© 2023 1INRD | Volume 8, Issue 6 June 2023 | ISSN: 2456-4184 | IINRD.ORG

IJNRD.ORG ISSN : 2456-4184 -~

22 INTERNATIONAL JOURNAL OF NOVEL RESEARCH

£l

: o AND DEVELOPMENT (IJNRD) | JNRD.ORG
RD Anlnternational Open Access, Peer-reviewed, Refereed Journal

Researel h Through Innova tion

ON SPECIAL (a, p) METRIC WITH A SPECIAL
CURVATURE PROPERTIES

K.B. PANDEY, NIDHI SHRIVASTAVA & R.B. TIWARI

Department of mathematics, KNIPSS Sultanpur (U.P.)- 228118, INDIA & Department of Mathematics
IFTM University Moradabad U.P-.244102

Abstract: - In the present paper, we study a class for Finsler Metric called general metric and obtained an
equation that characterizes these special Finsler metrics at almost vanishing H— curvature. As a
commencement of this result, we prove that a general special (a, B)-metric has almost vanishing H-
Curvature if and only if it is having almost vanishing H-curvature.
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1. INTRODUCTION:- The notion of dually flat metric was first introduced by S. I. Amari and H.
Nagaoka, while studying the information geometry on Riemannian spaces [4]. Later, Z. Shen extended the
notion of dually flatness to Finsler metrics [13]. Dually flat Finsler metrics form a special important class of
Finsler metrics in Finsler information geometry, which play a very important role in studying flat Finsler
information structures ([7], [16], [1], [9], and [6]). In 2009, the authors of [5] classified the locally dual flat
Randers metrics with almost isotropic flag curvature. Recently, Q. Xia worked on the dual flatness of
Finsler metrics of isotropic flag curvature as well as scalar flag curvature ([5], [7]). Also, Q. Xia studied and
gave a characterization of locally dually flat (o, B)-metrics on an n-dimensional manifold M (n > 3) [5]. The
Cartan torsion, the S-curvature, the E-curvature and the H-curvature are the examples of few non-
Riemannian quantities in Finsler geometry as they vanish for Riemannian metrics. The S-curvature S (x; y)
was introduced by Shen [6,9]

and was defined as follows:

d
SC y) =2 @,y (O
where 7(x,y) is the distortion of the metric F and y(t)is the geodesic with y(0) = xand y(t)' =yon M.

In 1988, Akbar-Zadeh introduced H-curvature which is closely related to the S-curvature [1]. The H-
curvature H, = H;;dx'® dx/ is defined by

1
H;j = Z(Eij + Ej;)
Also F is said to have almost vanishing H-curvature if

n+1
Hij :TQFyiyj

Several authors studied the H-curvature of different class of Finsler metrics [10, 12]. In [11], Mo proved that

all spherically symmetric Finsler metrics of almost vanishing H-curvature are of almost vanishing _-
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curvature and corresponding one forms are exact, generalizing a result previously only known in the case of
metrics with vanishing H-curvature. In general, it is difficult to find the Riemann curvature tensor for
general (a, B)-metric. In this paper, we further generalize Mo's result for general (a, B)-metric under the
assumption (1.2).

Theorem 1.1. The general (a, B)-metric F = a¢(b?; s) satisfying (1.2) has al-most vanishing H-curvature

if and only if

oy

as [(n +1) ™

+3(b% — a®) + 2(n+ DRs| = 3(n+ DO — 5¢,),6 = 6;(x)y;  (16)

where Ry, R,, and R; are given in (2.6), (2.9), and (2.8), respectively. As an application of Theorem 1.1, we
have the following corollary.

Corollary 1.2. For the general (o, B)-metric F = a¢(b?; s) satisfying (1.2) the H-curvature almost
vanishes if and only if the & —curvature almost vanishes. In this case, the corresponding 1-form 6 is an exact
form.

As a consequence of Corollary 1.2, for 6 = 0, we get the following corollary.

Corollary 1.3. For the general (o, B)-metric F = a¢(b?; s) satisfying (1.2) the H-curvature vanishes if
and only if the £ —curvature vanishes.

A Finsler metric is said to be R-quadratic if its Riemann curvature R,, is quadratic in y € T, X. These R-
quadratic Finsler metrics always have vanishing H-curvature [10]. Together with Corollary 1.3, we have the
following.

Corollary 1.4. The £ —curvature of a R-quadratic general (o, p)-metric always vanishes.

Let M be an n-dimensional smooth manifold T,M denotes the tangent space of M at x. The tangent
bundle M is the union of tangent spaces T, M :=U,cy TyM . We denote the elements of TM by (x,y)
where y € T,M and TM, :=TM\{0} .

