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INTRODUCTION

At the eighth congress of Scandinavian mathematicians in 1934, F. Marty [6] described a hypergroup as a set
with an associative and reproductive hyperoperation and examined their properties. This was the beginning of the concept of
hyperstructure theory (Hyper compositional al- gebra). The quotient of a group by any, not necessarily normal, subgroup served
as the motivating example. The traditional algebraic structure is naturally extended by algebraic hyperstructures. While the
combination of two elements is a set in an algebraic hyperstructure, it is an element in a traditional algebraic structure. The theory
of algebraic hyperstructures (or hypersystems) has currently developed into a well-established branch in algebraic theory as a
result of widespread applications in numerous branches of mathematics and applied Science. Numerous algebraic hyperstructure
appli- cations, particularly those from the last ten years, were recently presented by Corsini and Leoreanu, [3]. These applications
include those for hyperstruc- tures in geometry, hypergraphs, binary relations, lattices, fuzzy and rough sets, automata,
cryptography, codes, median algebras, relation algebras, artificial intelligence, and probabilities.

A helpful mathematical tool for characterising the behavior of systems that are too complex or poorly defined to
enable exact mathematical analysis by conventional methods and tools is the notion of fuzzy sets, which Zadeh [11] introduced in
1965. In this regard, Rosenfeld [9] developed the idea of fuzzy groups and looked into its structural details.

The connections between fuzzy sets and algebraic hyperstructures have garnered a great deal of interest
recently. A straight forward generalisation of fuzzy algebras (fuzzy groups, fuzzy rings, fuzzy modules, etc.) is the idea of fuzzy
hyperstructures. Fuzzy hypergroups can be included in this strategy. As a generalisation of fuzzy set, Atanassov [2] introduced
intuitionistic fuzzy set (IFS) in the year 1986. With the advent of the ideas of intuitionistic fuzzy hypergroups, the research of
intuitionistic fuzzy algebraic hyperstructures has begun.

My goal in this work is to explain the idea of IFHO through examples and a discussion of some of their
intriguing aspects. Additionally, several theo- rems relating to the characterization of these intuitionistic fuzzy hypergroups are
established.

2 INTUITIONISTIC FuzzY HYPERGROUPS.

As a generalisation of fuzzy hypergroups and their attributes, intuitionistic fuzzy hypergroups were introduced in
this section.
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Definition 2.1.
An Intuitionistic Fuzzy Hyperoperation (IFHO) maps the ordered pairs of elements of the cartesian product X X to

an intuitionistic fuzzy set of X . Thus, if we denote the collection of all IFS of X by IF (X), then an IFHO is the map * : X x X —
IF (X). Hence, if = isan IFHO, thena * b is an IFS, where a, b € X and is defined by a * b = <x, ga«b(X), yan(X)>

(1) Ifa, b,x € X, B, C € IF (X) then, the IFS’s a * B, B = a are defined as,
a *x B = <.x, ﬂa*B(X), Ya*B(X)>

where pa-(X) = Vyex[uary(X) A 1a(y)], yaxB (X) = Ayex[yasy(X) V yB(Y)].
Similarly, B xa =<X, ug+a(X), yg+a(X)>
where ugra(X) = Vyex [uy+a(X) A us(y)],
yB1a(X) = Ayex [py:a(X) V y8(Y)]-
(2)If a,b,c,x € X then, (ax*h) xc =<X, ueamwysc(X), Y@y (X)>
where zashysc(X) = Vyex [ty+c(X) A pasn (Y)],
P@arbyic(X) = Ayex [yysc(X) V yam(y)]-
and a * (b * C) = <X, tarbxc) (X)), Vax(osc)(X)>
where zax(ore) (X) = Vyex[uary (X) A pic(Y)],

Yax(brc) (X) = Ayex [yary(X) V porc(Y)]-
() If A,B € IF(X), then an IFS A *B is defined as,

A x B =<X, uas(X), yass(X)>
where uass (X)= Vy.zex [uy2(X) A na(y) A us(2)],
Yaes (X) = Ayzex [pyxz(X) V ya(y) V y8(2)]
Definition 2.2.
An IFHG is a non-empty set X with an IFHO, whichsatisfies the following axioms,
(i) (@axb)xc=ax(b=xc) forall a,b,c € X (Associativity)

