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Abstract

: In this thesis, we study the statistical and quantum properties of the light generated by a coherently driven three level
laser in which three level atoms in a cavity coupled to a vacuum reservoir are pumped to upper level at a rate of ra.
Applying the quantum langevein equation for our system, we obtain the explicit form of atomic operators. Employing Q
function we have calculated the mean photon number, variance of photon number, photon number distribution and
quadrature variance. It is found that the mean and variance of photon number are greater for a = 0 than for a = 1.
Furthermore, we determine the quadrature squeezing such as global and local quadrature squeezing for the cavity mode
light. And 50% of maximum quadrature squeezing have been obtained from the system under consideration for x = 0.5
anda = 0.
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Quantum optics is a field of quantum physics that deals specifically with the interaction of radiation with matter. The
quantum and statistical properties of the radiation generated by different quantum optical systems have been investigated
since the earliest days that quantum optics was known. The quantum description of radiation is one of the central topics in
quantum optics. This description requires the quantization of the radiation field. The quantization of the radiation field
leads to the introduction of various possible quantum states of light such as the number, the coherent, chaotic and the
squeezed states. Squeezed state is one of a non-classical features of light that has attracted a great deal of interest. In
squeezed light the noise in one

quadrature is below the coherent state level at the expense of enhanced fluctuations in the other quadrature with the
product of the uncertainty in the two quadrature satisfying the uncertainty relation. Squeezed light has potential
application in low noise optical communication and weak signal detection. Quantum optics developed through the first
half of the twentieth century more by understanding how photons

and matter interacted and interrelated . And also in 1953, the maser (micro amplifcation by stimulated emission of
radiation) was developed which emitted coherent micro wave. After a time of being, laser (light amplification by
stimulated emission of radiation) could be developed by different quantum optical system [1].There has been considerable
interest in the analysis of the squeezing and the statistical properties of the light generated by the three level laser and
coherently driven by cavity mode. A three level laser may be be defined as a quantum optical system in which three level
atom in a cascade configuration,

Initially prepared in a coherent super position of the top and the bottom levels, are injected into a cavity coupled to a
vacuum reservoir via a single port-mirror. When a three-level atom in a cascade configuration makes a transition from
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the top to the bottom level via the intermediate level, two photons are generated. If the two photons have same frequency,
then the three level atom is called degenerate three-level atom otherwise it is called non degenerate[2]. The squeezing and
statistical properties of the light produced by three-level atoms in which the crucial role is played by the coupling of the top
and bottom levels. The coupling of the top and bottom levels is responsible for the interesting non-classical feature of the
generated light. In general the atomic coherence can be induced in a three-level atom by coupling the levels between
which direct transition is dipole for bidden by coherent light or by preparing the atom initially in coherent superposition

of these two levels [3]. The statistical properties of three level lasing were investigated theoretically. It is assumed that the
three level medium was coherently excited by another laser with an arbitrary photon statistics. It was proved that under
the specific conditions, the photon statistics of three level laser duplicate the photon statistics of the exciting laser.
Generally the three level of a laser is a unique source of bright light [4]. The statistical and squeezing properties of light
generated by three level lasers have been investigated by several authors [6]-[11]. Fesseha Kassahun [5] was found that a
three level laser in either model generated squeezed light under certain conditions. It appears to be quite difficult to prepare
the atoms in coherent super-positions of the top and bottom levels before they are injected in to the laser cavity. In addition,he
studied that the atoms have decayed spontaneously before they are removed from the cavity. On the other hand, he study
showed the degree of squeezing of the light generated by the three level laser, with the top and bottom levels coupled by
coherent light, is relatively large when the mean photon number is relatively very small. A three level laser in which the top
and bottom levels of the atoms injected into the cavity are coupled by a strong light has also been studied by different
authors. Misrak Getahun [6] studied the squeezing and statistical properties of the light produced by a three-level laser
whose cavity contains a parametric amplifier and with the cavity mode driven by coherent light and coupled to a
squeezed vacuum reservoir. He obtained stochastic differential equations associated with the normal ordering using the
pertinent master equation. Making use of the solutions of the resulting differential equations, he calculated the quadrature
variances and squeezing spectrum. He also determined the mean and variance of the photon number and the

photon number distribution for the cavity mode employing the Q function. And almost perfect squeezing can be
obtained for slightly more probability for the atoms to be in the bottom level and for large value of linear gain coefficient.
Sintayehu [7] has a detailed analysis of the squeezing properties of the light produced by the degenerate three-level cascade
laser coupled to an external coherent light via one of the coupler mirrors and vacuum reservoir in the other employing
the stochastic differential equation associated with the normal ordering. He studied the squeezing properties and also
calculated the mean photon number of the cavity radiation. The cavity radiation exhibits 98.3% squeezing under certain
conditions

pertaining to the initial preparation of the superposition and strength of the coherentradiation. His results also showed that
the mean photon number is found to be large where there is a better squeezing and the system under consideration could
generate an intense squeezed light. Beyene [8] has studied the squeezing and statistical properties for degenerate three
level laser and the superposition of light beams produced by pair of degenerate three level laser. He carried out the
analysis applying the solutions of c-number Langevin equations associated with the normal ordering. These equations were
obtained using the master equation obtained applying the linear approximation scheme with the help of Q function, he has
calculated the mean photon number, the variance of photon number, the photon number distribution and the quadrature
variances.

His results indicated that 47.9% quadrature squeezing has been obtained for A=3and x = 0.8 at steady state. It is observed
that the degree of squeezing increases with the linear gain coefficient and the steady state mean photon number simple
sum the mean photon numbers of the two light beams. The squeezing of the superposed light mode increases with the linear
gain coefficient. His results indicated that 95.8%

squeezing have be found for A = 3 and x« = 0.8. Driba Demissie [9] has studied the quantum analysis of coherently driven
three level laser. He carried out the analysis by applying the solution of c- number langevin

equations associated with normal ordering. These equations were obtained applying the linear approximation scheme.
Using of Q functions he calculated quadrature

variance, squeezing spectrum, the variance of the photon number and photon number distribution.