2
In this paper, we study and characterize curvature of special («, ) Finslermetric F = a + B + % +

3
g3 with isotropic S-curvature, which is not Riemannian.

2. Preliminaries:-
Let M be an n-dimensional smooth manifold. We denote by TM the tangent bundle of M and by (x, y) =
(xi,yj) the local coordinates on the tangent bundle TM. A Finsler manifold (M, F) is a smooth manifold
equipped with a function F: TM = [0, ==), which has the following properties:

e Regularity: F is smooth in TM\{0};

e Positive homogeneity: F(x,ly) = AF(x,y),VA > 0,

22
e Strong convexity: the Hessian matrix of F2,g;; = %(aafcig]}'} )) is positive definite on TM \ {0}. We

call F and the tensor g;; the Finsler metric and the fundamental tensor of M, respectively.

For a Finsler metric F = F(x,y), its geodesic curves are characterized by the system of differential

equations &'+ 2G* (¢) = 0, where the local functions Gi= G(x, y) are called the spray coefficients and given

by
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Gi = T{[Fz]xkyzyk — [F?].}, YV y ETM.

Definition 2.1:- A Finsler metric F = F(x,y) on a manifold M is said to be locally dually flat if at any
point there is a standard coordinate system (x¢, y*) in TM which satisfies

(Fz)xkyl y'=2 (Fz)xz
In this case, the system of coordinates (x') is called an adapted local coordinate system. It is easy to see that
every locally Minkowskian metric is locally dually flat. But the converse is not generally true [7].
Definition 2.2:- A Finsler metric is said to be locally projectively flat if at any point there is a local
coordinate system in which the geodesics are straight lines as point sets. It is known that a Finsler metric
F(x, y) on an open domain U cR™ is locally projectively flat if and only if its geodesic coefficients G* are of
the form

G' = Py!
where P: TU = U X R™ — R is positively homogeneous of degree one, P(x,y) = AP(x,y),vA >0.We

call P(x, y) the projective factor of F(X, y).
Lemma 2.1:- ([7]). Let F = F(x,y) be a Finsler metric on an open subset U cR™. Then F is locally flat

and projectively flat on U if and only if F,: = CFF 1, where C is a constant. The S-curvature is a scalar

function on TM, which was introduced by Z. Shen to study volume comparison in Riemann-Finsler
geometry [10]. The S-curvature measures the average rate of change of (T, ME, = F|T,,M) in the directiony
€T, M. It is known that S = 0 for Berwald metrics.
Definition2.3. A Finsler metric F on an n-dimensional manifold M is said to have isotropic S-curvature if S
= (n + 1) c(x) F, for some scalar function c on M.
For a Finsler metric F on an n-dimensional manifold M, the Busemann-Hausdorff volume form
dVp = UF(x)dxi wer e dx™ is defined by

B Vol(B™(1))
" vol (oY) € R [F(x, %L{ <1}
Here Vol denotes the Euclidean volumes and B™(1) denotes the unit ball in R™. Then the S-curvature is
defined by

(o}

aGi 6([71 O_F)
S=——(y) -y ——
3y Coy) =y —
where = yi% | € T,M [7].

For an (a, B)-metric, one can write F = a¢(s), where s = /a and ¢ = ¢(s) is a C*function on the

interval (—bg, by) With certain regularity properties, a = ’aijyiyf is a Riemannian metric and p = B =

bixyy" is a 1-form on M.
We further denote

bi|j9j = dbl - bjelJ,

where 6' = dx’ and 6} = I/, dx* denotes the coefficients of the Levi- Civita connection form of . Let

ri =5 (buy + byi) -+ sij =5 (b = bype)
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Clearly, B is closed if and only if s;; = 0. An (a, ) —metric is said to be trivial if b;; = s;; = 0. we put

Tio = rijyj', Too = Tij}"iyj = r;;b’ ,
Sio = 1357, sj = sib! 7o =159/ 50 = 557 .
By direct computation, we can obtain a formula for the mean Cartan torsion of an (a, 3)-metric as follow:
P(¢p —s¢")
I; = T ohpar (ab; — sy;)

Clearly, an (o, B)-metric F = a¢(s),s = [/ais Riemannian if and only if @ = 0. Hence, we further we
assume that @ # 0.

