© 2023 IJNRD | Volume 8, issue 12 December 2023 | ISSN: 2456-4184 | JNRD.ORG

IJNRD.ORG ISSN : 2456-4184 ~

22 INTERNATIONAL JOURNAL OF NOVEL RESEARCH

(4

‘ S AND DEVELOPMENT (IJNRD) | IJNRD.ORG
RD Anlnternational Open Access, Peer-reviewed, Refereed Journal

Research Through Innovation

The Mathematical Formulas for Creation
Annihilation Operators

Abualez Alamin Ahmed Ali ¢, Musa Adam Abdulla?, Yasmeen Sirag Osman Mohammed?® and Nagia
Mohammed Daffala Mohammed 4

I Assistant Professor Department of Mathematics, College of Computer Science and Information
Technology, University of the Holy Quran and Tassel of Science, Sudan,

2Assistant Professor Department of Mathematics, College of Computer Science and Information
Technology, University of the Holy Quran and Tassel of Science, Sudan,

3Department of Mathematics, Faculty of Education, University of Gezira, Sudan,

“Department of Mathematics, College of Computer Science and Information Technology, University of the
Holy Quran and Tassel of Science, Sudan.

Abstract

The aim of the study is to use the creation and annihilation operators in understanding the mathematical
structure of the quantum field theory and the process of quantizing the quantum field. It also aims to find
mathematical formulas for the wave function space when these operators are repeated. with a particular
focus on their application to the Dirac delta function relations and the quantization of a scalar field. The
study involves the derivation and analysis of differential equations representing the evolution of quantum
states, leading to the establishment of mathematical formulas for creation and annihilation operators. The
significance of these operators is underscored by their integral role in describing the quantum nature of
scalar fields. Results, to construct the quantization process in the quantum field using the creation and
annihilation  operations in a simplified mathematical way in order to simplify the mathematical
understanding of the of the quantum field theory. The study also obtained to find a mathematical formula for
the future of the wave function space when the effects of creation and annihilation are repeated.

Keywords: Mathematical Formulas, Creation Annihilation, quantum states, Operators, Dirac delta function.

1. Introduction
Creation and annihilation operators are mathematical entities widely utilized in quantum mechanics,
particularly in examining quantum harmonic oscillators and many-particle systems. An annihilation
operator, typically represented as ‘a,' reduces the particle count in a specific state by one [1]. On the other
hand, a creation operator, (usually denoted a*) raises the particle count in a given state by one, serving as
the adjoint of the annihilation operator [2]. In certain branches of physics and chemistry, the substitution of
these operators for wavefunctions is termed second quantization [3, 4].

Creation and annihilation operators are applicable to states of diverse particle types. In quantum chemistry
and many-body theory, these operators are frequently applied to electron states. Additionally, they can be
specifically associated with the ladder operators for the quantum harmonic oscillator [5, 6]. In this context,
the raising operator is construed as a creation operator, introducing a quantum of energy to the oscillator
system (similarly for the lowering operator) [7]. These operators can also be employed to depict phonons
[8]. The mathematical formulation for bosonic creation and annihilation operators mirrors that of the ladder
operators in the quantum harmonic oscillator [9]. Specifically, the commutator of the creation and
annihilation operators linked to the same bosonic state equals one, while all other commutators become zero
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[10]. Conversely, for fermions, the mathematical treatment is distinct, involving anti-commutators instead of
commutators [11, 12].

2. Dirac delta function (relations)
We will present some relations of Dirac, which is called the Dirac delta function. We will use in the
quantization of quantum field process later [13,14].

2

1) 6, (x) =Lim %e%
2)6(x—a)=i [eP&=a) g
s(x+a)= [  Fx)§(x—a)=F (a)

48 —=n)= [, 8 -m8(x—n)dx
5)8 (ax)= |a|™"6 (x)

S\(—x) = =6\ (x)

x6\ (x) = =8\ (%)

3. Quantization of scalar field
Consider the particle (boson has spin = 0) [15, 16]. In historical in quantum mechanics

la; pi] = & 1)
[pj.pj] = 0,]a;,q;] =0 (2)

Now we transfer this idea to use in constructing the quantum field (Q . F).
q —~> ¢ (x) p;j > m(x)

Such that
[p(x),m ()] =10,6% (x — x\) (3)
where §% (x — x\) is Dirac delta function

When performing the quantization process must be calculation spectrum field. By generating the state using
oscillator harmonic:
Start for Fourier transform

0 (,t) = [ e 0 (p,0) )

And from solar field equation
[Hspo ,a* 1= — wa® (5)
|n) = (a™)"|o) (6)

To build the quantization process for the quantum field, we now use the same method, namely, the creation
and annihilation operators.