(ii) a*1-=1-%a =1~ for all a € X (Reproduction)

(iii) (@xb)*cnax(b*c) /= 0~ for all a,b,c, € X (Weak associativity)
where 1. ={<x,1_,0_> [x€X}and 0. ={<x,0_,1_> |[x € X}

If only (i) is valid, then an Intuitionistic Fuzzy hyperstructure (X, * ) is called an

Intuitionistic fuzzy semi-hypergroup,
while, if only (ii) is valid, then Intuitionistic Fuzzy hyperstructure (X, = )is called an

Intuitionistic fuzzy quasi-hypergroup.

Example 2.3.

If X = {a}, then any Intuitionistic fuzzy set of X definesan intuitionistic fuzzy semi-hypergroup structure
on X.
Letaxa=A4=<x,pu,(x),ys(x) >

where p,(x) = % ,Ya(x) = § with0<a+p <1.
NOW, A * a=< x!ﬂA*a(x)')/A*a(x) >

where a.q(a) = Vaex[ tzra (@A (D] = pa(a) ==

Thus, py.q = ta. Follows in similar manner, y4.. = va
Then, a * A = < %, Ugua(X), Vaua () >

where pg.a(a) = Vyex| taz (@A (2)] = ua(a) = g
Thus, ta., = Ha. Follows in similar manner, V4. = va
Hence, A *a = a * A = A and * is associative.
Remark 2.4.

If X = {a}, then an intuitionistic fuzzy set A defines anlFHG on X iff A=1-
Example 2.5.
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If X ={a, b}, then the four IFS of X defines an intu-itionistic fuzzy semi-hypergroup structure on X as

follows, axa=A=<xusx),vs(x) >

B =B B

where u,(x) = s yYa(x) = -+
a*b =B =<x,up(x),ys(x)>

=% Bs 4 Ba

where pug(x) = 2+ 1, yp(x) =2+
b*xa=C=<xucx),yc(x)>

— 95 % Bs | Bs

where pc(x) = 2+ 28, yc(x) =2+
b*b =D =<xup(x),yp(x)>

Bs

where up(x) = %+— Yo (x) = 37 +£8
I_HS = B * a = <X1 .uB*a(x)v )/B*a(x)>

where Upa(X) = Vex Uz () Aup(2)] = (s () Aupg(@)V[pc () Aug (b)]
tea(@) = [pa(@App(@IVInc(@Aug(b)] = [ar Aas] V [as A ay]

If a, < a3 <a, < as, then MB*a(a) = a1Va4:%
MB*a(b) = [.UA(b)/\MB(a)]V[Mc(b)/\yB(b)] = [aZ N ag] \V [aﬁ A a4]

If a, < a3 <y < A, then .uB*a(b) = aZVa‘l_:%

W|th0<al+,BlS1 i=1to8

Hence, pp.q (x) = =t +

and ¥g.q (%) = Azex[Vz:a (V v5(2)] = [ya()Vys(@)]Alyc (x)Vys(b)]
YB+a(@) = [Ya(@Vyp(@)IAlyc(@Vys(b)] = [B1VB3IAIBsV 4]
If B> B> fs = fs, then yp.q(a) = A=
Ysa(P) = [Ya(D)Vyp(@)]Alyc (b)Vyp(D)] = [B.VB3IA[L6V B4l