Dawit Hiluf and Fesseha Kassahun [10] have studied the statistical and squeezing properties odegenerate three level
laser coupled to a squeezed vacuum reservoir. They carried out the analysis of quantum optical system using of the
pertinent stochastic differential equations for the cavity mode variables associated with normal ordering. The solutions of
the resulting equations are then used to calculate the quadrature variance the squeezing spectrum, the mean photon number
and the variance of photon number distribution.

Mulugeta Melaku [11] has studied the quantum properties of the light emitted by a degenerate three level atom
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available in open cavity and driven by coherent light. And he also studied the interaction of the degenerate three level
atoms with resonant coherent light in open cavity coupled to vacuum reservoir. From his thesis hederived the equation of
evolutions of atomic and cavity mode operators by applying

the quantum langevin equation and the master equation. Using the steady state solution of the resulting equations he
obtained photon statistics, quadrature squeezing and power spectrum. In this thesis, we consider the case in which N three
level atoms in cascade configuration and available in a cavity coupled to a vacuum reservoir via a single port mirror are
pumped from the lower level to the upper level at a rate of ra. We first drive the equation of evolution of atomic
operator applying the quantum langevin equation using of large approximation scheme. Employing the steady state
solution of the resulting equation, we obtain the expectation value of the atomic operator. In addition using of Q function in
anti normal order we calculate mean photon number, variance of photon number, photon number distribution and
quadrature variance of cavity mode light. Finally we calculate quadrature squeezing such as global and local

quadrature squeezing for cavity mode light

2.The Three Level Laser

We consider here the case in which N three level atoms in cascade configuration are available in a closed cavity. We denote
the top, middle and bottom levels of these atoms by |a , [b and |c respectively. In addition, we assume the cavity modes
to be at resonance with the two transitions |a — |b and [b — [c , with direct transition between levels [a and |c to be
dipole forbidden as shown in Fig. (2.1)

In this chapter we seek to determine the operator dynamics for coherently driven three level atom in side a cavity, in
which the atom is pumped by coherent light coupled to a vacuum reservoir. We first drive the equation of evolution of
atomic operators applying the quantum langevin equation. Employing the steady state solution of the resulting equations, we
obtain the expectation value of the atomic operators. The

r < |a*
—] —a
[b>
&
== [

Fig.2.1: The transition between |a — |b and |[b — |c at frequency wa and w;, are taken at
resonant with the cavity. coupling of the top and bottom levels of three level atom by coherent light treated

classically can be described by the Hamiltonian [12].

. iQ . .
H = [O'c - O'c]? ' (21)
where
Q= 2¢g, (2.2)
oc=|c al,” (2.3)

with g being the coupling constant between the coherent light and three level atom.
Moreover, the interaction of three level atom with the cavity modes can be described

at resonance by the Hamiltonian

~

H =igload- &'oa+ v = b~ ~  ~/§onl, (2.4)

where a and b are the cavity mode operators,
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oa = |b al” (2.5)

ob =|c Db|.” (2.6)

are lowering atomic operators. On account of Eq. (2.1) and Eq. (2.4) the total Hamil-
tonian describing the interaction of a three level atom with the coherent light and

cavity modes a and b has the form
. iQ b oA oA A it
[ocH ﬁ]—zl-lg[aaﬁ/— &oaton =D 'h bl (2.7)

We assume that the laser cavity is coupled to a vacuum reservoir via a single port mir-
ror. Moreover, we carry out our calculation by putting the noise operators associated
with the vacuum reservoir in normal order. Thus the noise operators will not have
any effect on the dynamics of the cavity mode operators. We can therefore drop the
noise operators and write the quantum langevin equations for the operators 4 and b as
fe M - K
dat—:|[a, H, > (2.8)

in which x is the cavity damping constant. Then using Eq. (2.7), we easily find

d

it —a= —ga- g5a, (2.10)
d ~ K-

< _%hC g, 2.11
dt b= -5~ 9% (2.11)

2.1 Operator Dynamics

. In this section we seek to determine the time evolution for the expectation values of

the atomic operators. To this end, using the relation

A = —idfj{A, H , (2.12)
along with Eqg. (2.7), one can readily establish that

dA+ P a g b~ 2.13

at gat+ g gibﬁh 7’Ia)a g 'oc . ( . )

where

na =la al,” (2.14)

m =10 bf,” (2.15)

ne=1c c|,” (2.16)
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Following the same procedure, we can easily find that

d Q .
™ & * g»(zycﬁé m) -"g a’och ~ (2.17)
d. _Q R A
a Oc —ﬁfo #gCovd - oa ), b (2.18)
d Q
&O’ia += 3 T b ) + 8lomad, + (2.19)
d ~ _ Af AT ~ "'/',\ A F
5t = —Ba+Hg(ow F+ b2 " (2.20)
d Q o . A7
—n = — p~ ~ o
gt e ?Oﬁ‘c gkos, + b'at (2.21)

The probability of finding an atom in the top, middle and bottom levels respectively
are defined by #a , and 7prespectjvely. We observe that Egs. (2.13), (2.17),
(2.18), (2.19), (2.20) and Eg. (2.21) are non liner differential equations. Hence it is not
possible to obtain the exact time dependent solutions of these equations. Thus ap-
plying the large time approximation schemes, we obtain from Eqg. (2.10) and Eqg. (2.11)

the approximately valid relation

2
A(t) = — —Eaa. 2.22)

29 .

b(t) = ——on. (2.23)

Now inserting Eq. (223)antb Eq. (2.13), (2.17), (2.18), (2.19), (2.20) and
(2.21), we have

A (2.24)
d_dt o = Lot % ~1 (2.25)
B S L (2.26)
:‘agfﬁ@a* (oc + af; el 8 (2.27)
nm = —gz{ M+ e na B (2.28)
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Q.
— e = d g0 + (229)
4 2
e =9 (2.30)
K

The parameter defined by Eq. (2.30) is called the stimulated emission decay constant.

