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Abstract
A Radio Mean Gd-distance labeling of a connected graph G is an injective map f from the vertex set V(G) to N such that

for two distinct vertices u and v of G, d%4(u, v) + [M] > 1 + diam®?(G), where d“(u, v) denotes the Gd-distance between

uand vand diam%(G) denotes the Gd-diameter of G. The Radio Mean Gd-distance number of f, rmn%?(f) is the maximum label
assigned to any vertex of G. The Radio Mean Gd-distance number of G, rmn%4(G) is the minimum value f of G. In this paper we
find the radio mean Gd-distance number of some cycle related graphs.

Keywords: Gd-distance, Radio Mean Gd-distance, Radio mean Gd-distance number.

Introduction

By a graph G = (V(G), E(G)) we mean a finite undirected graph without loops or multiple edges. The order and size of G
are denoted by p and q respectively.

The Gd-distance was introduced by V. Maheswari and M. Joice Mabel. If u and v are vertices of a connected graph G,
Gd-length of a u-v path is defined as d%(u,v) =d(u,v) + deg(u) + deg(v). The Gd-radius, denoted by
r%(6) = min{e®(v): v € V(G)}. Similarly the Gd-diameter d%¢(G) = max{e®*(v): v € V(G)}. We observe that for any two
vertices u and v of G we have d(u,v) < d%(u, v). The equality holds if and only if u, v are identical. If G is any connected graph,
then the d¢¢ distance is a metric on the set of vertices of G. We can check easily that for any non-trivial connected graph,
r%(G) < d%(G) < 2r%(G).The lower bound is clear from the definition and the upper bound follows from the triangular
inequality.

Radio mean labeling was introduced by R. Ponraj et al. [17,18]. A radio mean labeling is a one to one mapping f from
V(G) to N satisfying the condition d(u, v) + [W] > 1+ diam(G) for every u, v € V(G). The span of labeling f is the
maximum integer that f maps to a vertex of G. The radio mean number of G, rmn(G) is the lowest span taken over all radio mean
labelings of the graph G.

In this paper, we introduced the concept of radio mean Gd-distance labeling of a graph G. Radio mean Gd-distance
labeling is a function f from V(G) to N satisfying the condition

d%(u,v) + [W] > 1+ diam®%(G), where diam®(G) is the Gd-distance diameter of G. A Gd-distance radio labeling

number of G is the maximum label assigned to any vertex of G. It is denoted by rmn%2(G).

Radio labeling can be regarded as an extension of distance-two labeling which is motivated by the channel assignment
problem introduced by W. K. Hale [6]. G. Chartrand et al.[2] introduced the concept of radio labeling of graph.Also G. Chartrand
et al.[3] gave the upper bound for the radio number of path. The exact value for the radio number of path and cycle was given by
Liu and Zhu [9]. However G. Chartrand et al.[2] obtained different values for them. They found the lower and upper bound for the
radio number of cycle. Liu [8] gave the lower bound for the radio number of Tree. M. M. Rivera et al. [22] gave the radio number
of Cn X Cr, the Cartesian product of Cr. In [4] C. Fernandez et al.found the radio number for Complete graph, Star graph, Complete
Bipartite graph, Wheel graph and Gear graph. M.T Rahim and I. Tomescu[19] investigated the radio number of helm graph. In this
paper, we determine the radio mean Gd-distance number of some cycle related graphs.
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2. Main Result

Theorem 2.1
The radio mean Gd-distance number of cycle graph
§+(n—2) if niseven, n=>6

rmn¢4(C,) < {,-
() {nTl"'(n—z) ifnisodd, n>7

Proof.
Let V(C,) = {vy, v, ..., v, } be the vertex set and
E(Cn) = {(vivi41, vv1 ;1 < i < n— 1} be the edge set

Then, d%¢(v;,v;41) =5,1<i<n, d% (171, Vn_+z) = g + 4,ifniseven,n > 6,
2

deéd (vl, vﬂ) = nT_l +4,ifnisodd,n>7
2

§+4 if niseven, n =6

144 ifnisodd, n>7

So, diam%4(C,) = {
2

Without loss of generality f(v;) < f(vy) <-- < f(v,)
We shall check the radio mean Gd-distance condition

d%(u,v) + [W] > 1+ diam®(G) for every pair of vertices (u,v); u # v
Case 1. Ifniseven,n = 6

Fix f(vy) =§— 1, for (v, vip1) 1<i<n-—-1

de(UL 172) + [fi(vl):f(vz)] >5+ [75_“;(1]2)]

