
= (4(p(6n+1)+q-4p)-4p(6n-3)) / (6n+1)(p(6n+1)+q)
= (4p6bn+4p+4qg-16p-4p6n+12p) / (6n+1)(p(6n+1)+Qq)
=4q / (6n+1)(p(6n+1)+q)
=4q/(6n+1) X 1/(p(6n+1)+q)
Therefore,
0 < The difference (error) between case (5) and 6n-3/(6n+1) < 1
[ since, g < 6n+1implies, 0 < 4q/(6n+1)<4 & 0<1/(p(6bn+1)+q)<1/(p(6(1)+1)+q)<1/7].

P(én+1)+g = length of [x, y] -1 implies, when length of [x, y] increases, the
difference (error) decreases. i.e approximation comes closer, when length of [x, y] increases.

Similarly,
The difference (error) between case (1) and 6n-3/(6n+1)
(p(6n+1)+g-4p-1)/(p(6n+1)+q) — (6n-3)/(6n+1)

= ((6n+1)(p(6n+1)+g-4p-1)-(6n-3)(p(6n+1)+q)) / (6n+1)(p(6n+1)+q)

= ((6n-3+4)(p(6n+1)+qg-4p-1)-(6n-3)(p(6n+1)+q)) / (6n+1)(p(6n+1)+q)

= (4(p(6n+1)+g-4p-1)-(4p+1)(6n-3)) / (6n+1)(p(6n+1)+q)
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= (4pbn+4p+4q-16p-4-4pbn+12p-6n+3) / (6n+1)(p(6n+1)+q)

= (49-(6n+1)) / (6n+1)(p(6n+1)+q)
= (49-(6n+1))/(6n+1) X 1/(p(6n+1)+q)
Therefore,
-1 < The difference (error) between case (1) and 6n-3/(6n+1) < 1
[ since g < 6n+1 implies, -1 < (4g-(6n+1))/(6n+1) <3 & 0<1/(p(6n+1)+q)<1/7].

P(6n+1)+qg = length of [x, y] -1 implies, when length of [x, y] increases, the difference
(error) decreases. i.e approximation comes closer, when length of [x, y] increases.

Similarly,
The difference (error) between case (2) and 6n-3/(6n+1)
(p(6n+1)+g-4p-2)/(p(6n+1)+q) — (6n-3)/(6n+1)

= ((6n+1)(p(6n+1)+g-4p-2)-(6n-3)(p(6n+1)+q)) / (6n+1)(p(6n+1)+q)

= ((6n-3+4)(p(6n+1)+q-4p-2)-(6n-3)(p(6n+1)+q)) / (6n+1)(p(6n+1)+q)

= (4(p(6n+1)+g-4p-2)-(4p+2)(6n-3)) / (6n+1)(p(6n+1)+q)

= (4p6bn+4p+4q-16p-8-4p6bn+12p-12n+6) / (6n+1)(p(6Nn+1)+q)

= (49-2(6n+1)) / (6n+1)(p(6n+1)+q)

= (49-2(6n+1))/(6n+1) X 1/(p(6n+1)+q)
Therefore,

-1 < The difference (error) between case (2) and 6n-3/(6n+1) < 1
[ since, g < 6n+1 implies, -2 < (4g-2(6n+1))/(6n+1) <2 & 0<1/(p(6bn+1)+q)<1/7].
Here is also, the approximation comes closer, when the length of [x, y] increases.
Similarly,
The difference (error) between case (3) and 6n-3/(6n+1)
(p(6n+1)+g-4p-3)/(p(6n+1)+q) — (6Nn-3)/(6N+1)

= (49-3(6n+1)) / (6n+1)(p(6n+1)+q)
= (49-3(6n+1))/(6n+1) X 1/(p(6n+1)+q)

Therefore,

-1 < The difference (error) between case (3) and 6n-3/(6n+1) < 1
[ since, g < 6n+1 implies, -3 < (4g-3(6n+1))/(6bn+1) <1 & O0<1/(p(bn+l)+qg)<1/7].
Here is also approximation comes closer, when length of [x, y] increases.

