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1. Abstract:

There is lots of research available in 1 or 2 dimensional Laplace transform but little research
available for n - Dimensional Laplace transform, in this paper we develop a table for n-

1
dimensional Laplace transform and make a relation of heat equation u(x, t) = e x"and transport
equationu(x,y) = [f(x g %y)].

2. Kew Words: Laplace Transform, Transport equation, Heat equation, Partial  differential
equation etc.

3. Introduction:

Integral transform has effective tools to solve many science and engineering problems. Laplace
transform is one of them important integral to solve the same problems. This has effectively been
used in finding the solutions of linear ordinary and partial differential, difference and integral
equations.
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On the other hand, Joseph Fourier’s (1768-1830) monumental treatise on La Theories[6],
[8] .Analytic de la Chaleur (The Analytical Theory of Heat) provided the modern mathematical
theory of heat conduction, Fourier series, and Fourier integrals with applications. In this series of
application we can also find solution of transport equation by using double lateral Laplace
transform.

The double Laplace transform of a function f (x, y) of two variables x and y defined in the first
quadrant of the x—y plane is defined by the double integral in the form

L[f(x,y);s1.5:] = [ [, e P2 f(x,y)dxdy = u(sy,s3) ...(1)
Where
u(sy,sz) = L[f(x, )] = LIL{f(x,y):x - s1}:¥y > q] = L{u(s1,y):y — q

Provided the integral exists, where we fallow Debnath and Bhatta [4] to denote Laplace
transform £ (s) = L{f(X)}= [.” e™* f(x)dx, Re(s)>0 ...(2)
The inverse double Laplace Transform Ly1{ u(s,, s,)}= f(x, y) is defined by the complex
double integral

1

L' {u(sy,52)}= py" fccjizo e*1*ds, zim fddjizo e’z u(sy, sz)ds; ...(3)
Where u(s4, s, )must be an analytic function for all s; and s; in the region defined by the
inequalities Re(s1)>c and Re(sz)>d, where c and d are arbitrary suitable constant.
3.1 Linear Property of double Laplace and Inverse Laplace Transform:
1. Laplace transform
Ly{a:f1(x,y) + azf2(x,¥)} = fooo fooo e "1 {a, f1(x,y) + axf2(x, y)}dxdy

=ay fy Jy e f1(xy)dxdy +a; [ [ e, (x, y) ) dady
=a,;L,{f1(x,y)} + a,L,{f>(x,y)}, where a; and a, are constant.

2. Inverse Laplace Transform:
Ly {aiuy(s1,52) + azu;(s1,52)}=aq L3 {u(s1,52)} + az L3 {uy(s1, 52)}
3.2 Examples:

1. Iff(x,y) =1 for x>0, y>0,then

Lz{l}:f f e S1*752Y 1dxdy
o Jo

= [ e™*dx. [ e52Y . 1dxdy
11

S1 52
L,{1} = i
(1=
2. If f(x, y)= exp(ax+by) for all x and y, then

Ly{exp(ax + by)} = f f e S1*=52Y  e®X+bydxdy
o Jo

_ f e-(51-DF gy f e-(2-b y
0 0

= ——fors, > a,s, > b
(s1—-a)(sa—b) = 1 2
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3. If f(x, y)=exp[i(ax+by)] for all x and y, then
L,{expi(ax + by)} = f J e~S1%752y elax+by)qxdy
o Jo

zj. e—(sl—ai)x dx_]. e—(sz—bi)ydy
0 0
. 1 (s152—ab)+i(asq1+bs3)
"~ (s1—ai)(sy—bi) (s2+a2)(s3+b?)
4. If f(x, y) = cos(ax+ by) for all x and y
Then
Ly{cos(ax + by)} =J J e 51*7%2Y cos(ax + by) dxdy
o %o 0 ei(ax+by) + e—i(ax+by)
L,{cos(ax + by)} =f f e S1x=sy > dxdy
0o Jo
1(”°r® : , 17 , ,
Ly{cos(ax + b) = —j f e‘(sl‘“‘)xe‘(sl‘“‘)xdxdy+—f f e~ (1tadxe=(s1tabxgyqy
2 0 0 2 0 0
_1[ 1 1 1 1 ]
~ 2 l(s1—ai) (s2—bi) ' (s1+ai) (s2+bi)

1|s1S, + s1bi + s,ai — ab + s;5, — s;bi — s,ai — ab
Ly{cos(ax + by)} = E[ 7+ aD)(s2 + bY)

S15, —ab
(s% + a?)(s3 + b?)