The three level atoms available in the cavity are pumped from the bottom level to
the top level by means of electron bombardment . The pumping process must surely
affect the dynamics of na and #:". If ra represents the rate at which a single atom is
pumped from the bottom to the top level then increasgs at the rate of ra 77 and

decreadge at the same rate of ra 5 [5]. IncOrporating the effect of the pumping

process, we can write Egs. (2.27) and Eq. (2.29) as

d Q

dt fla = —fcoka 'H'G"z" )qj ra nc . - (2.32)
d - oy w

gt 1= =0ean+ 5 oc )~ Ta i . (2.32)

Now summing over N three level atoms, we can write Egs. (2.24), (2.25), (2.26), (2.28), (2.31)
and Eq. (2.32) in the form of

d _ « Q
Ma = G?c Ma + m’ y E b (233)
d j)c Q
— m - -—= 7 }
gt —Fﬂl2 T, > a (2.34)
d Ve A QX
— Me = — -+ .
dt % Wi -+ ). (2:39)
9N, = Na + B b NG 2.36
ar e T —7yc Na ‘?‘(cm 5 Nc , (2.36)
~ d - ~
Np = _CT{C b +yc Na, (237)
b aj=Nb al, (2.39)
i
N
lc b|=N[c b, (2.40)
i
N
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|c a|]=N]c a, (2.41)
N

la a|]=NJa a|, (2.42)
N

b bl =Nlb b, (2.43)
N

[c c|]=NJc c|, (2.44)

i
Here the operators Na, N, and N representing the number of atoms in the top, middle

and bottom levels . Employing the parameter a, we can rewrite Eq. (2.35) as

d oo =7 . +a4w Q@ - 2.45
dt; ¥ o8 ° 2 (2.45)

We see that we can recover Eq. (2.35) upon setting a = 1. We also consider some
other value of a later on. By taking ra = 0, we note that the steady state solutions of

Egs. (2.36) and (2.37) are given by

Na = o+ 7 .
a _%cm (2.46)
(2.47 N Na .
Q Q
= -a
Ve Ve
Hence with the aid of Egs. (2.46) and (2.48), we get
" 4 + aQ?
Ne = Naw (2.49)
Q
In addition employing the completeness relation
mat+m+npe 2.~ C (2.50)
we easily arrive at
N. + Ny Nt N (2.51)
With the aid of Egs. (2.47), (2.49) and Eq. (2.51) we readily find
Q2N
= , 2.52
Ye +I\é? + )@’ (2:52)
Thus in view of this result Eq. (2.49) takes the form
(g rad’) °
N, 2.53
ye + W%+m@2 (2:53)
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Finally, combination of Eqgs. (2.48), (2.52) and (2.53), we get

QN
= +.%§§ + e , (2.54)

In the presence of N three level atoms, we can rewrite Eqg. (2.10) and (2.11) as

d K

A= ——&+ Ama. ~ 2,

a ad Ama. (2.55)
b I - (2.56)
at " 2 '

in which A is a constant whose value remains to be fixed . Applying the steady state

solution of Eq. (2.10), we get

Ba1= (n-mi " (2.57)

[3,87= (Np-Na'°_ (2.58)
which

[4,87=[&,47. i (2.59)

i=1

Stands for the commutator of 4 and 4" when the cavity mode is interacting with all the

N three level atoms . On the other hand, using the steady state solution of Eq. (2.55),

one can easily verify that
2 24
[a, &7 AN -a), (2.60)
Thus on account of Egs. (2.58) and Eq. (2.60), we say that
A=+ (2.61)

N

And in view of this result, Egs. (2.55) and (2.56) can be written as

d. K. g
dta 2a N (2.62)
d ~ x- g
—b=—b+ ° 2.63
dtb 2 N ( )

Lastly taking in to account in steady state, the cavity mode operators can be con-
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nected with atomic operator as
2
%Emﬁ. = ﬁl (2.64)

29

K

\/ o m);:

(2.65)

Then up on adding Egs. (2.62) and Eq. (2.63)

x d g
f= - — e 2.66
¢ 2 dt o N ( )

Where

m=ma+ M, °~ - (2.67)

In addition one can easily verify that for N identical three level atoms

m'm = N (Na + Ny). (2.68)
mm’ = N (Np + N¢). (2.69)
m2 = Nme.” 8 (2.70)

3.The Q Function for cavity mode light
The Q function for the cavity mode light is expressible in terms of anti normally ordered
characteristic function as[15].

Q(a', o, tfzmwa(z’, z, exp[z’ a - za'], (3.1)

where

0a(z',2,0) = Tr poe? Wed O (3.2)
In our case using of Eqg. (2.66), we have

é(t) = a(t) + b(t). (3.3)
Then Eq. (3.2) becomes
0a(z',2,t) =Tr pee? Wer O ' (3.4)
and one can say that
[6,é = ¢¢" - éé =q.
where
f{" 7=—[Ne - Nal, - (3.6)

Using of Baker-Housdorff identity
Eq. (3.4) can be written as

1 .t
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pa(z',z2,t) = e "7
Now assuming ¢é(t) is a Gaussian variable with zero mean. we can write as

[z¢" - 2'¢)?