Similarly,
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The difference (error) between case (4) and 6n-3/(6n+1)

(p(6n+1)+g-4p-4)/(p(6n+1)+q) — (6n-3)/(6n+1)
= (49-4(6n+1)) / (6n+1)(p(6n+1)+q)
= (49-4(6n+1))/(6n+1) X 1/(p(6n+1)+q)
Therefore,
-1 < The difference (error) between case (4) and 6n-3/(6n+1) <0
[ since, g < 6n+1 implies, -4 < (4g-4(6n+1))/(6n+1) <0 & 0<1/(p(bn+1)+q) < 1/7].
Here is also, approximation comes closer, when length of [x, y] increases.

So far our discussion yields following results, which are essential in proving
theorems.

The probability of selecting a pair of two consecutive natural numbers randomly in [x, y]
such that it belongs to ([nlens1U[-N]en+1)¢ is almost (approximately) equal to the probability of
selecting a pair of two consecutive natural numbers randomly in the infinite set N such that it
belongs to ([n]en+1U[-nlen+1)¢. Where [x, y] is the arbitrary closed interval, length of the closed
interval is p(6n+1)+qg+1. p is a natural number, q is a whole number such that 0 < g < 6n+1, and
n < X.

difference (error) between the probability of selecting a pair of two consecutive
natural numbers randomly in [x, y] such that it belongs to ([n]en+1U[-n]en+1)¢ and the probability
of selecting a pair of two consecutive natural numbers randomly in the infinite set N such that
it belongs to ([n]en+1U[-N]en+1)¢ become smaller and smaller when length of the closed interval
[x, y] increases. i.e approximation comes closer, when length of [, y| increases.

Now
From the above result,

The probability of selecting a pair of two consecutive natural numbers randomly in [x, y]
such that it belongs ([n]en+1U[-N]en+1)¢ is almost (approximately) equal to (6n-3)/(6n+1)

and by the definition of I, and J.,,
n < ximplies, ( [x, yINn[n]en+1) € In and ( [X, y]N[-n]gn+1) € Jn.
implies, ( [x, yIn[n]en+1) S ([, yINIn) and ( [x, y]N[-n]en+1) E ( [, yINJ.n).
But
In € [n]en+1 implies ( [x, y1Nln) < ( [x, y]N[n]en+1) and
Jon € [-n]en+1 implies ( [x, y]NJn) < ( [x, yIN[-N]en+1)
Therefore,
[x, yInnlensa = [x, y]INln and  [x, yIn[-n]ensa = [x, yINJon

Implies, ([x, y]n[n]ens1)U([X, yIN[-nlens1) = ([x, yINIn)U([X, y]NJ.n)
International Journal of Novel Research and Development (www.ijnrd.org)
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[x, yIn([n]en+1U[-n]6n+1) = [X, y1N(InUJ.0)

[since (XNY)U(XNZ) =XN(YUZ)]
Therefore, [X, YIN([n]en+1U[-Nn]en+1)¢ = [X, YIN(1nUJ0)C
Hence,

The event of selecting a pair of two consecutive natural numbers in [x, y] such that
it belongs to ([n]en+1U[-N]6n+1)¢ is nothing but event of selecting a pair of two consecutive natural
numbers in [x, y] such that it belongs to (1,UJ.)¢

Hence from (1), For n < x and (6n+1) < length of [x, y]

The probability of selecting a pair of two consecutive natural numbers randomly
in [x, y] such that it belongs to (1,UJ.,)¢ is almost equal to (6n-3)/(6n+1).

i.e P( (1,UJ.0)¢) = (6n-3)/(6Nn+1).

where P( (I,UJ.n)¢) is the probability of selecting a pair of two consecutive natural numbers
randomly in [x, y] such that it belongs to (I,UJ.,)°.

Similarly, by continuing the so far probability analysis for ([n]en.1U[-n]en-1)¢, we can show that,
P( (I-nUJn)¢) = (6n-5)/(6Nn-1).

Let m1 and m2 be two different nonzero integers, such that their absolute values are smaller
thanorequalton.i.e |[ml| <nand |m2|<n

(Im1U J-m1)¢is a complement of union of two residue classes of same modulo (6/m1|+1), and
(Im2 U J-m2)¢ is a complement of union of two residue classes of same modulo (6| m2|+1).