Ly{cos(ax+ by)} =

Similarly we can find all sin(ax+by), sinh(ax+by), cosh(ax+by)

Now
_ 3 as, + bs;
L{sin(ax + by)} = (s + a?)(s2 + bZ)l
Ly{cosh(ax + by)} = [ 2 81522 — ;lb 2 l
(s; —a?)(s; — b?)
. 3 as, + bs;
L,{sinh(ax + by)} = l(si —a?)(sZ - bz)l

3.3 Table for Double Laplace Transform:

f(x,y) Ly[f(x,y); s1,52]
1 1
$1S2
XMy" m!l.n! Fm+ DHI(n+1)
s{"*lsgﬂ or SIn+1S£z+1
b
e(ax+ Y mforsl >a,Sy, > b
1~ 2=
ei(ax+by) 1 (s18z2—ab)+i(asq1+bsy)
(s1—ai)(sz—bi) (s3+a?)(s3+b2)
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cos(ax+hy) [ s;5,—ab
|(s7 + a*)(s3 + b?)]

sin(ax+by) [ as, + bs;
(s + a?)(s3 + b?),

cosh(ax+by) [ s;s;—ab
|(s1 — a?)(s3 — b?),

sinh(ax+by) [ as; +bs;
|(s1 — a®)(s3 — b?)]

3.4 Existence Condition for the double Laplace Transform:
If f(x, y) is said to be of exponential order a (>0) and b(>0) on 0< x <o, 0 <Yy <o, if there exists
a positive constant K such that for all x >0 and y >0
| (X, y)| <K e and we write f (X, y) = O (e¥*PY) as x—o0, y—c0.
Or, equivalently,
lim e ™ BY|f(x,y)|= K. lim e~ (@-x=(B-b)y = 0, g>q, f>b

X—00,y—00 —00,y—00

Such a function f(x,y) is simply called an exponential order as x — o, y — oo, and clearly, it does
not grow faster than K exp(ax + by) as x—o0, y—o.

3.5 Existence Theorem: If a function f(X, y) is a continuous function in every finite intervals
(0,x) and (0,y) and of exponential order exp(ax + by), then the double Laplace transform of f(x,y)
exists for all s; and s, provided Re s;> a and Re s> b.

Proof We have

lu(sy, s2)| =

[ | emsoryaxdy
0 0
< kfooo e~ (1mOxgx fooo e~ (2=b)y gy

L for Re(s:)>0,Re(s2)>0 (3.7.1)

~ G1-0)(2-b)
Therefore

lim |u(sq,s2)=00r lim u(sy,s;)=0

§1720,52—> §1—00,59—>00
This result can be regarded as the limiting property of the double Laplace transform.
Clearly, u(sq, s3) = s1.5, or s3 + s2 is not the double Laplace transform of any function f(x,y)
because u(s¢, s) does not tend to zero as s;—ocand s,—co.
On the other hand, f(x,y) = exp(ax? + by?), a >0, b >0 cannot have a double Laplace transform
even though it is continuous but is not of the exponential order because
Lim {exp (ax®+by?-s;X-S,y)}= o0 as X—00,y— 0

3.6 Basic Property of the double Laplace Transform:
By using Debnath and Bhatta,[4] we can prove the following general properties of the double
Laplace transform under suitable condition on f(x, y):

a. L,[eC* DN f(x,y)| = u(sy + a,s, + b)
1 s s
b. L;[f(ax)g(by)] = —u (;1) u (?2) a>0,b>0
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c. LIf®)] = Zu(s)),  Llgy)] = S-ulsy),
d. Ly[f (e + )] = = [u(s1) — u(s3)]
e. L[f(x—y)] = slisz [u(sq) + u(sz)], when fis even
= e [u(sy) — u(sz)], when fis odd
f Ly[f )H(x ~ y)] = - [u(s1) — ulsy +52)]
g. Ly[fCOH(y — )] = - [u(s1 +55)]
h Ly[fCOH( + )] = - [u(sy)]
! L[Hx )] = . put f(x) = 1
j Ly [52] = s1u(s1,52) — uy(s2)where &, (s2)= L{u(0, y)}
K. L, [Z—:] = S, u(S1,S2) — Uy(s1),where &u,(s1)= L{u(x, 0)}