N| =

pa(z',z,t) = e "’exp 2

and this can be written as

N =

pa(z',z,t) =€ "'Zexp
This can be put in the form
At

1
pa(z',z,t) =exp - 3 z'z( ¢

From Eq. (3.3) and its conjugate we have

2 c = "
ch:n:V — Na + Np
K
and
d= ¢ =% N, + Ne ,
and also one can write as
éce’ =y+ ¢ =n+y,
A " c c X
c2:cf2:7’ _mC:y_ 5
K k 1+ (2+a)x
where
X
@ = ¢? =p= o~ N,
x 1+ ((2+a)x
with

Q
X = —

Applying Eq. (3.12), (3.14) and Eg. (3.16) into Eg. (3.11), we Sée that

b
pa(z',2,t) = exp[-2'z é¢’ + E(z2 +2'%)],
This can be written as in the form

b
pa(z',2,1) = exp[-dz'z + (2°+ z'2)]§
where
d=n+ 7.
substituting Eq. (3.19) into (3.1), we have

d? b
Qa’, o, 1) 7Efxg-[—dz'—zz—— az+oaz + (2 + Z«z)]E
3 T

1 . ;
5[22 ? +z722¢ -z7'zé¢ -z22¢¢ 7],

1
¢+ é¢ )+§(z2 ¢ +z2 ) (3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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so that carrying out the integration with the help of the relation

ex dg'—ZZZ—+ bz +cz' + Az2+ Bz'?] = N, n ox dbc + Ac? + Bb?
e 1= T-aAB P 7-4AB
we get
' n do’a b , .
= BTN - +
Q(a ,(X, t) 7'[,'(d2 _ bz)% eXp d2 _ b2 2(d2 ~ b2) (a =+ o ) ,
1o o
Qe o ) = Ma + (o + a’z)%- (3.24)

One can check that the Q function is normalized to # which is
d’aQ(a’, a, t) = 7. (3.25)
where the value of u and v in Eq. (3.24) are given by

-2 " '

and

b —
@ - p? T

Eq. (3.24) represents the Q function for cavity mode light produced by coherent light
3.1 Photon Statistics

The statistical properties of light beam can be described in terms of the mean photon
number, variance of photon number, photOn number distribution and power spec-
trum. Here employing the Q function we wish to calculate the mean photon number,
variance of photon number and photon number distribution for the cavity light gen-
erated by three level laser. Finally, we determine the power spectrum of cavity mode

light produced by driven coherent light.

3.1.1 Mean Photon Number

The expectation value of an operator function A(8’, ) is expressible in terms of den-
sity operator as

A = Tr(pA). ~ (3.28)

Expanding the density operator in normal order and using the density operator for

coherent state Eq. (3.28) can be written as

~

d’a ~ 0
A = Q(a', o+n——-: 1) An(o, ), (3.29)
n oo

[JNRD2310311 ‘ International Journal of Novel Research and Development (www.ijnrd.org)
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Where An(a’, @) is the c-number function corresponding to the operator function
A = A(¢, ¢") with the normal order. On the basis of Eq. (3.29), the mean photon num-
ber for a cavity mode light is expressed by

2

n= Qo' , 14—, t)a' . . (3.30)
n oa
When we express Q(a’, a + 7 =2, 1) in Eq. (3.30) in terms of Q(a, &, t), we have
0 0 v, 0°
LR)E Lot - - — = . 3.31
On account of Eq. (3.31), we see that
_ d? ) v, 02
Q6 , o thexp - n(ua’ - var) S vy da (332)
7 oa 2 Oa
Expanding the exponential function in power series, we have
o v, 02 o v, 0°
_ ‘o _+_2_ =1- fo_ _+_2
(tl-a‘lv) 8+v282 +2
(TR a2 9a’
(3.33)
So that substituting Eq. (3.33) in to Eq. (3.32), we write as
_ d?a
Q(a =ty o' - an(ua’ - va) (3.34)
n
And also this can be written as in the form of
- d’a .
Q(d =ty (1 - nu)a’ a + pva” (3.35)
n
Eqg. (3.35) can be written as
n=(1- pu)ly+ nvly, (3.36)
where
d2
RE, a—tgaa (3.37)
dZ
bQ= — Qe a ) (3.38)
n
On account Eq. (3.24), we see that
2 _ 2112 d*a . ) 2\
I1 = [u® - v9] —exp —Uaa+§(a +a'%) o o (3.39)
T
This equation can be rewritten as
d d’a Vv

exp
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= - - V)" — —wea+ (d+a?)y,
Further more, carrying out the integration,we find
I, = _(UZ _ V2)l/2_[(u2 _ V2)gll2].
du
Performing the differentiation, we get

-1
I, = _[u2 _ V2]1/2( —2)[u2 _ VZ]_3/22U,

Following similar procedure, we easily find I, using of Eq. (3.24)
d2
I, = [u? - v]¥2 ——uet’gxﬁ (ya? + a’é a?|,=1,
T

This can be written as
2 d d’a Y.
I, = [U? - 22 - Het o + 2 4 o =1,
2= ] ;IEZI? ot (yoo+ay |=1
Integrating over a Eq. (3.45) becomes
2(u2 _ V2)1/2 d

I, =[u? - v2p]~Y2|,=, 3.46)
This gives as M i

2Mu? - y2i/2 1
J—|—]7V2 = (_E)(UZ _ V2)_3/2(—V2),

Finally we can write I, in the form of

. v
? u? - v?
Substituting Eq. (3.43) and Eq. (3.48) into Eq. (3.36), we obtain
ﬁ(F—rEﬁ—l—gu — = v
us=v ’ u? - v2
This can be written in the form of
u _
" uz - v2 | -
Taking in to account Eq. (3.26), the mean photon number, is expressed as
n=d-n
More over using Egs. (3.12) and (3.20),we have
NZn+=rh
K
Substituting of Eq. (2.47) and Eqg. (2.52) into Eq. (3.52), we finally obtain
Ve — EXZ N

n = —
1+ (2+a)x?
Eqg. (3.53) represents the mean photon number for the cavity mode light produced by

the coherent light.

(3.40)
(3.41)
(3.42)
(3.44)
(3.45)
(3.47)
(3.48)
(3.49)
(3.50)
(3.51)
(3.52)
(3.53)
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Fig. 3.1: plots of mean photon number(Eg. (3.53)) versus x for y. = 0.4,x = 0.8 and N = 50.

The plot in Fig. (3.1) indicates that the mean photon number for a = O is greater
than for a = 1. And the mean photon number for the cavity mode light is increase as

the parameter x increase for small value of a.