g_ 1+ f(v,) = n — 2, therefore f(v,) = g

2 +4+1

for (v,,v3)
Z4f(v3)
Ay, vg) + 2] > 5 4 [—2 e R

§+ f(v3) = n — 2, therefore f(v;) = g +1

n
o fly) = E+i_2' 1<i<n

Case 2. Ifnisodd, n =7
Fix f(vy) =n7_1— 1, for (v, v;41) 1<is<n-—1

T 14£(v2)
2

A% (v, vy) + [[L2D] > 5 4 lz"T'l+4+1

%3 + f(v,) = n — 3, therefore f(v,) = "T_l

for (v,,v3)
Ga fW2)+f(v3) 2 f )| ne1

nT_l + f(v3) = n — 2, therefore f(v3) = nT_l +1

n—1
2 f(w) = ——+i=2 1<is<n

§+(n—2) if niseven, n=>6
n-1

Hence, rmn%%(C,) < {
2

+(n—-2) ifnisodd, n=>7

Note. rmn%4(C,) =nif 3<n<5

Theorem 2.2
The radio mean Gd-distance number of wheel graph rmn®4 (W, ,) <2n—4, n =5
Proof.
Let V(Wy ) = {vo, v1,vy, -, v, } be the vertex set, where v, be the apex vertex and
EWy ) = {vov;, viVi41, vyv1 ;1 < i < n} be the edge set
Then, d%@(vy,v) =n+4, 1<i<n; d%v,vi)=7,1<i<n, dcd(vi,vj) =8,1<ij<n i#j
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So, diam®(Wy,) =n + 4

Without loss of generality f(vy) < f(vy) < - < f(v,)
We shall check the radio mean Gd-distance condition

d%(u,v) + [W] > 1+ diam®(G) = n + 5 for every pair of vertices (u,v); u # v

Case 1. Fix f(vg) =n—4for (vy,v,),1<i<n

d%(vy, vy) + [Wl >n+4+ [%f(vl) >n+5
n—4+ f(v,) =0, therefore f(v;) =n—3
Case 2. For any adjacent vertices (v;, v;41), 1<i<n
dS?(vy,v,) + @) +fvs) er f(UZ)l >7+ [—n 3 erf(m >n+5
n—3+ f(vy) = 2n — 6, therefore f(v,) =n—2
Case 3. For any pair of non-adjacent vertices (v;, v), i #j,1 <i,j<n
d®(vy,v3) + [f—(vl) ; f(s) >8+ [—n =3 —Iz—f(%) >n+5

n—3+ f(vs) = 2n — 8, therefore f(vs) =n—1
sfw)=n+i-41<i<n

Hence, rmn¢?(W,,) < 2n—4, n =5

Note. rmn®(W,,) =n+1if1<n<4

* The graph C,(f) denoted the one point union of t copies of cycle C,,. The graph C3(t)or stt) is called friendship graph

Theorem 2.3

The radio mean Gd-distance number of friendship graph rmnGd(Cét)) <4t—4;t=3
Proof.

Let V(C3(t)) = {vo, V1 V2, ooy Ve Vpi1s oon th} be the vertex set, where v, be the central vertex
and E(Cét)) ={vyv;;1 <i < 2tandvv.y;1 <i <t} be the edge set
Then,d?(vy, v;) = 2t + 3, d% (v, v45) =5;1 < i <t,

for non adjacent vertices (vi,v]-), de(vi, vj) =6;1<1i,j<2ti+#]j
It is clear that diam®4(c{") = 2t + 3
Without loss of generality, f(vy) < f(vy) < < f(v) < f(Wip1) <+ < f(war)

We shall check the radio mean Gd-distance condition
d%(u,v) + [w] > 1+ diam®(G) = 2t + 4 for every pair of vertices (u,v); u # v

Case 1. Fix f(vo) = 2t — 4, for (vy,v;), 1 <i < 2t

f(vy) + f(v 2t — 4+ f(vy)
2 2

d%(vy,vy) + 1)‘ > 2t+3+[ >2t+4

2t — 4 + f(vy) = 0, therefore f(v,) =2t —3
Case 2. For any non adjacent vertices (v;, v;) where |i —j| > 1
+ 2t—3+
de(Vl' v,) + [f(171) - f(vz)l > 6+ [ - f(,)

2t — 3 + f(v,) = 4t — 6, therefore f(v,) =2t —2
af(r) =2t+i—4,1<i<t

=>2t+4

Case 3. For both v; and v; are adjacent, 1 < i,j < 2t where |i — j| =t

[f(%) +2f(vt+1)l >S54 [Zt =3+ f(v41)

d(vy, verq) + 2

=>2t+4

2t — 3+ f(vip1) = 4(t — 1), therefore f(v,44) =3t —3
W f(Ueg) =3t+i—41<i<t

Hence rmnGd(Cét)) <4t—4;t=>3
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Theorem 2.4

The radio mean Gd-distance number of fan graph rmn¢4(E,)<2n—3, n >4
Proof.

let V(E,) = {vo, vy, ..., v, } be the vertex set and E(F,) = {vov;, vivi11; 1 < i < n} be the edge set
Then, d¢(vy, v;) = d(vg,v,) =n+ 3, d%(vy,v) =n+4,2<i<n-—1,

d%(vy,v,) = d(v,_1,v,) = d%%(vy,v,) = 6, d°(vy Vi) =7,2<i<n-—2

So, diam®(E,) =n + 4
Without loss of generality f(vy) < f(vy) < -+ < f(v,)
We shall check the radio mean Gd-distance condition

d%(u,v) + [@] > 1+ diam%(G) = n + 5 for every pair of vertices (u,v); u # v

Fix f(vy) =n =3, for (vy,v,), i =1,n

de(vo,u1)+[w12n+3+r_ 5 >n+5
n—3+ f(v,) = 2, therefore f(v,) =n—2
For (vy,v,),
d‘;d(vl,vz)+[w126+[ > >n+5
n—2+ f(vy) = 2n — 4, therefore f(v,) =n—-1
For any adjacent vertices (v, vj_j41), 2 <i<n—2
A% (p,,vy) + [f(vz) + f(vs)l [n -1 '12' f(vg)l .