02
L Ly [a—xlzl] = 512 u(sq,53) — S1u4(s7) — us(sy)where us(s;) = Lu,(0,y)

62
m. Ly [ﬁ] = 5,2 u(S4,5;) — Spuy(s1) —uz(s|)where uy(s,) = Lu,(x,0)

2
n. Lo [ai:y] = 515, U(S1,S2) — Sau1(S2) — S1Uz(s2) + u(0,0)where Lu,(x,0) =

S1uz(s1) —u(0,0)

4. Solution of transport equation by Double Laplace Transforms:

We find solution of the transport equation auy +buy = 0 with the condition u(x,0)= f(x), x>0;
u(0,y)=0,y>0
Solution:

Given auy +buy = 0 with initial condition u(x,0)= f(x), x>0; u(0,y) =0, y>0

Taking Laplace both side

aLy{u,(x,¥)} + bLy{u,(x, )} = 0

a[sy u(sq, s2) — L{u(0,y)}] + b[s, u(sy,sz) — L{u(x,0)}] = 0
a[sq u(sy,52) — 0] + b[s; u(sq,s2) — f(s1)] =0
(asy + bsy) u(sy,s3z) = bf(sq)

_ bf(s1)
u(sl'SZ) " (asy+bsz)

_ f(s1)
u(51'52) - (%514'52)

Taking Laplace inverse with respect to s;

u(sy,y) = f(sp)exp (—551y)
Now again taking inverse Laplace with respect to s;

u(x,y) = L {f(sp)exp (- 351y}
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By first shifting property of double Laplace Transform

u(x,y) = [f(x - %y)]... (4.1)
Special case:
Fora=1and b = -1, then uy = uywith the condition u(x,0)= f(x), x>0; u(0,y) = g(y) , y>0
Taking Laplace both side,

[s1 u(sy, 52) — L{u(0,y)}] = [s2 u(sq, s2) — L{u(x, 0)}]
[s1 u(s1,82) — g(s2)] = [s2 ulsy, 52) — F(51)]
(51 — s2)u(sy, s2) = g(sz) — f(s1)
u(sy, s2) = —g(:z:;()sl)
Taking inverse Laplace transform we get

u(x,y) = L3t {—9(52)_f(51)} ...(42)

(s1—52)
1

In particular case if u(x,0) = 1 & u(0, y) = 1 then L{u(x,0)} = Sl& L{u(0,y)} = —, then
1

S22 !
from equation

(s1—s2)

—7-1 1
u(x' y) v L2 {(51.52)}
uix,y)=1...(4.3)
5. Partial Differential Equation for heat conduction: A typical representative of parabolic
PDE is heat conduction. A model of heat conduction in a rod equipped with an array of
temperature sensors and heaters is schematically sketched in a rod of length x. It is described by

well-known heat equation. [11]
ou(x,t) y o*u(x, t)
- 2

11
u(x,y) = L3* {—sz . }

+f(x,1)... (5.1) with initial condition u(0, t)= 1, ux(0, t)} = 0 and u(x,0) =1,

ot
fork=1
Where u denotes temperature (°C), f the input heat (°C s™1), t and x denote time (s) and a spatial
coordinate (m), respectively, and szic, is a constant (m? s!), where « is the thermal
p

conductivity (W mk?), p is the density(kgm) and c, is the heat capacity per unit mass (J K™

kg?).
Since when we give input heat in to the rod then temperature is directly proportional to input
heat. So u(x, t) o« f(x,t), then we can sayu(x,t) = A f(x,t), where A is heat resistive coefficient.