3.1.2 The Variance of Photon Number

The variance of the photon number for cavity mode light can be written as

(An) = n? - n . (3.54)
(An? = ciédle - @e . (3.55)
and
(An)2 = 2@ + @é - n2, A (3.56)
From the fact that one can write
0
&2 =d?aQ(a’,a+ 1 F,t)a'zaz, (3.57)
o

Where a'? and o? are ¢c- number variables corresponding to the operator ¢ and ¢2.

And also When we write Q(a', o + 3—, t) in terms of Q(gf,, o, t) we use the following

expression.
0 0 v, 02
Q(a', o+ ——,t) = Q(a', o, t)exp - ylua’ - va]=— + —;72—( . (3.58)
oa oo 2" Oa
Applying Eqg. (3.33) along with Eg. (3.58),we write as
0 02
(ﬂfgafb(a'—',oc,t) 1- 7’][U0(’ —VOC] T_FMH
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1 0 ok
—[-n(ua’ - v + M g2e?, 3.59
S[on(ua’ - va) S F + Moty (359
where
vV 2
M = 5% (3.60)
2
From Eq. (3.59) it then follows that
o 2
e (cE, a, t) a'?a? - glua’ - Va]F(a’zaz) +M— (a?a?)
a oa
1 d 2 2
- plud = v + M o'?a?, 3.61
e 5y vel da’ oo’ (3.61)
And also Eqg. (3.61) can be put in the form
éer = d?aQta?,-oyl)a’ - val.2a’ o? + 2Mo?
I [ua ]—Za M o (3.62)
— = plua’ - va R :
2! g oa’ oa’
From Eg. (3.62) one can say that
Féd(E, 0, 1) a?a? - 2nua?o? + 2pva’ o + 2M o
+ L [ua’ 12 i 3.63
5 I (e )m (3.63)
Then we can put Eq. (3.63) as
22 = d2aQ(a’,a, t) a'?a? - 2nua’?a® + 2pva’ o + 2Mo?
+ U?na’?a? - 2uvpla of + pviat (3.64)
And also one can write Eqg. (3.64) as
2 = d2aQ(a’,a t) (un - 1)%a?0? +2nv(1 - up)a’ a® +vp2a® +v2p2a® |, (3.65)
This can be rewritten as
M = (un - 1)%1+ 2vp(d - un)la + vi?ls + v252ly, (3.66)
in which
d?a
I = —Q(a, a, )20, (3.67)
n
d’a
I = —Q(a’, o, Ha' &, (3.68)
n
d?a
I3 = —Q(a', a, )a?, (3.69)
n
d?a
Iy = —Q(a’, a, H)a*, (3.70)
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Using of Eg. (3.24), we have

d2

Vv
I, = (u? - v2)¥2 - exp[—ua'a + E(oc2 + a'?)]a' e, (3.71)
T

and this expression can be put in the form

2

d? a \Y;
|1 = (u2 _ V2)1/2 W_ua’_g—'_ (a*z + (xz)], 5

Carrying of the integration with the help of Eq. (3.22), we get

2

- 2 21-1/2
I = (U - V)2 el (U
Then it follows that
I, = (uz _ v2)1/2 (_u(uz _ vz)—glz)
— du L
Applying differentiation, we find
-1 3u?
I = (u? - v)Y2 2 _ ,2\3/2 2 2\5/2
One can rewrite this as (u® - v%) (u® - v%)
(u? + ilz)
= —23—.
(u? - v)?
Following similar procedure, we also find that
3uv
o =" 2\2
(u® - v9)
- v
s = A rd
and
3v?
ls =" 2\2
(u® - v
Substituting Eq. (3.76), (3.77), (3.78) and Eqg. (3.79) into Eq. (3.66), we get
2 2
AR Uy

(uz _ vz)z u? - v2
This can be written as

é‘f2é2 = 2(d _ ;7)2 + b2'

Taking in to account Eq.(3.20), Eq. (3.81), takes the form
é2¢? =2n? +b?,

Employing Eqg. (3.16), (3.53) and Eq. (3.82) into Eq. (3.56), we get

3x3ei (1 g a)x*

2 —
(AN = o+ aper

@3.

(3.72)
(3.73)
74)
(3.75)
(3.76)
(3.77)
(3.78)
(3.79)
(3.80)
(3.81)
(3.82)
(3.83)
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Eqg. (3.83) represents the variance of the photon number for cavity mode light. And
the variance of photon number in the cavity is maximum when the number of a

tomes are maximum.

16 T T T T T T T T T

= = = for a=1
14 for a=0} -

———
———
-

0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1;

Fig. 3.2: plots variance of photon number(Eqg. (3.83)) versus x for y. = 0.4,x = 0.8 andN = 10.

The plot in Fig. (3.2) indicates that like mean photon number the variance of pho-
ton number for cavity mode is greater at a = 0 than that of a = 1. And also from
the graph we observe that the variance of photon number for the cavity mode light is

greater when the parameter x is greater as the value of a is smaller.

3.1.3 The Photon Number Distribution

We next seek to obtain, employing Q function the photon number distribution for
the cavity mode produced by the system under consideration. The photon number

distribution for cavity mode light is expressible in terms of the Q function as

oa"

T
P(n, 1) = —Qfofa tye 4o (3.84)

Now using Eg. (3.24), the photon number distribution for the cavity mode under con-

sideration can be written in the form

1 oa" \Y;
P(n,t) = m[u2 - Vz]l@(W'a + (a?+ 0®)]a 5 (3.8%)0=0

Then expanding the exponential functions in power series, we have:

gt L)t (3.86)

k!
k

uo® via?

e
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2 —_ (3.87)

and

e = (3.88)

Then Eq. (3.85) becomes

1 1- wkv*™M  og"
PO = [ -V imP e Bl (38230

kIm

Applying the properties of knocker delta and up on differentiating with the help of

the identity
om n!

oxm (n-m)! ’ (3.90)

We arrive at

= )V (K + 21)1(k + 2m)!

P(n,t) = n—1| [u? -QZJ

ok + 21, nok + 2m, n,
2'+mk.m[l(glr<n+ 2l - n)!I(k + 2m - n)!