Theorem 2.2. [98] Let F = a¢(s),s = B/a be a(a, f) —metric on an n-dimensional manifold M,,(n >
3), where a = /aijyiyf is a Riemannian metric and § = bi(x)yi # 0 is a 1-form on M. Suppose that F is

not Riemannian and ¢'(s) # 0. Then F is locally dually flat on M if and only if @, 8 and ¢ = ¢(s) satisfy
1
1. s;0= 5(391 — 6by),
—2 2,2 1,21 AV
2. 100 =208 + [t +2b%r — 0b!| a® +1 Bk, — 2 — 3k;b?)1p?,
3. GL =220+ (3ky — 2)1Bly' + 5 (8'tha? + S ksTf2b!
4. t[s(ky —kss?) (¢ —s¢"? —spd") — (¢ + ¢¢") + k(¢ —s¢)] = 0.

where T = t(x) is a scalar function, 8 = 6;(x)y‘isan 1-formon M, 8! = a'™6,,,

ki = 1100) , k, = L0 ks = —[30"(O)T'(0) — 611(0)2 0)IT"" (0
1 =11(0) , Z_Qg,o) ) 3¢—2@[Q() (0) —6I1(0)2 — Q(0)II'"(0)]
and Q=5w T bp-son

In [22], Cheng-Shen studied the class of (a,) —metrics of non-Randers type ¢ # t1m+
t; s with isotropic S-curvature and obtained the following

Theorem 2.3:- ([10]). Let F = a¢(s),s = B/a be a non-Riemannian (a, ) —metric on a manifold and
b =1l By Il @. suppose that¢p +# t1m+ t3 s for any constants t; > 0,t, and t3. Then F is of
isotropic S-curvature S = (n + 1)cF if and only if one of the following assertions holds

i) B Satisfies

(521) rij = S{bzaij - blb]}, Sj = 0,

where e = &(x) is a scalar function, and ¢ = ¢(x) satisfies
pA?

(5.2.2) & = -2(n + 1)kbz_SZ

where k is a real constant. In this case, S = (n + 1)cF withc¢ = ke.
ii) [ Satisfies
(523) rij =0 'Sij =0.

In this case, S = 0, regardless of the choice of a particular ¢.
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3. Characterization of locally dually flat first approximate Special metric
,82

a

3

LB
(24

2

Theorem 3.1. LetF = a +  + be a first approximate Matsumoto metric on a manifold M of

dimension n > 3.Then the necessary and sufficiency conditions for F to be locally dually flat on M are the

following:

1
5. s10 =380, —6by),
6. 100 =20p + |t +2(b71 — 6,6Y)] a? +3 (25 — 306778,

7. Gh =326 + 25tBly' + (6'thDa? + 1%,

where T = t(x) is a scalar function, 8 = 6,y* isan 1-formon M .
33

2
Proof: - For a Finsler metricF = a + 8 + Ttz we obtain k; = 3,k, = 9,k; = 10, and

p=1+s+s*+s% ¢'=1+2s+3s% ¢'=2+6s, ¢' =6
2 3 4 : o
n=3+125+18s + 20s° 4+ 13s TI0) =3,IT0) = 9,11 (0) = 18,

1+5—2s>—3s%— 355 — 256

1" (0) =102
_1+25+352 ,_2+85+852+853+6s4
1-52-2s3" B (=14 52 + 253)2 '

0" —8(1 + 8s + 95 + 1553 + 9s* + 65° + 35°)
(=14 52+ 2s3)3 '

Q(0)=1,Q'(0) =2,Q"(0) =8,Q"(0) = 24

By using the above values in Lemma 2.1, we get

[sCky — k3s?) (P9’ — 5§ —s¢d") = (¢'2 + @) + kip(¢p —s¢")] = 0,and T = 0.

Then, finally, by substituting k4, k, and k5 in Lemma 2.1, we infer the claim

Now, let ¢ = ¢(s) be a positive C* function on (—by, by). For anumber b € [0, by],

Let
(5.3.1) @ =—(Q-sQ)-(nA + 1 + sQ)— (b*—sH(1 + sQ)Q",
where A= 1 + sQ + (b?—s?) Q'. This implies that
d{1 — 352 —8s3 + 2b2%(6 + 25)}
(—1+ 52+ 2s3)2
Then the equation (5.3.1) can be written as follows:
¢ = —(Q-sQ)(n + DA + (b°=sH){(Q Q)@ ~ (1 + sQ)Q"}.

By using Theorem 2.3, now we will consider a locally dually flat (a, ) —metric with isotropic S-curvature.

A=

2 3
Theorem3.2. Let F = a + B + %+ % be a locally dually flat non-Randers type (a, 8) —metric on a
manifold M of dimensionn > 3. Suppose that F is of isotropic S-curvature S = (n + 1)cF, where ¢ =
c(x) a scalar function is on M. Then F is a locally projectively flat in adapted coordinate system and G* = 0.