Then f(x,) == u(xt) ... (5.2) with initial if u(0, t)=1, then f(0, 1) = =,ifu(x,0) =
1, then f(x,0) = 7and (0, 1) = 0.
Taking Laplace both side in equation (5.1)
Lofu (x, £)} = kLp{uyy (x, )3 + L2{f (x, 8)}
S,(sq,5,) — L{u(x,0)} = k[sfﬁ(sl,sz) — s, L{u(0,t) — L{u, (0, t)}] + L, {% u(x, t)}... (5.3)
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T 1 < 1 1
SU(sy,S) ——=k [51271(51' S2) — 51 _]+{‘u(51»52)}
S1 Sy A
{52 = ksf}ii(s1,52) = k2 + +{Tulss,52)]
Sy S1 }\.

2 1 < _ Sl 1
{sy — kst — X}u(spsz) = kg + o

N S1 1
u(sl SZ) =k T T
’ sa{sy=ksi—3}  si{sz—ksi—3}

M S1 1
u(s{,s,) =k +
(51,52) sa{sp—ks?—3}  sy{sp—ksi—3)

If k = 1 then above equation can be written as

M _ S1 1
sy, sz) = Sy{Sy—s2—2}  sy{s,—s%—=}
21527517 11527517}
< 1 . . . . .
(s, s,) = — 251 o ——— = , by using partial fraction this equation can be
Sz {sl —S5 +X} 51{s1—52 +X}
written as

s 1 1. 1

(2-D 2= (F=P 52| sifs, — (s2 -2}

ﬁ(sp Sy) =

Taking inverse Laplace with respect to s;

U(sy, t) = 5—11 [e(s%_)l\)t — 1] i Sle(sf‘%)t
1

51 e(s%_%)t S—l + l e(s% _%)t

ﬁ(Sl, t) = —1 — 1
(st —3) sf-59 &
1 1
1 1y, Ast—5)t* {(si—-5)t°
since el = 1 4 (512 —X>t + ( - 2'}‘) + ( - 3'}‘) + -
Then above equation can be written as: ' '
2 _ 1 2 _ 1\’ . 1\ )°
s | G {6 {sE-Dd | s
u(slrt) _ 1 1+ + + +
2 _ 1 1! 2! 3! 2 1
(51 A) (51 x)
1 1
1 i {(sF-3)? (sP-7) P
il 2 _ _
s 1+<Sl 7\)“ T . B
1 NY

5 ~ > syt (512 — X) 1 SugA {(512 — X)} 5. t3 | s 1
U(sy, t) = TIETE ' + + VAR + [

(sz——) 1! 2! 3! (Sz__) S1

17X LA
1 2 1
(51 _E)t (Si?’ _Xsl +W) t?
1! 21 ol
Now taking inverse Laplace along S;
) Gy

_ 1 | —cosh Prxs1—tes &) GO
u(x,t)—[cosh£x+0+0+ ] cosh\ﬁx+1 b+ s
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Therefore

1
u(x,t) = e 2 (5.4)

Here we see that u(X, t) is free from x so we can say the decay of temperature depend only on
time not the length of rod. That is when the thermal conductivity is taken as unity (k = 1), that is
on unit thermal conductivity the input heat in the rod decrease its temperature with time and u(x,
t) does not depend distance from one end. It is also shows that it is bounded as t — oo, the
temperature u(x, t) — 0.

6. N-dimensional Laplace Transform for the solution of boundary value problem:

6.1 N-dimensional Laplace Transform:

The N-dimensional Laplace transform have many applications into the field of applied science,
engineering and physics etc. Let us consider a n-dimensional function f(ty, to,ts,..., t,), then N-

dimensional Laplace transform defined asL, {f (¢, t;, ts, ... ty)} =
fooo fooo fooo fooo e—S1t1—Szt2...—Sntnf(t1'tz,t3,...tn) dt,dt,dts ...dt, = f(51,52r53» Sn) ’
where s is any parameter (Real or complex). [12]

Jaeger use multidimensional Laplace transform for boundary value problems in heat conduction
[5] and earlier it was given some theoretical result on multidimensional Laplace Transform by
R.S. Dahiya and Debnath Battha.[3][4][5].In this chapter we will develop n dimensional Laplace
transform table and its few property with some important theorems on multidimensional Laplace
transform with few important examples and put solution of partial differential equation on
boundary value problems by multidimensional Laplace transform.