(3.91)
Finally on setting of the result that m = I and k = n - 2, the photon number distribu-

tion takes the form

n|(1 _ n)n—ZIVZI
22112(n - 21

P(n,t) = [u? - v2]/2 (3.92)

where [n] = n/2 for even n and [n] = [n - 1]/2 for odd. Eq. (3.92) represents that
the probability to observe n number of photons in the cavity decrease as n increase.
There is a finite probability to observe odd number of photons in the cavity. This is

due to the cavity damping. Moreover, the probability of observing even number of

photons in general greater than the probability of observing odd number of photons
3.1.4  Power Spectrum

We next seek to obtain the power spectrum of the cavity mode light when both light
modes a and b have the same central frequency wo . The power spectrum of the cavity

mode light is expressible by [14].
el 1
P(w) #@e(t+c) e dr, o 0 (3.93)
oo LT

where ”’ss” stands for a steady state. And upon integrating both sides of Eq. (3.93) over

w, we get
P (w)dw = F)et+r7) e™ deX s 0 — e™ dw. (3.94)

le &} — o0 27[ —o0

so that using the fact that

o0

1 _
o) = o e"" dw, (3.95)

e o)
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We find
(o @] (o o]
P (w)dw = FMét+17) e 5(z)dr. s ° (3.96)
In view of the relation
(o @}
F(X)o(x)dx = F(X)|x=o, (3.97)
-0
It then follows
(o @}
P (w)dw = n, B (3.98)
—-o0O

in which n is the steady state mean photon number. On the basis of this result, we
assert that P (w)dw is the steady state mean photon number in the frequency interval
between w and w + dw[13,14]. We hence realize that the local mean photon number

in the interval between w = =J1awkpressible by

A
Pw Fw . (3.99)
y!

in whichw = w - wp.

It proves to be convenient to rewrite Eq. (3.93) as

0 oo
1 ) 1 .
PWw) = - d)é(t+z) &0 e+ o )t + 1) o™ 97dz, (3.100)
so that replacing t by —z In the first integral, we find 2

PW)=— (R)é(t —1) sse™' MW I g FYe(t+r) e rdr, @io) °
2n 0 0 T
We observe that one integral is the complex conjugate of the other. Hence the power
spectrum can be written as
5 D
R(W) =)é(t+1) e™ Ddr, ¢ (3.102)
0 T
in which ”Re” denotes the real part. We now proceed to determine the two time corre-
lation function that appears in Eg. (3.93). To this end, we realize that the expectation

value of the solution of Eq. (2.66) can be written as
‘a
t+17) = &(t) e 2 + 3~/N_ee Rt ) de ) (3.103)
0

Applying the large - time approximation schemes on Eq. (2.34), we calculate the power

spectrum of cavity mode.
o e Q
My ()7 (& ~. a (3.104)
C

Now applying the complex conjugate of this result, one can put Eq. (2.33) in the form

d _ R
Mma = —mma , (3.105)

in which

QZ
U=y + - (3106)

. 2
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With the atoms considered to be initially in the bottom level, the solution of Eqg. (3.105)

turns out to be

~

mq(t) =0. (3.107)
Moreover, using the same approximation scheme, we obtained from Eq (2.33) that
, Q
Ma@y (tF 5— 7 (3.108)
Ve
Then with the aid of the complex conjugate of this relation, we can put Eq. (2.34) in
the form
_ 1] L. 3.109
- 'a“ b s 2 ( . )
With the atoms considered to be initially in the bottom level, the solution of Eq. (3.109)
is found to be
=0. My (3.110)
Hence assuming the cavity light to be initially in a vacuum state we find the expecta-
tion value of the solution of Eg. (2.66) to be
)y =0. (3.111)
On account of Egs. (3.105) and (3.109), we get
= d m L. L m (3.112)
R gt Ma '
and in view of Eq. (2.67), we see that
dq L. 3.113
m =-—=gm, :
a4t 9 (3.113)
On the basis of this equation , one can write
ds F A(t)l " (3.114)
m=— =+ ) g
RN
in which FmA(t) is a noise operator with a vanishing mean, the solution of Eq.¢(3.114)
can be put in the form
T
m(t + ) = M{t)e #772 + g~Pe/2 e 2Fn(t+17 )dr (3.115)
0
Thus combination of Egs. (3.103) and (3.115) yields
2gm(t t t R
é(t"‘l’) - C’,‘(t)e—K‘L'/z_'_ 2[_@ ( ) e—yr/?_e—xr/2 + 3z_feg-é‘(#2h)t /2 dr e /ZFm(t+r )’
N (x - W) oN 0
(3.116)

Multiplying both sides on the left by ¢" and taking the expectation value of the result-

ing equation, we have
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At A —rT/2
é (t)c(t+cr-f)(tejé(t ++T)\/ _ e HTl2 _ grl?2

dr et—we 72 dr € g/{ﬂ@tﬂ:%+ t ), (3117)

- . T
so that in view of the fact that + Al egm 2
N 0

FOFmt+1) =0, (3.118)

we readily arrive at

)t + 1)

e\ AR mrcl2 .29 R
e (t)é(t) e <2 + asfe..—tﬁ-)ﬁa-;[e—uﬂz -2 2], (3.119)
N(x- [

Applying the large - time approximation to Eq. (2.66) and Eq. (3.119), there emerges

gur2 M g2 (3.120)

d)it+) = (RAt) K= H KoM

Hence on substituting Eq. (3.120) into Eq. (3.102) and carrying out the integration, we

get

K 2z K K2
= : 3.121
K ? SN ?W - Wo)? + (/2)? K= (W= wWo)?+ (,/2)? ( )

Therefore, inserting Eg. (3.121) into Eq. (3.99) and carrying out the integration apply-

ing the relation

A dx 2
= —tpR=ld@ — (3.122)
L X ta a
We arrive at
Nss = nz(L). 1 (3.123)

where n is the mean photon number and with z(1) defined by

2 22 21/ 21
Z(A) = tan— i tan—% _ll)z o~ (3.124)
K- U K- |
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A
Fig. 3.3: plots of power spectrum(Eq. (3.124)) versus 4 for x = 0.8 and pu = 50.