Therefore, each one of (Im1 U J-m1)¢ and (Im2 U J-m2)¢ is a complement of two residue classes
of different modulo. Hence, (Im1 U J-m1)¢ N (Im2U J-m2)¢ # {} i€ (Im1 VU J-m1)¢and (Im2 U J-m2)©
are not disjoint. i.e event of selecting a pair of two consecutive natural numbers such that it
belongs to both (Im1 U J-m1)¢and (Im2 U J-m2)¢ is a possible event. Hence, the event of selecting
a pair of two consecutive natural numbers such that it belongs to (Im1 U J-m1)¢ and the event
of selecting a pair of two consecutive natural numbers such that it belongs to (Im2 U J-m2)¢
are independent events. i.e occurrence of one event does not affect the occurrence of other
event.

Therefore, from the theory of probability,
P((Im1 VU J-m1)¢ N (Im2 U Jm2)¢) = P( (Im1 U J-m1)¢) X P((Im2 U J-m2)©).
[since X and Y are independent events, implies P(XNY)=P(X) X P(Y) ]

And also, it can be shown for any number of different nonzero integers, say m1, m2, m3,
...... , mn. Such that their absolute values smaller than or equal to n. i.e |m1| <n, |m2| < n,
Im3| < n, ....c.ceee.... | mn| < n.

As in above, each one of (Im1 U J-m1)$, (Im2 U Jim2)S (Im3 U J-m3)S, woveerineeen , (Imn U J.mn)€ is a
complement of two residue classes of different modulo. Hence,

(Im1 U Jm1) N (Im2 U Jm2) N (Im3 U Jam3)C N e N (Imn U Jomn)¢# { }
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L.e

n
A (Imi U J-mi)® # { }
i=1.
Therefore, similar to above arguments, the following result is obvious.
n
P(N(ImiV]mi)9)= P((Im1U]J-m1)¢) X P((Im2U]J-m2)¢) X P((Im3U]J-m3)¢) X ccvvrrerne. X P((ImnUJ-mn)©)
i=1.

Hence, for n < x and 6n+1 < y-x+1 = length of [x, y].

n
P(N(Li U J4)<) = P((11U]-1)°) X P((12U]-2)<) X P((13U]-3)) X weervveerne X P((1nUJn)C)
i=1.
~3/7 X 9/13 X 15/19 X oo X (6n-3)/(6n+1)
n
P(N(Li U J)¢) = P((11U]1)¢) X P((1-2U]2)) X P((13U]3)) X crvvvvereee X P((1-aUJ))
i=1.
~1/5 X 7/11 X 13/17 X oo X (6n-5)/(6n-1).

Now let us summarise all the above results.
[X, y] be the closed interval, and X be any subset of N.

P(X) is the probability of selecting a pair of two consecutive natural numbers randomly in
[%, y] such that it belongs to X.

For any natural number n < x. and 6n+1 <y - x + 1 = length of [x, y].

1) P( (1nUJn)) = (6n-3)/(6n+1).

2) P((1-UJn)°) = (6n-5)/(6n-1).
n
3) P(N(Li V1)) = P((11U]-1)¢) X P((12V]-2)¢) X P((13U]3)°) X.....oc.. X P((InU]0)©)
i=1.
~3/7 X 9/13 X 15/19 X ... X (6n-3)/(6n+1)

UNRD2305420 |

International Journal of Novel Research and Development (www.ijnrd.org)



http://www.ijnrd.org/

© 2023 IJNRD | Volume 8, Issue 5 May 2023 | ISSN: 2456-4184 | [[NRD.ORG

n
4) P(N(LiUJ)9) = P((1-1U]1)9) X P((1-2U]2)¢) X P((1-3U]3)°) X.vvrvvernnes X P((I-aU]n)°)
i=1.
~1/5 X 7/11 X 13/17 X s X (61-5)/(6n-1),
...................................................... )

Before go to the theorem, let us define a new subset of natural numbers.