Note: we use X,y for two variable 2-dimensional Laplace transform, but here we are trying to
find N- dimensional Laplace transform for multivariable function so we use ty, ty, ts,...t, in place
of xandy

6.2 Linear Property of N-dimensional Laplace Transform:
Lo{f(ty btz o t) £ g(ts o, ts, o tn) = Lo{f (&1 t2, b3, o 00)} + L9 (ty t2, 5 o £)
6.3 N- Dimensional Laplace Transform of some important functions:

Here we are trying to develop n-dimensional Laplace transform table:

1. We already know L {1} = —

S1

L2{1}=f fe‘slfl‘sztaldtldtz
0 0

Lz{l} = f 1 e_sltldtl_f 18_52t2dt2
0 0
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[00] (o] (o]

L3{1} =f 1 e—S1t1dt1.f 1e—Sztzdt2f 1e—s3t3dt3
0 0 0
111
- §1 52 53
Ln{l} ZJ 1 e_51t1dt1.j- 1e_Szt2dt2J 1e—S3t3dt3 f 1 e_snt”dtn.
0 0 0 0

111 1
L{l}==1211 L

§152S83 Spn

2. Li{t }, L,{t; + t,}, Already proved in earlier chapter now for N- dimensional Laplace
Transform we are trying to find in 3, 4 ...up to n-dimensional Laplace.
So we have

Li{t; + t,} =f f j e~SitimS2ta=Ssts {4 ¢} dt dt,dts
0 0 0

= Jy I fy ettt (1) diydidest
S0 ) emsitamsetemssts {1} dt, dt,dty
=[C ety dt,. [ et dt,. [T e~ dit, +
o _ o _ o _
+f, eTtdty. [ et dt,. [ et dtg

On integration we get:
111, 111

Similarly
11 1 il =1 1
Loft, + 62} = 5= A

] I L]
5%°sy 53..5p S%'S1 S3..5p

(00] (00] (00]
L3{t1 + tz + t3} = J J j e_slt1_52t2_53t3.{t1 + tz = t3} dtldtzdt3
0 0 0

= [ S, ettt {1} ditydtydts+

f0°° fo‘x’ fooo e~Siti=S2t2=S3ts (1.} dt. dt,dts. f0°° f0°° f0°° e=Siti=S2t2=S3t3 (1.}
:f0°° e~Sit ¢ dt,. f0°° e~52t2 dt,. f0°° e~53t dt, +

J, emsititydty. [ e dt,. [ e 7S dty

+f000 e Siti ¢, dt,. fooo e S2t2 dt,. fooo e~Ssts dt,

On integration we get:
ittt 111
s¥'sy 53 s2'sys3  S%'sy 8

Similarly we can find
4™ 5% and N-dimensionl Laplace Transform
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L {ti +t, + t5 ... +t,}

(e 0] (0] (0]
— -]- J J e—51t1—52t2—53t3...+5ntn.{tl + tz + t3 L
0 0 0..n times

+ t,} dt,dt,dt; ...dt,

11 1 11 1 11 1 1
e + > — e —
S% S2 S3..5n S5 S1 s3...Sn S3 S2.51..5n 5152S83...S
3. We have

L{(t; + t)?} = L{(t1)?} + L{(t2)*} + 2L {t t,}
So taking
L 21 — —sltl—sztz. 1 Zd 1d
21(81)%} j;) Jo e (t1)°dt,dt,

= [T et (6))2dt [ ety
21

" s3.s,
. !
Simalarly L,{(t,)?} = f—
S5 S81
And L,{t,.t,} = sflsg therefore
Lof(t + )%} = ot o+ —
2 TR = 3 T 3s, | s2s2
s1Sp Ls? 55 sy, 5152

Ls{(t1 ~Ir tz)z} = L3{(t1)2} + L3{(t2)2} + 2L3{t1t2}

s3.5,83  s3sys3  sZsis;

