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Abstract : The aim of this paper is to introduce and study the concepts of new class of functions called £o g - continuous functions,
contra ¢ g - continuous functions and ¢5 g - irresolute functions using o g - closed sets.

IndexTerms - £ g - continuous and o g - irresolute functions.

1.INTRODUCTION

Norman Levine [9] initiated the idea of continuous function in 1970. T. Noiri [11] introduced 6 - continuous in 1980. The generalised
continuous (briefly g - continuous) was studied by K. Balachandran [2] in 1991. Further many others contributed their research
towards continuity. R. Sudha. et.al [12], defined and analysed dg - continuous, 8g* - continuous respectively. In this paper a new

N N N
class of functions called & g - continuous functions, contra ¢& g - continuous functions, and ¢& g - irresolute functions using

N
¢0 g - closed sets are defined and their basic properties and relationship with other existing continuous functions are investigated.

2.PRELIMINARIES

Definition 2.1

Asetis & open if it is the union of regular open sets. The complement of & open is called & closed. Alternatively, a set Ac (X,7)
is called § closed if A=clg(A) where clg(A) ={xeX/int(cl (U))"A=¢,U e r and xey}

Definition 2.2

Asubset A of (X, 7)) is called
(i) o closed set [14] if cl(A) cU U whenever AcU and U is semi open in (X,7)

(i) &g closed [6] if Scl(A)cU whenever AcU and U is openin (X,7)
(iii) &9 closed [13] if Scl(A)cU whenever AcU and U is g- open in (X,7)
(iv) Sw closed set [4] if ¢(A)<cU whenever AcU and U is open in X.

Definition : 2.3

Let (X,7) be a topological space and £ be a grill on X. Then a subset A of X is said to be a & QA] - closed [5] if ¢5(A)cU
whenever AcU and U is {w openin (X, z,¢).
Definition : 2.4

A function f :(X,7) —(Y,o) issaid to be
(i) & -continuous [12] if f (V) is & closed of (X, t) for every closed set V of (Y,5).
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(ii) r- continuous [1] if f (V) isrclosed of (X,7) for every closed set V of (Y,o).
(iii) @ -continuous [14] if f (V) is @ closed of (X,7) for every closed set V of (Y, o).
(iv) ¢ -continuous [4] if f1(V) is e closed of (X,7) for every closed set V of (Y, o).

Definition : 2.5

A function f:(X,7) > (Y,o) issaidto be
(i) contra - continuous [7] if f (V) isclosed in(X,z) for every openset Vin (Y,o).
(i) contra sg - continuous [8] if f (V) issg - closedin (X,z) for every openset Vin(Y,o).
(iii) contra &gb - continuous [3] if f (V) is Sgb- closed in (X,7) for every open set Vin (Y,o).

(iv) contra 58 - continuous [9] if f1(V) is 56 - closed in (X, 7) for every openset Vin (Y,o).
Definition 2.6

A function f:(X,7,¢) —(Y,0,2) is called ¢w - irresolute [4] if f1(V) is ¢w - open set in (X,7,¢) for every ¢w - open
setV in (Y,o0,4).

3. & a - CONTINUOUS FUNCTIONS

Definition 3.1

A function f :(X,z%,&) —(Y,o) s said to be & a - continuous if (V) is & 6 - closed in (X,z¢,¢) for every closed set V
in (Y,0).

Theorem 3.2.

Ifamap f:(X,z%,¢&)—(Y,o) is & - continuous then it is ¢5 g - continuous but not conversely.
Proof: Let f :(X,z%,¢&) — (Y,o) bed - continuous. Let V be any closed set in Y. Then inverse image f (V) is & - closed in X.

Since every § - closed set is ¢5 g - closed, f (V) is &5 g - closed in X. Therefore f is ¢5 g - continuous.

Example 3.3
Let X =Y ={a,b,c}with topologies 7 ={¢,{a},{b,c}, X}and o ={¢,{a,c},Y}and grill ¢ ={{a},{c}.{a,b},{b,c}.{a,c}, X}. Then
the & a - closed sets are {@,{a},{b}.{a,b},{b,c}, X}.Let f:(X,z%,¢&)—(Y,o) be the identity map. Then the inverse image

of every closed set in Y is &6 g - closed in X. Hence f is 5 g - continuous but not § - continuous.