From the plot in Fig. (3.3) we easily find z(0.5) = 0.66, z(1) = 0.86 and z(2) = 0.96.

The combination of these results with Eqg. (3.123) yields n+os = 0.66n, n+x1 = 0.86n

and n+, = 0.96. From this we can observe that a large part of the total mean photon

number is confined in a relatively small frequency interval
4.Quadrature Squeezing

In this chapter we wish to calculate the quadrature squeezing of the cavity mode, out

put mode and squeezing spectrum in a given frequency interval.

4.1 Global Quadrature Squeezing

The squeezing properties of the cavity light are described using the Hermitian oper-
ators defined by[13].

b= ¢+ 4.1)

and

e =i[e - 4. 4.2)

The operators é+ and ¢- represent physical quantities called the plus and minus quadra-

tures. Employing Eq. (3.3) it can be readily established that

. Ye
[6+,¢6-]1 = 2i—[N¢ - Na], R (4.3)
On the basis of Eqg. (4.3), the uncertainty relations for ¢+ and ¢é- can be written as
AbetNe = N (4.4)
K
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The variances of the quadrature operator are expressible as

AC? = [¢x¢P F[é¢ £ é P (4.5)
This can be written as

A = + (.x Féx v @ F & F2é ¢ FeE (4.6)
and it is possible to write Eqg. (4.6) as

A =422 & x 7 -2¢ ¢ Fé o F o, 2 47y

We next proceed to obtain the expectation values involved in Eq, (4.7). To this end,

the expectation value for an operator expressible by

0
¢ = d*aQ(a’,a+7 —, Da,
oa
employing Eg. (3.31) and Eqg. (3.33) into Eq. (4.8), we see that
i Pao( D 1l | 0 N v, oo’
= o, - qlua’ - v — + = -
¢ aQ(a', o nlua a B0l 271 502
Applying Eq. (3.24) and carrying out the integration we obtain
¢ =0.
Following the same procedure, we obtain as
¢ =0.
and
d’a
& = Q(«, a, H)a?,
n

Using of Eg. (3.24), we easily find

2 = v = b

u2 - v2 ’
similarly
&2 =b,
and
e =n, -
Substituting Eqg. (4.10), (4.11), (4.13), (4.14), and (4.15) into Eq. (4.7), we get
AC? =5+ 2n+.2h. B (4.16)
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Taking into account Eq. (3.16), (3.6) and Eq. (3.53) into Eqg. (4.16), we obtain

2
X° + 2X
Ye 1%
K
ACL = — - N.
1+ (a+ 2)X
For the place and minus quadrature variances we have
2 + 2
AC: = [l N
1+%Ka+ 2)x?
and
2 _
AC? 2¢ f)5|- - N.
1+%a+ 2)x?

From Fig. (4.1) we say that the cavity light is in a squeezed state for x < 2 and

the squeezing occurs in the minus quadrature. And the plus and minus quadrature
variances are greater for a = 0 than that of a = 1. As the number of a tomes increase
the plus quadrature is increase while the minus quadrature is decrease. Moreover, the

plus and minus quadrature have a common starting point depending on the number

N, ycand .
2 T T T T T T T = L=

”,” = = = fora=0

P for a=0

b
7
7
7
7
’
7
15 ’
7
Ve
’
< y
Vs
7
Vs
Ve
Vs
<4 /7
1
05 L L L | /

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Fig. 4.1: plots of quadrature variance (Eq. (4.18) and (4.19)) versus x for yc = 0.4,k =

N =2.

Moreover on setting Q = 0 in Eq. (4.17), we get

(A?), = (A )= N. _ e
K

Eq. (4.20) represents the quadrature variance of a cavity mode light in vacuum state.
And also we next determine the quadrature squeezing of the cavity mode light rela-
tive to the quadrature variance of the cavity mode of vacuum state. We then define

the quadrature squeezing of the cavity mode light relative to the vacuum state by

1
0.8 and

(4.20)

(4.17)

(4.18)

(4.19)

UNRD2310311 |

International Journal of Novel Research and Development (www.ijnrd.org)



http://www.ijrti.org/

© 2023 IJNRD | Volume 8, Issue 10 October 2023 | ISSN: 2456-4184 | INRD.ORG

2y _ 2
s = (AC‘.)V(AC(SE‘) (4.21)

Hence with the aid of Eq. (4.19) and Eq. (4.20), one can put Eq. (4.21) as

2X - X2
= (4.22)
1+ (2 +a)x?

We observe from Eg. (4.22) that, unlike mean photon number, the quadrature squeez-
05 T T T T U T T T T
\ - = = fora=1
0.45r for a=0| |
P - ~ ~
047 .7 AN \ A
/7 ~
/ S ~
0.35F / ~ 1

0.3r b ~ 7

0.25[ 1

0.2 .

0.15 1

0.1 J

0.05 7

Fig. 4.2: plots of global quadrature squeezing (Eg. (4.22)) versus X

ing doesn’t depend on the number of atoms. This impulse that the quadrature squeez-
ing of the cavity mode is independent of the number of photons. The plot in Fig. (4.2)
indicates that the maximum quadrature squeezing is 43.3% for a = 1 and 50% for

a=0atx =0.5.

On the other hand, we define the quadrature squeezing of the out put light by

(Acout 2 B (ACOUt)Z

S _ ' (Acout)z (4'23)
where (Ac°“")? s the quadratuge variance of the out put light in vacuum state. Since
all calculations are carried out by putting the vacuum noise in normal order, the out
put and cavity mode variable can be related by [5]
N
U = ké, (4.24)

It can also ready variable that

(ACOM)? = x(AC?)y (4.25)

and
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_ (ACO) = x(AC?), (4.26)

(4.26) and Eq. (4.21), we easily get
sout = g, (4.27)

From Eqg. (4.27) we observe that the quadrature squeezing of the out put light is equal

to that of the cavity light.