2 1 1 1 2!(s?+s2+54 5,
= L ]or ( 3 )
§152

515353 Ls? 52 s3s3s,

Similarly we get

Ln{(tl + tz)z} = >

2! [1 1 1 ] 2! (s? + 52 + s15;)
- or
S1 S5 5157

3.3
515253 .- Sp S1S5S83 ... 5y

Now we can find all N-dimensional Laplace transform of (t; + t,)3, ... (t; + t,)"
4. Lz{ealtl_,_aztz} — fooo fOOO e—s1t1_52t2_ea1t1+a2t2dt1dt2
= fooo e Sifti etlidt,, fooo e 52tz e2t2(t,
= fooo e‘(51—a1)t1dt1_ fooo e~ (52—az)t; dt,
where s; > a; for i= 1,2 then

Lz{ea1t1+a1t1} —

1
o o w (s1 —a)(s2 —ap)
Now L3{ea1t1+a2t2} — f f f e—s1t1—52t2—53t3_{ea1t1+a1t1} dtldtzdt3
0 0 0

:fooo e—(51—a1)t1dt1_ fooo e—(sz—az)tz dtz fooo e ~S3t3 dt3
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L3{ea1t1+a1t1} — 1
arl (51— ay)(sz — az)s;

Similarly
L aiti4azty) — 1 ’

n{e } (s1—aq1)(s2—az)s3..sp

Ln{ea1t1+a2t2+a3t3} — 1
(s1 —ay)(sy —az)(s3 — az)sy ...s,

Similarly

1
(s1—aq1)(s2—az)...(sp—an)

5. Ly{sin(a;t;+a,t,)} = fooo fooo e~ S1ti=S2tz gin(a,ty,a,t,) dt,dt,

Ln{e a1t1+a2t2+"'+antn} —

,fors; > a;fori=1,2,3...n

= fooo fOoo e S1t17S2t2 gin(ayt,) . cos(a,t,) dt,dt, +

o0 [0 ]
j j e—sltl—sztz_ COS(a1t1)- Sin(aztz) dtldtZ
0 0

:fooo e Sitigin(a,t,)dt, fooo e S2tzcos(a,t,) dt, +

oo

(0]
j e‘sltlcos(altl)dtlj e 52tz sin(a,t,) dt,
’ aq S2 j_ S1 a
S (sf+a)) (s5+ad)  (sf+ad) (sF+ab
a5+ aps
(7 +ad)(s3 +ad)
Now Ly{sin(a, ty+a,t;)} = [ [ [ e~S1tr=s227s% sin(ay t; +a,t,) dty dt,dts
= fooo fooo foooe‘51t1‘52t2‘53t3.sin(altl)cos(aztz) dt,dt,dt; +
fooo fooo fooo e~ Siti=S2ta=Ssts cos(ayty). sin(ayt,) dt,dt,dts

= fooo e Sttisin(aqty)dt, fooo e S2t2cos(a,t,)dt, fooo e Ssts dt, +

(o] o0 (0]

f e~ S1ta cos(altl)dtlf e‘sztzsin(aztz)dtzf e S3ts dt,

0 0 0
- S2 1 51 a 1
(s?+a?) " (s3+a3) sy = (s}+a?) (s?+a3) s,
- a152+0a;,S;
~ (s?+a?)(s}+a).s3
Similarly

. aiS; + a,s;
L, {sin(a,t;+a,t,)} =

(sZ +a?)(s2 + a3).s; ...sy,
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6. L,{cos(a,t;+a,t,)}= fooo fooo e S1timS282_cos(a,tya,t,) dt dt,

= fooo fooo e S1ti=S2tz cos(ayty) . cos(ayt,) dt,dt, —

0 [0 0]
f f e Siti=S2t2 sin(a,t,). sin(a,t,) dt,dt,
o Jo

:fooo e S1ticos(a,ty)dt, fooo e S2tzcos(a,t,) dt, —
(e 0]

0
j e—Sltlsin(altl)dtIf e_SZtZ.Sin(aztz) dtz
0 0

S1 S aq a;
(s2+a?) (s5+a3) (s?2+a?) (s5+a3)
$1S2 —aq104,
C(s2 4+ a?)(sz + a3)

Now

00 00 00
L3{COS(a1t1+a2t2)} == j j j e—51t1—52t2—53t3. COS(a1t1+a2t2) dtldtzdtg
0 0 0

= fooo fooo fowe‘51t1‘52t2‘53t3.cos(altl)cos(aztz) dt,dt,dt; —
fooo fooo fooo e~ S1ti=S2t2=Ssts gin(a,t,).sin(ayt,) dt,dt,dt,