If 182 = 33 = ,84 > 361 then yB*a(b) = ‘82/\34_:%

34

Hence, yg.(x) == =

LHS=Bsxa=< x—+0l4 [;5+%>

RHS = a * C == <X’ H-a*C(x);ya*C(x)>
where Harc(X) = Vex[taw O Auc(2)] = [ua() Auc(@]VIpg () Auc(b)]

taxc(@) = [pa(@)Apc(@]VIpp (@) Apc(b)] = [ay A as] Vv [az A agl
fa; < az <as < ag, then pg.c(a) = a1Va3:%
tasc(b) = [pa(D)Apc(@)IV g (D) Apc(b)] = [a; A as] V [as A agl
Ifay < ay Sas < ag, then pa.c(b) = a;Va,=*
Hence, pg.c(x) = =
and ¥4.c (%) = Azex[Varz DV v (2)] = [ya()Vyc (@]Alys () Vyc (b)]
Yarc(@) = [Ya(@Vyc (@]Alys(@)Vyc(B)] = [B1VBsIAB5V 6]
If B> B3 = fs = fs. then ya.c(a) = fuAB=22
Yaxc(0) = [Ya(D)Vyc (@)]Alys (D)Vyc (B)] = [B2VBsIAIB4VBs]

1B, = By = Ps = ﬁ6, then ¥g.c(b) = 2A\B,= 52

ﬁ4

Hence, . (x) = £ + 2

RHS =axC = <x'13+0‘4 Bs y Bay
b a b

If ¢, = a3 and Bs = B3, then * is associative and (X, *) is an Intumonlstlc fuzzy semi-hypergroup.
If not, then * is not associative and hence (X, *) is not an intuitionistic fuzzy semi-hypergroup.

Remark 2.6.
If X = {a, b}, then the IFS defines an IFHG on X iffA= 1_.and D = 1._.

Example 2.7.
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The following example distinguishes intuitionistic fuzzy hyperstructure from fuzzy hyperstructure. The

four IFS’s are defined as,
axa=A =<x,uu(x),ys(x) >

whereyA(x)=%+%.YA(x)=%+%

axb =B =<x,ug(x),ys(x) >
whereuB(x)=%+¥,VB(x)=%+¥

bxa=C=<xuc(),yc(x)>
where pc (x) =%+%4,Vc(x)=%+%

bxb =D =<x,up(x),yp(x)>

0.8 0.07 0.2 0.5
where up (x) = —+=" vo(x) = =+

Here, associativity axiom does not satisfied. Since, membership value of both LHS and RHS of

(axb)xa=ax(b*a)= 900z Obi’ are equal but the non-membership of the intuitionistic fuzzy

a

sets(a>‘<b)*a=%+0b+3 buta = (b * a) =07'5+$arenotequal.
Thus, (a*b) *a # a = (b *a).

Lemma 2.8.
For every a,b € X and C € IF(X), the following is true:(a*b) * C = a* (b % C)

Proof. Let a,b€ X, C € IF(X) , (a*b)* C = <X, ugmyc(X), Y(asbyrc (X)>

where @iy (X) = Vyzex [iysz(X) A pasn(y) Apc(z)] and
P@astyrC (X) = Ayzex [pysz2(X) V yasn(y) V yc(2)]
Now, sestysc (X) = Vy,zex [uysz2(X) A pan(y) A pc(z)]
= Vzex{Vyex [uysz (X) A pasn(Y)] A uc (2)}
= Vzex{u(asysz(X) A uc(z)}
= Vzex{Uaxbsz)(X) A uc(2)}
= Vzex{Vyex [tary (X) A uiz(Y)] A nc(2)}
= Vy,zex [ttary (X) A sz (Y) A puc(2)]
= Vyex {ttary (X) A Vzex [unsz(y) A uc(2)]}
= Vyex [tary (X) A pnsc(Y)]
Heasbysc (X) = Haxpsc)(X)
Then, y(astysc (X) = Ayzex [pyxz(X) V yam(y) V yc (2)]
= NAzex{NAyex[pyxz(X) V yam(y)] V yc(2)}
Yastysc (X) = Azex {P@iyz(X) V yc (2)}
= Azex{yax(2)(X) V yc(2)}
= Nzex{Ayex [Yary(X) V poiz(Y)] V yc (2)}
P(asbyrc (X) = Ay,zex [yary(X) V porz(Y) V yc(2)]
P(abyrc (X) = Ayex {yasy(X) V Azex [ppsz(Y) V yc (2)]}
= Nyex [yary(X) V ypsc (¥)]

Y@@y (X) = Yarrcy(X)
Hence, (a*b)*C =ax* (b= C)

Theorem 2.9.