G ={ x| x€N and 6x-1, 6x+1, 6x+5 & 6x+7 are all prime numbers}
In other word,
G ={x|x€(AUB)cand x+1€(AUB)¢}

i.e G is a subset of natural numbers such that x€G implies, x and x+1 both belongs to (AUB)c.
in other word 6x-1, 6x+1, 6x+5 & 6x+7 are all prime numbers. For example 17€G, since 17
and 18 both belongs to (AUB)c. ie 6(17)-1=101, 6(17)+1=103, 6(17)+5=107 and

6(17)+7=109 are all prime numbers. Similarly, we can show that 32, 137,247, ........... are
belongs to G. therefore,
G={17,32,137,247,312,347,542,577,942, 1572, ccvoovrevrrrrrereee. }

Lets go to the theorem.

THEOREM
n( [6b+1, (b-1)(6b+1)-1]NG)
~ (b-2)(6b+1)(1/5)(3/7)(7/11)(9/13) ............ ((Pr—4)/Py).
Where P, is the greatest prime number such that P, < 6(b-1)+1.

PROOF

In my third article “article 3 about theory of distribution prime numbers.”,

| have proved the corollary,

[1, (b-1)(6b+1)] N (AUB)

b-1 b-1
=1, (b-1)(6b+1)] N ((U(1nUJ.n)) U (U(1.aUJn)) )
n=1& n=1&

6n+1 a prime number. 6n-1 a prime number.
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Forb > 1, Let
b-1 b-1
n=1& n=1 &

6n+1 a prime number. 6n-1 a prime number.

[ since if b=1, implies b-1=0, but I+, and J+n are defined only for natural number. i.e [+@-1)
and J+@-1) are cannot be defined. Therefore C cannot be defined for b=1 |

The above corollary becomes,

[1, (b-1)(6b+1)] N (AUB) =[1, (b-1)(6b+1)] N C.

Implies,

[1, (b-1)(6b+1)] N (AUB)E = [1, (b-1)(6b+1)] N C.
[since XNY=XNZ implies XNY¢=XNZ"]

Implies,

[6b+1, (b-1)(6b+1)] N (AUB)C = [6b+1, (b-1)(6b+1)] N CE.
[ since YCX, XNP=XNQ implies, YNP=YNQ].

Implies,

No( [6b+1, (b-1)(6b+1)] N (AUB)?)

= No( [6b+1, (b-1)(6b+1)] N C°)
Where

No( [6b+1, (b-1)(6b+1)]n(AUB)c ) is the number of pairs of two consecutive natural numbers
contained in [6b+1, (b-1)(6b+1)]N(AUB)¢

No( [6b+1, (b-1)(6b+1)]NnC¢ ) is the number of pairs of two consecutive natural numbers
contained in [6b+1, (b-1)(6b+1)]NCE.

No( [6b+1, (b-1)(6b+1)] ) is the number of pairs of two consecutive natural numbers contained
in [6b+1, (b-1)(6b+1)]

Let

P(C°) is the probability of selecting a pair of two consecutive natural numbers
randomly in [6b+1, (b-1)(6b+1)] such that it belongs to C°.

It is obvious that n( [6b+1, (b-1)(6b+1)] ) = (b-2)(6b+1)+1.
i.e length of [6b+1, (b-1)(6b+1)] = (b-2)(6b+1)+1.

It is also obvious that,
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No( [6b+1, (b-1)(6b+1)] ) = length of [6b+1, (b-1)(6b+1)] — 1

= (b-2)(6b+1).

By the basic definition of probability,
P(C%) = No( [6b+1, (b-1)(6b+1)] N CE)
= No( [6b+1, (b-1)(6b+1)] )

P(C®) = No( [6b+1, (b-1)(6b+1)] N C°) + (b-2)(6b+1)

Transposing yields

No( [6b+1, (b-1)(6b+1)] N C°) = (b-2)(6b+1) X P(C®)
)

b-1 b-1
n=18& n=1&

6n+1 a prime number. 6n-1 a prime number.

b-1 b-1
= P (U(IWUJ.)° N (U(LU3) )
n=1& n=1&

6n+1 a prime number. 6n-1 a prime number.

[ since P((XUY)¢) = P(XcNY°) ]

b-1 b-1
n=1& n=1&
6n+1 a prime number. 6n-1 a prime number.