Use this is scalar field equation.

We how that ((1%+ m?) @ (t, x) = o

And it is not harmonic oscillator, must make fore this clearly harmonic oscillator and — spectrum [2].

d3
(2m)3

%+ m?) @ (t,x) = [ [(E1*+ m*) @ (¢, )[e*D (p, 1)]
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(Zn)g [dxz | pl? + mzl ?(t)=0

— dz 2 =0 7
= | + IplP1+m l¢(p,t)— ™)

This is harmonic oscillator fore Klein Gordon equation
Wy = Jpt+ mt
Now we can write Harmonic oscillator for structure of Quantum Field [3].

d3p

1
(2m)3 X J2wp
Element in group field theory (GFT) scalar field [4].

We use lorentes inverient

D) = f(2n)3 Nezry lape™* + a* e~ ](271)3 (8)
= £ ) [l — ot o
And use
d2
(dtz +p*+m >®(p,t) =0 (10)
Using [0 (x),m (0] = i (x — ")
d3p d3 i \ -
= [0 (x), m(x)] = f(ZT)p; X — % z—p— [ap’ aip\] eilpx+p x|

=63 (x —x1) (11)
Using the equations (10) , (11) and 2,3 from Dirac delta functions
[ap, aip\] =2n2 8% (p—p\)
Commutation relation for creation and scalar field

Using equation (11)

H=[d3xH =[d3x] ——TL’ + = (m(b)2 —(V(D)2 (12)
cpdd | Jeey]
H = f d3 x f (Zn)é x ellp+p']xf_ 7 J (13)
+ + —pp\ +m? + +
[ap' — a_p\] [ap\, — ap\] + ap, + a_p\] [a_p\' + ap\] (14)
4 a)pwz\,

3 3

d pd
= (27‘[)3f—(z T X S(p+ p\)[-

F[a” —aj] [ap, + ai’p\] _jp\pi: —aty] [ap a ] =

da3p d’ _
f (Zn')pﬁ\ % [ap' o atp] [a—P, - aip\] (15)
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d3p 1
= &5 wp[apa;+§[ap, ay] (16)
Such that %[a »» ai] is vacuum state
[ap ap] =15°(0) (17)

[H,a"] = w,ay creation of particles [ quantize ]
[7,a] = —wpa, (18)

In equations (17) and (18) we obtained to quantize of quantum field
Proposition (1):
If @ is an eigenvector for a a* with eigenvalue 4, then...

ata(ap) = (A1 - 1Dag (19)

ata(a*p)= A+ Date (20)
Hence, either ag is zero, or ag is an eigenvector for a™a with an eigenvalue 1 — 1. Similarly, either a*¢ is

zero, or a* ¢ is an eigenvector for a*¢ with an eigenvalue 1 — 1. In other words, the operators a* and a
raise and lower the eigenvalues of a*a, respectively [10].

Proof

Using the commutation relation (19) we find that

ata(ap) =a(ata) —a)p = (1 - Dag
A similar calculation applies to a* ¢, using (2.30)

If @ isan eigenvector for a*a with eigenvalue X, then

Mo, 9) =(p,atap) = (ap,ap) =0

which means that A > 0. Let us assume that a*a has at least one eigenvectorg, with eigenvalue A, which we
expect since a*a is self-adjoint. Since a lowers the eigenvalue of a*a, if we apply a repeatedly to ¢, we
must eventually get zero. After all, if an ¢ were always nonzero, these vectors would be, for large n,
eigenvectors for a*awith negative eigenvalue, which we have seen is impossible.
It follows that there exists some N > 0 such that a¥¢ # 0 but aV*1¢ =0. If we define ¢. by

. = a¥ (21)
then ag- = 0, which means that a*a¢g. = 0. Thus, ¢. is an eigenvector for a*a with eigenvalue 0. (It follows
that the original eigenvalue A must have been equal to the non-negative integer N.) The conclusion is this:
Provided that a*a has at least one eigenvector ¢, we can find a nonzero vector ¢. such that

ap. = atap. =0

Since a*a cannot have negative eigenvalues, we may call g.a “ground state” for a*a, that is, an eigenvector
with lowest possible eigenvalue.We may then apply the raising operator a* repeatedly to ¢. to obtain
eigenvectors for a*a with positive eigenvalues.
Theorem (1): Ife- is a unit vector with the property that ag. = 0, then the vectors