Theorem 3.4

Ifamap f:(X,z%,¢) —(Y,o) is regular - continuous then it is ¢& g - continuous but not conversely.
Proof: Let f:(X,z%,¢)—(Y,o) be regular - continuous. Let V be any closed set in Y. Then inverse image f (V) is regular -

closed in X. Since every regular - closed set is ¢ g - closed, f (V) is & a - closed in X. Therefore f is 5 g - continuous.

Example 3.5

The converse is false as shown in example 3.3.

Theorem 3.6

If f:(X,7°,&)—>(Y,0) is & g - continuous then it is ¢£g - continuous but not conversely.
Proof: Let V be any closed set in Y. Since V is ¢5 g - continuous then f (V) is ¢ g - closed in X. Since every ¢5 g - closed set

is £g - closed, then f (V)is & a - closed in X. Hence f is £g - continuous.

Example 3.7
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Let X =Y ={a,b,c} with topologies = ={¢,{a},{b},{a,b},{b,c}, X}, o={s,{a}.{b,c},Y} and grill ¢ ={X {a}.{c},

{a,b},{b,c}.{a,c}}, O Ag - closed set are {¢,{a},{b}.{a,b},{b,c}, X3}, <y - closed sets are {¢,{a},{b},{c}.{a, b} {b,c}.{a,c}, X}.
Let f:(X,z%,&)—(Y,0) isdefined by f(a)=c, f(b)=b, f(c)=a then f is {g - continuous but not & a - continuous as the

inverse image of a closed set {a}in Y is {c}is not ¢ g - closed in X.

Remark 3.8

A
The concept of continuous, » - continuous, ¢w - continuous, & - continuous, &y - continuous are independent of (5 g -
continuous as it follows from example 3.3.

Remark 3.9

From the above discussions and the known result we have the following implications

/[ — \
@_7[ 552 Continuity i r - Continuity
\ 4

[ - Continuity I d¢ - Continuity ]

\ 4 A\ 4 A 4
[ {@ - Continuity 4{ {g - Continuity ]4{ & - Continuity ]

Figure 3.10

Theorem 3.11

For any function f:(X,z°,&)— (Y,o) the following statements are equivalent.

(i) fis & a - continuous.

(i) The inverse image of each open setin Y is &6 8 - open in X.
Proof: Assumethat f:(X,z%,¢&)—(Y,o) be 4’56 - continuous. Let P be open in Y. Then P is closed in Y. Since f is
& a - continuous, f 1(P%)is & (3 - closed in X. But f }(P®)=x —f%(P). Thus X — f (P) is & a - closed in X and so
f1(P) is & a - open in X. Therefore (i) = (ii) .
Conversely assume that the inverse image of each open setin Y is o a - open in X. Let Q be any closed set in Y. Then Q° is open
in Y. By assumption, f 1(Q°)is & a -openin X. But  f1(@Q°%)=X-fQ). ThusX-f*Q) is & a -openinXandso Q)
is &8 a - closed in X. Therefore f is & a - continuous. Hence (ii) = (i) . Thus (i) and (ii) are equivalent.

4. CONTRA &6 g - CONTINUOUS FUNCTIONS

In this section, the concept of contra 5 g - continuous functions in grill delta topological spaces have been characterized.
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Definition 4.1

A function f : (X,z%,£) — (Y, o) is called contra &5 a - continuous if f (V) is & 6 - closed in (X,z%,¢) for every open set
Vin (Y,o0).

Remark 4.2

A A
The concept of £5 g - continuity and contra o g - continuity are independent as shown in the following example.

Example 4..3
Let X =Y ={a,b,c} with topologies r ={¢,{a},{b}.{a, b}.{b,c}, X} , o ={¢.{a},{a,b},Y} and
¢ ={{a}, {c}.{a,b},{b,c}{a,c}, X}. Let f:(X,z%,¢)—>(Y,o) be the identity function. Clearly f is contra & a - continuous

but not & 6 - continuous. Since f {c}={c} is not & 6 - closed in (X,7°,¢). Therefore f is not & a - continuous.