[ since each one of
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b-1 b-1
(U(IhUJ-n))° & (U(l-nUJn))°
n=1 & n=1 &

6n+1 a prime number. 6n-1 a prime number.

is @ complement of union of residue classes of different prime moduli. Hence they are not
disjoint. i.e selecting a pair of two consecutive natural numbers such that it belongs to both
complements is a possible event.

i.e event of selecting a pair of two consecutive natural numbers such that it belongs to
b-1
(U(InUJ-n))¢
n=1&
6n+1 a prime number.

And the event of selecting a pair of two consecutive natural numbers such that it belongs to
b-1
(U(1-nUJn))°
n=1&
6n-1 a prime number.

are independent events. |

Here Cis union of |+, and J+, such that 1 £ n < b-1 < 6b+1.

And 6nt1 < 6(b-1)+1 < (b-2)(6b+1)+1 = length of [6b+1, (b-1)(6b+1)]. Therefore, the results of
(2) what we have found from above probability analysis obeys in the closed interval
[6b+1, (b-1)(6b+1)] for any n < b-1.

Therefore,
b-1 b-1

P(C% =P((U(InUJ-n))¢) X P( (U(l-nUJn))°)
n=1& n=1&

6n+1 a prime number. 6n-1 a prime number.
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b-1 b-1
— P( n(InUJ-n)C) X P( n(l-nUJn)C)
n=1& n=1&

6n+1 a prime number. 6n-1 a prime number.

[ since complement of union of sets is equal to intersection of complements of sets |
= (3/7) x (9/13) x (15/19) x.......... X ((6s-3)/(6s+1))
X (1/5) x (7/11) X (13/17) X vere. x ((6r-5)/(6r-1))

[since from (2)]

Where 6s+1 is the greatest prime number in the form 6k+1 such that 6s+1 < 6(b-1)+1,
similarly 6r-1 is the greatest prime number in the form 6k-1 such that 6r-1 < 6(b-1)-1. Note:
each factor of P(C¢) is in the form (P-4)/P. Where P is the prime number in the form 6k+1
such that P < 6(b-1)+1. After rearrangement of all factors in ascending order,

P(C®) = (1/5) X (3/7) X (7/11) X (9/13) X ceevvvvrerrveeee, X (P, —4)/P).
Where P: is the greatest prime number such that P < 6(b-1)+1.

Now (3) becomes,

No( [6b+1, (b-1)(6b+1)] N C°)

= (b-2)(6b+1)(1/5)(3/7)(7/11)(9/13) ..cvvev... ((Pr—4)/Py).
But

No( [6b+1, (b-1)(6b+1)] N C°)
= No( [6b+1, (b-1)(6b+1)] N (AUB)°)
implies
No( [6b+1, (b-1)(6b+1)] N (AUB)®)
= (b-2)(6b+1)(1/5)(3/7)(7/11)(9/13) ............ ((Pr—4)/Py).

i.e Number of pairs of two consecutive natural numbers contained in
[6b+1, (b-1)(6b+1)]N(AUB)cis almost (approximately) equal to

(b-2)(6b+1)(1/5)(3/7)(7/11)(9/13) ............ ((Pr—4)/P;).
....................................... (4)
International Journal of Novel Research and Development (www.ijnrd.org)



http://www.ijnrd.org/

© 2023 IJNRD | Volume 8, Issue 5 May 2023 | ISSN: 2456-4184 | IJNRD.ORG
From the definition of G, two consecutive natural number, say p and p+1 are belong to

(AUB)cimplies that p belongs to G. And p belongs to G implies that p and p+1 are belong to
(AUB)¢. Similarly, p and p+1 are belong to [6b+1, (b-1)(6b+1)] implies that p belongs to
[6b+1, (b-1)(6b+1)-1]. And p belongs to [6b+1, (b-1)(6b+1)-1] implies that p and p+1
are belong to [6b+1, (b-1)(6b+1)].