4.2 Local Quadrature Squeezing

In this section we seek to determine the quadrature squeezing of the cavity and out
put modes in a given frequency interval. To this end, we seek to determine the squeez-
ing spectrum which is expressible by
™ 1
(w) :C-F() éi(t + Z') ei(""'“ ) dr. ss ’ (428)
0 /4
Upon integrating both sides over w, we get
(o )
S dW = (AC? )ss, + (4.29)
le o}
in which

e (DE® 4 (4.30)

is the quadrature variance for the light mode at steady state. On the basis of the result
given by Eq. (4.29), we assert that S+(w)dw is the steady state quadrature variance of
the light mode in the interval between w and w + dw. In view of Eqg. (3.111), we note
that

éi(t), éi(t + ‘L') = éi(t)éi(tgg ‘L') y ss (431)

We now proceed to determine the two time correlation that appears in Eq. (4.31)

for the cavity light. To this end, we realize that the solution of Eq. (2.66) can be written as

3v/ﬁeg"“ 12 e ’Mm(t+ ¢ )d‘[ , (4.32)
substituting Eqg. (3.115) in to Eq. (4.32), we get
2
é(t + ‘[) - é‘(t)e—xr/Z + 3[ gm(t) —zc,u/Z _ e—Kr/Z
N (x - 1)
+ 3?/.ﬁ_degé("4‘)’ 12y dr ¢ “Fm(t+1).”  (4.33)
0

On account of this equation, we see that
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N
N (- W)

Applying the large time approximation, we write from Eg. (3.3), that

St +1) = FO)t+1) e 2 +

me= " kN (4.35)
= , 2 ,
Substituting Eq. (4.35) into Eq. (4.34), we have
K
FM)t+1) = M) ez B gowrlz
K- U K- U
Following the same procedure, one can also readily establish that
K
M) = VE(t+r) et B gtz
K- U K- U
And
K
Rt +1) = &) e ,
K- [ K- M
Therefore, on account of Egs. (4.36), (4.37) and Eq. (4.38), Eq. (4.31)takes the form
K
éx(t), Ce(t + 7) os = leir/z H e~re/2
K- M K- U
Now introducing of Eq. (4.39) into Eq. (4.28) and carrying out the integration, we find
the spectrum of the quadrature fluctuation for the cavity light to be
K 27 w2
S_(w) = Ac% L =
K= 1 (W= wo)® + [/2]? K= M (W= wo)® + [#/2]
We realize that the variance of the minus quadrature in the interval betweenw = —A
andw = A is expressible as
A
(AC? sy = S_(w )dw . (4.42)
-1
inwhichw = w - wp. Applying Eq. (4.40) and carrying out the integration, we readily
get
(AC?)xs = z(X)(AC?), _ (4.42)

zZ() = tan‘li%iylﬁ—— L O]
K-l K-

On account Eq. (4.42), the quadrature variance of a cavity mod light in vacuum state

can be written in the same frequency interval as

(AC Jvar = Z(A)(AC? )y, (4.44)

We define the quadrature squeezing for the cavity light in the A+ frequency interval

by

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.43)
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(Aczgvii - (AC? )z -
1 — )
—_ (AC2 )vﬂ

so that on account of Eq. (4.42), (4.44) and (4.21), there follows

(4.45)

S.; =S. (4.46)

This shows that the quadrature squeezing of the cavity light in a given frequency in-
terval is equal to that of the cavity light in the entire frequency interval. We also notice
that as A increase the local quadrature squeezing approaches the global quadrature

squeezing. It is not hard to realize that the mean photon number is very small when
the quadrature squeezing is relatively large. Finally, defining the quadrature squeez-

ing of the out put light in the aforementioned frequency interval by

= _ out (ACEUt)\Z/i)L - (AcgUt)zii 4.47
= ( ACOUtf (4.47)
2Y VAL

and taking in to account the fact that

(A2 = Z(A)(AGLYH?, (4.48)

and

— o+ (A =z(A) (A, (4.49)
substituting Eqg. (4.48) and Eq. (4.49) in to Eq. (4.47), we arrive at

Su; =sout,  out (4.50)

From Eq. (4.50) we observe that the quadrature squeezing of the out put light in cer-

tain frequency interval is the same as that of the out put light in the entire frequency interval.

5.Conclusion

In this thesis, we have studied the squeezing and statistical properties of alight generated by three level laser whose cavity
modes are coupled to vacuum reservoir. The three level atoms available in the cavity are pumped from the bottom to the top
level by means of electron bombardment

We carry out our analysis by putting the noise operators associated with the vacuum reservoir in normal order. Making
use of the quantum langevin equation at steady state solution, we have determined the time

evolution for the expectation values of atomic operators and stimulated emission decay constant.

On the other hand, using of the Q function in anti normal ordered, we have calculated the mean photon number,
variance of photon number, photon number distribution, and quadrature variances of cavity mode light. It is found that
both the mean and variance of photon number for a = O are greater than that fora = 1.

the meanand variance of photon number for a = 0 are greater than that for a = 1. Moreover, the mean photon number is
very small when the quadrature squeezing is relatively very large. We observe from power spectrum we observed that a large
part of the total mean photon number is confined in a relatively very small frequency interval.total,mean photon number is
confined in a relatively very small frequency interval . This study shows that the cavity light produced by the system
under consideration can be in squeezed state for x < 2 and the squeezing occurs in the minus quadrature , it is observe
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that, the maximum quadrature squeezing is 43.3% for a = 1 and 50% for a = O at x = 0.5. And also the quadrature
squeezing doesn’t depend on the number of atoms. And the quadrature squeezing of the cavity light in a given frequency
interval is equal to that of the cavity light. Finally, we can conclude that the quadrature squeezing of the out put light in a
certain frequency interval is the same as that of the out put light in the entire frequency.
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