[]

If an intuitionistic fuzzy hyperstructure (X, *) is endowed with the weak associativity, then a * b+#0~ is

valid for every a,b € X.

Proof. Let us assume that a * b =0~ for some a, b € X.
Now, (a * b) xc = 0_ * ¢ for some ¢ € X.
Then, 0. % ¢ =< x, fo_.c (%), Vo_«c(x) >
Where gy ..(x) = Vyex[tyw () Ao ()] = po_ (%),

Yoee(X) = Ayex[Vyec OV vo. ()] = ¥o_ (%)
Thus,0.*c=0. = (a*b)*c=0.
Hence, the weak associativity is not valid in (X,x)
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which is a contradiction to our assumption. ]

Corollary 2.10.
axb # 0_ is valid for any pair of elements a, b in an intuitionistic fuzzy hypergroup X.

3. THE INTUITIONISTIC MIMIC FUzzY HYPERGROUP

The IMFHG is introduced in this section because of to the characteristicsof intuitionistic hypergroups
that relate to the relationship between IHO andthe induced IFHO with the empty set.

Definition 3.1.

If X is non-empty set with a IFHO , then the two new induced IFHO’s and can be defined as
follows,

a/b = <x, Ya/)(x), Viaw)(x)> for every a,b,x € X
where p(a/p)(X) = pxb(a) and piam)(x) = yxsn(a) b\a = <x, Up\a)(X),
Vib\a)(x)> for every a, b, x € X
where Up\a)(X) = Ubsx(a) and ppra)(x) = Vesx(a)
The two new induced IFHO’s were named as intuitionistic fuzzy right division and
intuitionistic fuzzy left division.
Theorem 3.2.

For any pair of elementsa,bin an IFHG X, then a/b = O_ and a\b =+ O_is valid.
Proof. Let a,b be any pair of elements in an IFHG X

To Prove: a/b # 0~ and a\b # O-.
By Reproductive axiom, we have

1-*b=1- is valid for every b € X,
(1~ *b) (a) =1~(a) is true for any a € X.
Now, (1~ * b) (a) = <a, u1_xp(a), v1_xp(a)>
where p1_s(a) = Vyex|uysp(a) Apa_(y)] and
Vor1_(a) = Ayexlyysn(a) V yi_(y)]
there exists y € X such that uyxs(a) =1 and pyxs(a) = 0.
Hence, a/b # 0-, Similarly a\b #0~ for alla,x,y € X. ]

The following new definition is introduced as a result of the aforementioned theorem.
Definition 3.3.
Ifx: X XX — IF(X) isan IFHO, then X is called an IMFHG

(Intuitionistic Fuzzy m -Hypergroup), if the following two axioms are valid,

(i) (axb)*xc=a=*(bx*c)forall a b, c, €X (Associativity)

(ii) a/b # 0~ and a\b+ 0~ for all a,b, € X

(iii)(a*b)*xcna=*(bx*xc)# 0~ for all a,b,c, € X (Weak Associativity)

where 0. = {< x,0,1 > |x € X}
If only (ii) is valid, then X is called an intuitionistic fuzzy v -quasi hypergroup,

while, if the weak associativity is valid instead of (i), then X iscalled an
intuitionistic fuzzy mny -group.

Definition 3.4.

An intuitionistic fuzzy m -hypergroup X will be called an intuitionistic commutable fuzzy wm -
hypergroup if a*1.=1.xa foranya € X.

Theorem 3.5.

In an intuitionistic fuzzy m -hypergroup X, it holds that 1.xa + 0.
and ax1-. 0~ for every a,x € X.

Proof. Let X be an intuitionistic fuzzy u -hypergroup.
Thus, x/a # 0~ for every a,x € X.
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It follows that, there exists y € X such that
<Y, uxia(y), ywa(y)> # 0~
where, yixia(y) = pysa(X) and ywa(y) = yyxa(X)
Thus, gyxa(X) #0~ and pyxa(X) # 0~ — = = — = = = 1)
Since, 1~ * a = <X, u1_xa(X), y1_xa(X)>
where zi1_sa(X) = Vyex[uyra(X) Apa_(y)] and
Yi-xa(X) = Ayex[pysa(X) V 71 (¥)]
Using (1), either u1_sa(X) # 0~ or y1_4a(X) # 0~
Hence, 1. *a #0~ also ax1. # 0~ for every a,x € X L

Theorem 3.6.
In an intuitionistic fuzzy w -hypergroup X, it holds that a « b # 0~ forevery a,b € X.