Therefore, p and p+1 are belong to [6b+1, (b-1)(6b+1)]Nn(AUB)¢ implies that p belongs to
[6b+1, (b-1)(6b+1)-1]nG. And p belongs to [6b+1, (b-1)(6b+1)-1]NG implies that p and p+1 are
belong [6b+1, (b-1)(6b+1)]Nn(AUB). Hence, number of pairs of two consecutive natural numbers
contained in [6b+1, (b-1)(6b+1)]Nn(AUB) is equal to number of natural numbers contained in
[6b+1, (b-1)(6b+1)-1]NG. i.e

No( [6b+1, (b-1)(6b+1)]n(AUB)¢) = n( [6b+1, (b-1)(6b+1)-1]NG ).
Therefore, (4) becomes,
n( [6b+1, (b-1)(6b+1)-1]NnG)
=(b-2)(6b+1)(1/5)(3/7)(7/11)(9/13) ............ ((Pr—4)/P:).
....(5)

Hence the theorem is proved.

After rearrangement of factors.
n( [6b+1, (b-1)(6b+1)-1]nG)
=(b-2)(6b+1)(1/5)(3/7)(7/11)(9/13) ............ ((Pr—4)/P:).
= (b-2)(3/5)(7/7)(9/11)(13/13)(15/17)(19/19)(25/23)(27/29)
EETE A I ((Pr-4)/P:1)((6b+1)/P;).

In the rearrangement, first factor is (b-2), and last factor is (6b+1)/P,. P, < 6(b-1)+1
implies (6b+1)/P, > 1. Other factors are in the form (Pm-4)/Pm.1. Where Py, is m™ prime in the
form 6k+1 and Pp.1 is (m-1)" prime in the form 6k+1. And P, < 6(b-1)+1. If Py and P, are twin
prime numbers then Py, — 2 = P1 implies, Py - 4 < Pr.1. Otherwise Py, — 4 > Py,.1. Therefore, if
Pm-1 and Py, are twin prime numbers then the factor (Pm— 4)/Pm1< 1. Otherwise (Pm— 4)/Pm.1
1. But it is obvious from my fourth and fifth article, number of pairs of twin prime numbers is
fewer than the number of other pairs two consecutive prime number. Therefore, in the
rearrangement, only fewer factors are smaller than 1, other factors are greater than or equal to
1. Hence, when b increases,

(b-2)(3/5)(7/7)(9/11)(13/13)(15/17)(19/19)(25/23)(27/29)(33/31)........((P+-4)/Pr1) ((6b+1)/P,).
increases. for example

when b=7, (7-2)(3/5)(7/7)(9/11)(13/13)................(33/31)(43/37) = 2.7115

when b=8, (8-2)(3/5)(7/7)(9/11)(13/13)ccevveiircernne (39/41)(49/43) =3.0348
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Hence, n([6b+1), (b-1)(6b+1)-1]nG) > 3.0348 for arbitrary natural number b > 8. But, b is

arbitrary natural number implies that there are infinite number of closed intervals in the form
[6b+1, (b-1)(6b+1)-1]. Therefore,

n(G) is infinite. Hence G is infinite subset of set of natural numbers.

IMMEDIATE CONSEQUENCE OF ABOVE THEOREM

But in my second article IJINRD 2304175 “About theory of distribution of prime
numbers.”, | have shown that the natural number k determines the nature of natural numbers
in the form 6kt1. i.e nature of natural numbers in the form 6k+1 depends on natural number k.
Therefore, the natural numbers in [6b+1, (b-1)(6b+1)] determines the nature of natural numbers
in the form 6k+1 contained in the closed interval

[6(6b+1)-1, 6(b-1)(6b+1)+1] = [36b+5, 6(b-1)(6b+1)+1].

Especially arbitrary natural number k belongs to (AUB)® implies 6k+1 and 6k-1 both
are prime numbers, i.e twin prime numbers. By the definition G, p belongs to G implies, p and
p+1 belongs to (AUB)® hence 6p-1, 6p+1, 6(p+1)-1=6p+5 and 6(p+1)+1=6p+7 are all prime
numbers. Therefore, infiniteness of G implies that the pairs of two consecutive pairs of twin
prime numbers in the form 6k-1 & 6k+1 and 6k+5 & 6k+7 are infinite.

ie
pairs of two consecutive pairs of twin prime numbers in the form 6k-1 & 6k+1

and 6k+5 & 6k+7 are infinite.