Example 4.4

Let X =Y ={a,b,c} with topologies 7 ={¢,{b}.{a,b}, X}, o ={4,{b}.{b,c},Y} and grill ¢ ={{b}.{b,c}.{a,c}, X} . Let
f:(X,7°,&) > (Y,o) be the identity function. Clearly f is 4’56 - continuous but not contra géa - continuous because
f Lo} ={b} is not ¢5 g - closed in (X,7%,&) where {b} is open in Y.

Remark 4.5

N
The concept of contra - continuous and contra ¢& g - continuous are independent as shown in the following example.

Example 4.6

Let X =Y ={a,b,c} with topologies r ={¢,{c}.{a,c},{b,c}, X}, o ={¢.{a}.{b}.{a,b}, Y} and
¢ ={{a}.{c}.{a,b}.{b.c}.{a,c}, X}. Let f:(X,z°, ) —(Y,o) be the identity function. Clearly f is contra - continuous but not

contra &o a - continuous. Since f {a}={a} is not & & - closed in (X,r‘s,() where {a} is openin (Y, o).
Example 4.7

Let X =Y ={a,b,c} with topologies 7 ={¢.{c}.{b,c} X}, o={p.{a,c},Y} with grill ¢={{b}, {c}.{b,c}.{a,c}, X} Let
f:(X,7°,&) > (Y, o) be the identity function. Clearly f is contra ¢ a - continuous but not contra - continuous because for the

openset{a,c} in (Y,o), f {act={a,c} isnotclosed in (X,7°%,0).

Remark 4.8

The composition of two contra & g - continuous functions need not be contra {5 g -continuous as shown in the following example.

Example 4.9

Let X =Y =Z ={a,b,c} with topologies = ={¢,{c}.{a, b}, X} , o ={¢,{b}.{c}.{b,c}, Y}
n={p.{a},{b}.{a,b}.{a,c}, 2z} with ¢={{a},{c}.{a,b}.{b,c}.{a,c}, X} . Let f:(X,7%,&)—(Y,0%,2) and

9:(Y,0°,1)—>(Zn°, 1) be two identity functions. Then both f and g are contra 466 - continuous but
go f:(X,7%,&)— (Z,n°, 1) isnot contra 466 -continuous. Since (go f){a}={a} is not & a - closed in (X,7%,¢) where

{a}is open in (Z,7%, ).

Theorem 4.10
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If f:(X,7°,8)—(Y,0%,2) is 4’56 - irresolute and g:(Y,0°,1)— (Z,n°, 1) is contra &5 6 - continuous functions. Then
go f:(X,z%,¢)—(Zn°, 1) iscontra & 8 - continuous.

Proof: Let V be openin (Z,79, ). Since g is contra 466 - continuous, g 1(V) is & a - closed in (Y, 07,1 ). Since f is
& g - irresolute, (g (V) is & g - closed in (X,z%,¢). Thatis (go f)™X(V) is & g - closed in (X,z%,¢). Hence (g o f)

N
is contra ¢5 g - continuous.

5 & a - IRRESOLUTE FUNCTIONS

In this section, {5 g - irresolute function in grill delta topological spaces is introduced and some of their properties are
investigated.

Definition 5.1
A function f : (X,7°,¢) — (Y,o%, A) is said to be &5 a - irresolute if the inverse image of every & 6 - closed set in (Y,5%, 1)

is &8 6 - closed setin (X,7°,¢).

Theorem 5.2

Amap f:(X,z%,&)—(Y,0°,2) is ;’56 - irresolute iff the inverse image of every 466 -openin (Y,o?,2) is 4’58 -openin
(X,7%,8).

Proof: Assume f is &5 a - irresolute. Let B be any &6 a -openin (Y,o%,2). Then BCis & a - closed in (Y,o°, ). Since f is
I a - irresolute, f1(B) is & a - closed in (X,z°,¢). But f%(B%)= X —f*(B) and so f~L(B) is & a - open set in X. Hence
the inverse image of every ¢ a -openin (Y,c°%,2) is & a -openin (X,7°,¢).

Conversely, assume that the inverse image of every £ (AJ -opensetin (Y,o?%, 1) is & a - open in X. Let B be any closed set in
(Y,o%,4) . Then B is .;68 - open in (Y,o%, A1) . By assumption f(B®) is 4’56 - open set in (X,z%,¢) . But

f1(B°)=X-f(B) andso f*(B) is & 6 - closed set in X. Therefore f is & a - irresolute.
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