n—1+ f(v3) = 2n — 6, therefore f(v;) =n
sf(v)=n+i—-3,1<i<n

Hence rmn%4(E)<2n—-3 n=>4
Note. rmn¢*(F,)<n+1 n=3

Theorem 2.5
The radio mean Gd-distance number of gear graph rmn®4(G,)<3n—-5 n=>6
Proof.
Let V(G,) = {vo, v, v, ., v} and {uy uy, ..., u, } be the vertex set, where v, be the central vertex and
E(G,) = {vov;, viu;, uvi1 ;1 < i < n} be the edge set
Then, d4(vy, v;) = d%(vo,u) = n+4, d%(v,u) =6; 1 <i<nd%(v, vj) =8;1<ij<ni+j
d%(v,u)) =8 1<i,j<ni#j
It is clear that diam®®(G,) = n + 4
Without loss of generality f(vy) < f(vy) < f(vy) < < f(v,) < fluy) < - < f(uy)
We shall check the radio mean Gd-distance condition

d%(u,v) + [W] > 1+ diam®(G) = n + 5 for every pair of vertices (u,v); u # v

Case 1. Fix f(v,) = n — 5, for adjacent vertices (vy,v;) 1 <i<n

+ -5+
o1ty + [T o g g [P IO g
n—5+ f(vy) = 0, therefore f(v,) =n—4
Case 2. For non adjacent vertices (vi, vj) 1<i,j<n i#j
+
d‘;d(vl.vz)+[wl 28+[ > >n+5

n—4+ f(v,) = 2n — 8, therefore f(v,) =n -3
“fw)=n+i-51<i<n

Case 3. For adjacent vertices (v, u;) 1<i<n
d(vy,uy) +

n—4+ f(uy) = 2n — 4, therefore f(u;,) =2n—4

=6+

[n—4+f(u1)l>n+5
— |2

Case 4. For non adjacent vertices (vi,w;) 1< i,j <n,i#j
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d%(vy,uy) +

n—4+ f(uy) = 2n — 8, therefore f(u,) = 2n — 3
“flu) =2n+1i-25,

[f(v1)‘;f(u2)‘28+[n_4;f(u2)12n+5

Hence rmn%4(G,)<3n—5n=>6
Note. rmn%?(G,)=n+5, n=4,5

Theorem 2.6
The radio mean Gd-distance number of helm graph rmn¢4(H,)<3n -5, n>7
Proof.

Let V(H,) = {vo, Vy Vg, ey Up, Ug Ug, oo, un} be the vertex set, where v, be the central vertex and
E(Hy,) = {vov;, viu;, vivisq ;1 < i < n} be the edge set

Then, d%@(vy,v;)) =n+5;1<i<n, d% wyu)=n+3;1<i<n, d4w,u;)=6;1<i<n,
d%(v,v;)) =10; 1<ij<m i#j, du,u)=61<ij<ni*j, dv,vy,)=9%1<i<n-—
1, d(u,u;0) =51<i<n-—1

It is clear that diam®(H,) =n+5

Without loss of generality f(vy) < f(v1) < f(vy) < < f(vr) < fluy) < < f(uy,)

We shall check the radio mean Gd-distance condition

d%(u,v) + [W] > 1+ diam%(G) = n + 6 for every pair of vertices (u,v); u # v

Case 1. Fix f(vy) = n — 5, for adjacent vertices (vy,v;) 1<i<n

de(”o: v,) + [f(vo) ‘2|' f(v1)l

n—5+ f(vy) = 0, therefore f(vy) =n —4

n—>5+ f(vy)

> >n+6

2n+5+[

Case 2. For adjacent vertices (v;, v;41) 1<i<n-—1
f(w) + f(v,)
Gd z - e
d% (v, v,) + [ 5

n—4+ f(v,) = 0, therefore f(v,) =n —3
sfw)=n+i-51<i<n

>9 >n+6

n—4+ f(vy)
+[f

Case 3. For adjacent vertices (u;,v;) 1<i<n
+
d%e(vy,uy) + [f(vl) . f(uy)

n—4+ f(u;) = 2n — 1, therefore f(uy) = 2n -4

>n+6

26+[n_4‘|2'f(u1)l

Case 4. For non adjacent vertices (u;,u;41) 1<i<n-—1
Uuq) + u
R A [ACD L (C

2
2n — 4 + f(u,) = 0, therefore f(u,) =2n -3
“f(u)=2n+i-51<i<n

25+[ > >n+6

Hence, rmn%*(H,)<3n—-5 n>7

n+5; n=34
3n—4; n=56

Note. rmnS4(H,)= {
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