And every natural number contained in [6b+1, (b-1)(6b+1)-1]NG determines
exactly one pair of two consecutive natural numbers in [6b+1, (b-1)(6b+1)]n(AUB)C. hence,
every natural number contained in [6b+1, (b-1)(6b+1)-1]NG determines exactly one pair of
two consecutive pairs of twin prime numbers in the form 6p-1 & 6p+1 and 6p+5 & 6p+7
contained in the closed interval [36b+5, 6(b-1)(6b+1)+1].

Hence the theorem can be restated as
n([6b+1, (b-1)(6b+1)-1]NG)

= No. of pairs of two consecutive pairs of twin prime numbers in
the form 6k-1 & 6k+1 and 6k+5 & 6k+7 contained in the closed interval
[36b+5, 6(b-1)(6b+1)+1].

= (b-2)(6b+1)(1/5)(3/7)(7/11)(9/13) ccveeeecre. (Pr-4)/P.

REMARK

when b=2 the closed interval in the form [6b+1, (b-1)(6b+1)-1] is [13, 12], Which is
incorrect notation of closed interval. And also though if we consider the interval as [12, 13].

The length of [12, 13] =2 < 6(2-1)+1 = 6(b-1)+1.i.e (2) does not obey for [12, 13].
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However, for [12, 13] the result is obvious. i.e

n([12,13] N G) = (2-2) X 13X (1/5)(3/7) =0

i.e [12, 13] contains no natural number that belongs to G

EXAMPLES

When b=3, The closed interval in the form [6b+1, (b-1)(6b+1)-1] is [19, 37]. Here is 1
natural number 32 belongs to [19, 37]NG. i.e 32 & 33 belongs to [19, 38]N(AUB)-.

but (3-2) x 19x (1/5)x(3/7) x (7/11) x (9/13) = 0.717 which is nearly.
When b=4, The closed interval is [25, 74]. here is also 32 belongs to [25, 74]NG. but
(4-2)x25x(1/5)x(3/7)x(7/11)x(9/13) x (13/17) x (15/19) = 1.139 which is nearly.

When b=5, The closed interval is [31, 123]. here is also 32 belongs to [31, 123]NG.
but,

(5-2)x31x(1/5)x(3/7)x7/11)x(9/13) x (13/17) x (15/19) x (19/23) = 1.751 which
is nearly.

When b=6, the closed interval is [37, 184]. Here is 137 belongs to [37, 184]NG. but,
(6-2)(37)(1/5)(3/7)(7/11)(9/13)(13/17)
(15/19)(19/23)(25/29)(27/31) =2.09 which is nearly

When b=7, the closed interval is [43, 257]. Here there are two natural numbers 137 and
247 are belong to [43, 257]NG. but

(7-2)(43) )(1/5)(3/7)(7/11)(9/13)(13/17)

(15/19)(19/23)(25/29)(27/31)(33/37) = 2.711. which is
nearly.

When b=8, the closed interval is [49, 343]. Here there are three natural numbers 137, 247
& 312 are belong to [49, 343]NG. but,

(8-2)(49)(1/5)(3/7)(7/11)(9/13)...ceeeveeeeee(39/43) = 3.0348. which is
nearly

When b=16. The closed interval is [97, 1454] here there are 7 natural numbers 137,
247,312,347,542,577 & 942 are belong to [97, 1454]NG. but,

(16-2)(97)(1/5)(3/7)(7/11)(9/13).......(85/89) = 7.475

When b 17. The closed interval is [103, 1647] here there are 8 natural numbers
137,247,312,347,542,577,942 & 1572 are belong to [103, 1647]NG. but,

(17-2)(103)(1/5)(3/7)(7/11)(9/13).......(93/97)=8.154.

See, the approximation comes closer, when interval length increases.
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CONCLUTION
My name is A. GABRIEL a distance educated post graduate in mathematics.
The thesis what we discussed above is myself realized one. Here | have submitted my
completed concepts only. | am continuing my research about THEORY OF
DISTRIBUTION OF PRIME NUMBERS by analyzing numbers which can be expressed
in form 6abxazb, and which cannot be expressed in the form 6abzazb. i.e by analyzing
the sets A, B, A°, B%, AuB, (AUB)¢, ANB, and (ANB)°, where A and B are as defined
above and the set of Natural numbers as universal set. then | conclude.
By
A. GABRIEL
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