Proof. Let G' = G(x,y)and G, = G.(x,y) denote the coefficients of F and a respectively, in the same

coordinate system. By definition, we have

(5.3.2) G'= G, + Pyi + Q},
where
(5.3.3) P = a0 —2Qasy + 1y
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(5.34) Qi = aQsi + W —2Qas, + ryob?,
¢ —s(9pp" + ¢'P) _ —1+s+125%+ 205 + 21s* + 3s°
" 20((¢ —s¢) + b2—s)p")  2¢{—1+ 252 + 353 — 2b2(1 + 25)}

1 o 1+ 3s
¥V == 7 =
2(¢p —s¢p") + (b?—=s?) ¢ 1—3s52 —8s3 4 b?2(2 4+ 65)
First, we suppose that case (i) of Theorem 2.3 holds. It is remarkable that, for a

1st approximation Matsumoto metric, we have

d{1 —3s% —8s3 + 2b%(6 + 25)}
(—1 452+ 2s3)2
It follows that (—1 + s2 + 2s3)? A is a polynomial in s of degree 3. On the other hand we have
$?{1 — 352 — 8s3 + 2b%(6 + 25)}?
3. A? =
(5.3.5) ¢ (=14 5?2+ 2s3)4

A=

Hence, if case (ii) of Theorem (5.2.3) holds, then substituting (5.3.5) we obtain that
(5.3.6) (b2—s?)(—1+s2+2s3)*® = —2(n + Dkep?{1 — 352 —8s3 + 2b%(6 + 25)}°.
It follows that (bz—sz) (—1+s%2+ 253)445 is not a polynomial in s (if k = O, then by considering the Cartan

torsion equation, we get a contradiction). Then, we put

S0 = A ]
(=14 52+ 2s3)
where A = ¢?{1 — 352 —8s3+ 2b%(6 + 25)}?

By assumption, F is a non-Randers type metric. Thus A is not a polynomial in s, and then (bz—sz)(—l +

sz + 253)44‘) is not a polynomial in s. Now, let us consider another form of ®:

® = —(Q—-sQ)(n + DA + (b*=sH{(Q —sQHQ"— (1 + sQ)Q"},

where
0—s0 = 1— 652 —12s3 — 155* — 12s°
(=14 52+ 2s53)?
Then
(5.3.7)
@ 1 +[® [1— 1552 — 3853 — 815* — 10855 — 3356 — 657

- (=1 +5s%2+2s3)
+  n(—1—952—20s3 + 3s* + 7255 + 14156 + 15657 + 96s8) + 2b°{4(1 + 3s + 9s?
+ 1553 + 95% + 655 + 356 —n(—1 — 35 + 652 + 3053 + 515* + 5755 + 3656)}]

From equations (5.3.6) and (5.3.7), the relation (bz—sz)(—l +s2+ 253)443 is a polynomial in s and b of

degree 8 and 4 respectively. The coefficient of s is not equal to zero. Hence it’s impossible that ® = 0.
Therefore, we can conclude that equation (5.2.2) does not hold. So, the case (ii) of Theorem 2.3 holds. In
this case, we have

7'00 = 0, Sj = O
In Theorem 3.1(2), by taking r,, = 0, we obtain

(5.3.8) |z +2 0% — 6,01 a? = 1 p[-26 — (25 + 3062) pr]
Since o2 is an irreducible polynomial of y*, equation (5.3.8) reduces to the following

(5.3.9) T +2(bPr — by6™) = 0
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(5.3.10) 20 +5(25+30b2)pT =0
whence
(5.3.11) 6 = —2(25+30b2)pr
Then Theorem 3.1(1) yields
B 1
0= T3(b2r — Bb,0™)
This implies
b2r — Bb,,6™ = 0
From (5.3.8), (5.3.9) and (5.3.11), we obtain
(5.3.12) 0 = —2(25+30b2)pr

From equations (5.3.9) and (5.3.12), it follows that T = 0 and substituting T = 0 in equation (5.3.12), we get 6
= 0. Thus finally (1), (2) and (3) reduce to the following

Si]' = O,Gé = OITOO = 0
Since s, = 1y = 0, then equations (5.3.3) and (5.3.4) reduce to

P = 0Oand Q' = 0.
Then the relation (5.3.2) becomes G.= 0, which completes the proof.

2 3
Theorem:-3.3. Let F = a + f + %+ % be a non-Riemannian metric on n-dimensional (n > 3)

manifold M. Then F is locally dually flat with isotropic S-curvature. Moreover, S = (n + 1)cF if and only
B, B

if the structure is locally Minkowskian. Proof. From Theorem 3.2 we have that F = a + B + —+ 5 is

dually flat and projectively flat in any adapted coordinate system. By Lemma 2.1, we infer

Fox = CFFyk.
Hence the spray coefficients G = Py’ are given by P = %CF. since G!= 0, then P =0, and hence C =
0. This implies that F_« = 0Oand then F is a locally Minkowskian metric in the adapted coordinate system.
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