= fooo e S1t1 cos(a,ty)dt, fooo e S2tzcos(a,t,)dt, fooo e St dt; —

(e 0]

(00 (00
j e S1ta sin(altl)dtlj e‘sztzsin(aztz)dtzJ e S3ts dt,
0 0 0
| S2 1 a a, ol
(s2+a?)"(s3+a3)"s;  (s?+a?) (s3+a3) s3
§1Sp—aq1a;y

~ (si+a})(s3+a)-ss
Similarly

S1S2 — A14y
(s2 +a?)(s3 +a2).s5...s,

L,{cos(a t;+a,t,)} =

7. Ly{cosh(a,t;+a,t,)}= fooo fooo e Stti=S2tz2_cosh(a, tyya,t,) dtydt,
Where h represents hyperbolic
L,{cosh(a,t;+a,t,)} = fooo fooo e S1ti=S2tz2_cosh(aytya,t,) dt,dt,

e(a1tiyazty) 4 o—(agti+azty)

o0 (0e]
= —51t1—S2t2
fo fo e . .
= %fooo fooo e—sltl—sthe(a1t1+a2t2) dtldtz +

%fooo fooo e—s1t1—52tze—(a1t1+a2t2) dtldtz

dt,dt,
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1 (00] (00]
= _f f e~ (S1—a)t1—(s2-az)t; dt,dt, +
2 0 0

%fooo fooo e~ (1talti=(s24a2)t2 de. dt,

1 1 + 1 ]
2 L(sy—aq).(sz-az) (s1t+aq).(s2+a3)

— 1| (s1+aq).(sz4a2)+(s1—aq1).(s,-a;)
2 (s?+a?)(s2+a3)

N

_ 1 [51 SZ+Sl a, +a1 Sz+a1 a2+51 Sp—S§1Aa,—aq 52+a1 az]
(sf+ai)(s3+a3)
S1 52+a1 a;

(51 +af)(s5+a3)

Now
Ls{cosh(a t;+a,t,)} :foo fooo fome‘51t1‘52t2‘53t3.cosh(a1t1+a2t2) dt,dt,

e(a1t1+a2t2)+e—(a1t1+a2t2)

f f f e o1t S2ta7ssts, dt,dt,

j j j =Si1t1=52t253ta o (@1t1+02t2) gt dt, +

fo fo fo e~Stti=S2t2=Ssts p=(1ti+a2la) dt dt,
= %fooo fooo fooo e~ (51—ay)t1—(s52-az)t;—s3t3 dt,dt, +
L[ [ [ emGeratTatast gt dr,

 lemrr Z
2 L(s1—aq).(s2-az)s3  (s1+aq).(s24+a2)s3

— 1 (s1+aq).(s24a2)+(51—aq).(s2-as)
2 (si+af)(si+a3)ss

_ 1 [Sl Sz+51 a +a1 52+a1 a2+51 Sp—S1Aaz—Aq 52+a1 az]
2 (s?+a?)(s%+a3)ss3
S1S2+aq ap

- (sf+a?)(s3+a3)s;

Similarly

S1S2+aq ap

(51 +a3)(s3+a3)s;3..5n

L,{cosh(a,t;+a,t,)} =

8. L,{sinh(a,t;+a,t,)} = fooo fooo e Stti=S2t2 ginh(a, t,,a,t,) dt,dt,
Where h represents hyperbolic
L,{sinh(a;t;+a,t,)} = fooo fooo e S1ti=S2t2 ginh(a, t,,a,t,) dt,dt,
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e(a1tiyazty)_o—(aiti+azty)

2

=[] [ emsitimsate, dt,dt,

= %fooo fooo e_s1t1—52tze(a1t1+a2t2) dtldtz —
%fooo fooo e—51t1—52tze—(a1t1+a2t2) dtldtz

= %fooo fooo e~ (51—a)t1—(s2-az)t; dtldtz —

%fooo fooo e~ (1tanti=(24a2)t2 de. dt,

1 1
2 L(sy—aq).(sz-az) (Sl+a1)-(52+a2)]

1 [(S1+a1) (S24a2)—(51—aq). (Sz—az)]