@ = (@ )¢, n =0
Satisfy the following relations for all n, m > 0:
a® = @niq (22)
atap, = ne, (23)
((pn ’ ¢m) =n! Sm,n
APn+1 = (n+ 1)(pn (24)
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Let us think for a moment about what this is saying. We have an orthogonal “chain” of eigenvectors for a*a
with eigenvalues 0, 1, 2, . . . ., with the norm of ¢, equal to v/n!. The raising operator a*shifts us up the
chain, while the lowering operator a shifts us down the chain (up to a constant). In particular, the “ground
state” - is annihilated by a. Thus, we have a complete understanding of how a and a™ act on this chain of
eigenvectors for a*a.
Proof.
The first result is the definition of ¢,,,; and the second follows from Proposition 1.1and the fact that a*a¢-
= 0. For the third result, if n = m, we use the general result that eigenvectors for a self-adjoint operator (in
our case, a*a) with distinct eigenvalues are orthogonal. (This result actually applies to operators that are
only symmetric.)If n = m, we work by induction. For n =0, (¢-, ¢-)= 1 is assumed. If we assume
(®n, Pm) =n!, we compute that
(Pns1, Pne1) =(a @y, a" @n) = (@, aa” @)
=(pn,ata+ 1)gy,)
= (n+ 1) {(@n,on)
= (n+1)!
Finally, we compute that
aPns1 = aa’ @, = (aa”™ + Do, = (n+ Do, (25)

A calculation gives the following simple expressions for the raising and lowering operators:

- —(x+3)
R AP T

ot = % (2~ %) 26)

Note that the constants m, o, and 7 have conveniently disappeared from the formulas.
Given the expression in (26), we can easily solve the (first-order, linear) equation a¢,,= 0 as

@o(%) = Ce /- 27)

If we take C to be positive, then our normalization condition determines its value to be /mt/D,
Obtain, then,

Tmw
h

exp {— @xz}

- (28)

@o(x) =

It remains only to apply a*repeatedly to ¢- to get the “excited states” ¢,

Theorem 2: The ground state ¢. of the harmonic oscillator is given by (27). The excited states ¢,, are
given by

Pn = On Q- (29)
Where H,, is a polynomial of degree n given inductively by the formulas?
H.(%) =1
1 dH,®)
Han(B) = 7= (X Hp(®) ——557)
Here, X is the normalized position variable given by (24) [13].
Proof.
When n =0, by (24), reduces to ¢-= @.. Assuming that (30) holds for some n, we compute ¢, 44 as
X2 %2
Pnar =" gy = % (F (D) — o] H (D@C e (30)
1 /. .. dH, _x? . .
= S (F 0 -F) cF = Huu@ed @D
ITow we can describe the occupation of particles on the lattice as a [ket] of form:
U (TP T TN (P )., It represents the juxtaposition (or conjunction, or tensor product) of the number
states, ....., rn_l) |,n0), |n1), ...... located at the individual sites of the lattice [2]. Recall
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a|n)=\/ﬁ In—1)
at |n)=\/n+1 In + 1), foralln > 0 (32)

While [a,a*] =1
Therefore, it is possible to rely on the previous construction of the effects of creation and annihilation to find
formulas that predict the quantum statjs of the generated particles
Now define a; so that it applies a to, |n;) . Correspondingly, define a; as applying a* to |ni).
0 Ing) = —a ¥(2af a; — aj_ya; — aj},a) 1)

= —a) (af —al (@ -aty) 19) (33)
where number state n is replaced by number state n-2 at site i at a certain rate.
thus the state evolves by

0 1p) = —a ) (af —al)(@—ai) 19)+2 ) (aF—af?ad) 1g)  (34)

We denoted by @ the vector space of families @ = (@;);¢; such that @; € E;, consider @(X) = Y {¢;|m;); this
is implies that for all ¢;, ; € E, the family of numbers Y. ;(¢;|m;); is
Now from above conception we can make the following generalization:

0 1p)j = —QZ(GEL —a_1)(a; — a;—1) 1@); + AZ(aiz —af*a?) 19);  (35)
0¢ 1@e); = —“z:(a;r —ai_)(a; — ai_q) 1¢:); +/12(ai2 —af?af) 1p:); (36)

0 1at"g), = e ) (af —alZ)@)? — @I 16g), + 4 ) (af Y - (@ el 1atg), (37)
i,j=1
The equations (35) (36]) and (37) are a mathematical formulas that represents the future of wave
function space when repeating creation and annihilation operators.
Results
The numerical implementation of the derived mathematical formulas for creation and
annihilation operators yields insightful results regarding the quantum dynamics of scalar
fields. The Dirac delta function relations, integral to the formalism, are elucidated through
the evolution of quantum states. The quantization of the scalar field is demonstrated,
revealing the discrete nature of energy levels inherent in the quantum system. Visualization
of the results through illustrates the temporal evolution of quantum states and provides a
quantitative understanding of the system's behavior. The numerical simulations not only
validate the theoretical framework but also offer a deeper comprehension of the interplay
between creation and annihilation operators in the context of scalar field quantization.

Conclusion

This study delves into the intricate world of creation and annihilation operators, unraveling
their mathematical formulations and shedding light on their role in describing quantum
phenomena. The Dirac delta function relations, central to qguantum mechanics, are rigorously
examined, and the quantization of scalar fields is demonstrated through the lens of these
operators. The obtained results corroborate the theoretical predictions, providing a
quantitative basis for understanding the dynamic evolution of quantum states. The
implications of this research extend to the broader field of quantum mechanics, offering
insights into the fundamental nature of scalar fields and the quantized behavior of energy
levels. This work contributes to the ongoing discourse on quantum systems and lays the
groundwork for further investigations into the mathematical intricacies of creation and
annihilation operators.

IJNRD2312118 ‘ International Journal of Novel Research and Development (www.ijnrd.org)



http://www.ijrti.org/

© 2023 IJNRD | Volume 8, issue 12 December 2023 | ISSN: 2456-4184 | JNRD.ORG

Reference

[1] Amrein, W. O. (2009). Hilbert space methods in quantum mechanics. EPFL press.

[2] Karasev, M. V. (1989). Connections on Lagrangian submanifolds and some problems of the
quasiclassical approximation. I. Zapiski Nauchnykh Seminarov POMI, 172, 41-54.

[3] Tong, D. (2009). University of Cambridge Part IIl Mathematical Tripos. arXiv preprint
arXiv:0908.0333.

[4] Oriti, D. (2017). Group field theory and loop quantum gravity. Loop quantum gravity: the first 30 years,
4, 125-151.

[5] Kato, T. (2013). Perturbation theory for linear operators (Vol. 132). Springer Science & Business Media.
[6] Kelley, W. G. (2010). The theory of differential equations. Springer.

[7] Miller, P. D. (2006). Applied asymptotic analysis (Vol. 75). American Mathematical Soc.

[8] Paul, T., & Uribe, A. (1993). A construction of quasi-modes using coherent states. In Annales de I'lHP
Physique théorique (\Vol. 59, No. 4, pp. 357-381).

[9] Narasimhan, R., & Nievergelt, Y. (2012). Complex analysis in one variable. Springer Science &
Business Media.

[10] Rudin, W. (1991). Functional analysis 2nd ed. International Series in Pure and Applied Mathematics.
McGraw-Hill, Inc., New York.

[11] Reed, M. (1972). Methods of modern mathematical physics I. Functional analysis.

[12] Schmudgen, K. (2012). Unbounded self-adjoint operators on Hilbert space (\Vol. 265). Springer Science
& Business Media.

[13] Segal, I. E. (1963). Mathematical problems of relativistic physics (Vol. 2). American Mathematical
Soc.

[14] Simon, B. (2005). Functional integration and quantum physics (Vol. 351). American Mathematical Soc.
[15] Streater, R. F., & Wightman, A. S. (2000). PCT, spin and statistics, and all that (\VVol. 52). Princeton
University Press.

[16] Teel, A. R., & Hespanha, J. (2004). Examples of GES systems that can be driven to infinity by
arbitrarily small additive decaying exponentials. IEEE Transactions on Automatic Control, 49(8), 1407-
1410.

IJNRD2312118 ‘ International Journal of Novel Research and Development (www.ijnrd.org)



http://www.ijrti.org/