Proof. Suppose that there are a, b € X such that a x b = 0~

Then, (a*b)*1.=0~%1.=0-~
Using Lemma 2.8, (a*b) * 1. =a*(b*1.)=0-But ax(hx1.) =
<X, taxx1_)(X), Yax@s1_) (X)>
where sai(e1)(X) = Vyex [uary(X) A psa_(y)] and
Yaros1-)(X) = Ayex [yary(X) V yher_ ()]
Using Proposition 3.5, unx1_(y) #+ O~ for all b,y € X
Thus, naxy(X) = 0~ for all a,x € X.

Hence, x/y = 0. or a\x = O_forall a,x,y € X.
which is a contradiction to intuitionistic fuzzy m -hypergroup.

Hence a*b # 0~ for every a,b € X. O
Definition 3.7.

An intuitionistic fuzzy m -hypergroup X will be called an intuitionistic commutable fuzzy w -
hypergroup if a*x1. =1 xa foranya € X.

Example 3.8.

As in the example 2.5, the following are the four intuitionistic fuzzy sets defined as,
axa=A=<xusx)ya(x)>
where ;1 (x) = 2+ 22y, (x) =214 22

a*bh = Z = < x,up(x),yp(x) >
whereuB(X)=%+%nVB(x)=%+%

bxa=C=<xucx),yc >
whereuc(x)=%+%!yc(x)=%+%

b*xb =D =<xupXx),ypx) >

=

where 15 (x) =+ %2y, (x) =22+ P2 with 0 <y + ;< 1,i= 1108
Now, a * 1. = <X, pax1_(X), yax1.(X)>
where uas (X) = Vyex [uary(X) Aga_(Y)],
vas1_ (X) = Ayex[yary(X) V y1_(y)] same as for 1. *a.
Then, pax1. (@) = a1 V az , pax1. (D) = 02 V o4, p1_xa(@) = 01 V as ,
t1_xa(D) = a2 V as andyax1_(a) = f1 A f3, yax1_(b) = p2 A fa,

y1-%a(@) = f1 A Ps, y1_xa(@) = f2 A Pe
If a1 = max{as, as} and a2 = max{as, as}also f1 = min{ps, fs}
and B, = min{B,,Bs} thena+1_=1_+*a.
Thus, (X,*) is an intuitionistic commutable fuzzym — hypergroup. If not, then (X, %) is not an intuitionistic
commutable fuzzy v -hypergroup.

Definition 3.9.

An intuitionistic fuzzy semihypergroup X will be called
an pseudo intuitionistic fuzzym— hypergroupifa+*1_.+0_and1_.*a # 0. foranya € X.
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Example 3.10.

Consider the above example 3.8, in that we havel- * a = <X, u1_xa(X), y1_xa(X)>
where 1 ya(X) = Vyex[uysa(X) A p1_(¥)],
71-xa(X) = Ayex[yya(X) V y1_(¥)]
where u1_4a(a) = a1 Vas, ui_xa(b) = a2 Vas and
y1-xa(@) = B1 A Bs, y1xa(@) = B2 A Ps.
If a1 = max{oa, as} # 0- and a2 = max{a, ae} # BISO f1 = Min{f1, fs} # 1-
and B> = min{f, fs} + 1-same as for 1. *a.
Thus, (X, *) is an pseudo intuitionistic fuzzy w -hypergroup. If not, then (X, *) is not a pseudo
intuitionistic fuzzy w -hypergroup.

CONCLUSION

In this paper, the concept of IFHG’s, intuitionistic fuzzy w -hypergroup their examples with some of its
properties were introduced. Also, some char- acterization theorems are proved. At last, pseudo intuitionistic fuzzy wm -
hypergroup were introduced.
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