2 (si+af)(si+a3)

2

_ 1 [51 Sp+S1ax+aq S,+aq a,—S1 S,+s1a,+aq S,—aq az]

2 (sf+af)(s5+a3)
S1 a2+a152
(si+af)(s5+a3)
Now
Ly{sinh(a,t;+a,t,)} =f°° fooo foooe‘51t1‘52t2‘53t3.sinh(a1t1+a2t2) dt,dt,
t t —(ait t
_f f f 3—51t1 szt2—53t3 e(a1tiyazty)_o—(ajtiy+azty) dt 1dt2

f f .[ e ~S1l1=S2l2—S3t3 e(a1t1+a2t2) dt dtz

fo fo fo e ~S1t1i=S2t2=S3t3 o=(A1t14a2t2) gt (¢,
= %fooo fooo fooo e ~(S17a)t1=(52-a2)t2=S3t3 gt dt, —
( _
2 fooo fooo fooo e~ (itantita)lz=ssts gy, dt,

. l [ 1 ol 1 ]
2 L(sy—aq)(s2-az)s3  (s1+aq).(s24a2)s3

— 1 [(51+a1)-(52+a2)—(51—a1)-(52—a2)]
2

(sf+af)(si+a3)ss

1 [51 Sp+S1 Ap+aq Sp+aq Ay—Sq Sp+51 Ax+aq S;—aq az]
2 (si+af)(s5+a3)ss

S1a,+aq s,
- (si+af)(si+a3)ss

S1Qy +a1 Sy

(s?+a?)(s?2+a3)ss..sn

Similarly L,{sinh(a,t,;+a,t,)} =
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6.7: Now we have N-dimensional Laplace Transform Table-1 for two variables:

S.No. Function Laplace Transform
' L,{1} 1111
515253 Sp
11 1
2 Ln{tl} -
S1 S2 S3..:5n
3 L,{t; + t,} ir 1 11 1

5%'Sy S3..5p S2'S1 S3..5n

4 L. {(t; + t;,)?} 2! l+l 1 or 21 (s? + s% + 5.53)
S1S283 .. Sp |S2  s2 518y s353s5 .8,

5 aitqipa,t 1
L,{e®t1+%2t2} , where S; > a; fori=1,2
(s1—aq)(s2—az)sz..sp

6 Ln{Sin(altl‘l‘aztz)} a152 + a251
(s2+a?)(s2 +a2).s5...s,

7 L,{cos(a t;+a,t,)} > a2
(s2+a?)(s2+a).s3...s,

8 L,{sinh(a;t;+a,t,)} S10; + a1 S,
(s? +a?)(s? + a2)s; ...sy,

9 Ln{COSh(a1t1+a2t2)} §18; + a, a;
(st +a?)(s2 + ad)s; ...sy

Remarks: We can also develop N-dimensional Laplace table for n-Variables , few n-variable
functions are here

1 .
(51-a1)(52-a2)..(Sp—an) ’ fors; > a;fori=1,23...n

11 1 11 1 11 1 1
Ln{tl + tz + t3 +tn} = +

} — L ——
5 o " . >
51 S92 §3...5p 52 S1 Sg___sn 53 52 81..5n 515253'"571

Ln{e a1t1+a2t2+---+antn} =

6.8 First Translating Shifting Property: (For Two variables):

(F Lft, 46} = Ll t il 1

] I ]
s2's, 53..5p S2'Sq S3..5p

then

Ln{ea1t1+a2t2 (tl + tz)} — (SZ_aZ)_(Sl_al)

(s1—aq1)2.(s2—az)?
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Proof:

First we have found

L{e®tia2lz(ty + 1)} = [ 7 [7 e s1tim0tz eMbtindatz (¢ 4 1) dt dty
= [ etz ettintale ¢ dryde, + [ 7 eSSt ettintatag, dry dt,

= fooo e~ (S1—a)ty t dt;. fooo e~ (s2—azx)t; dt2+f000 e~ (51—a)ty dt,. fooo e~ (s2—az)t; t,dt,

—(s1—-a —(s1-a t=00 —(sz-a
o (o) - O I L
—(s1-a t=c0 —(s3—a —(s2—a t=22
(o=l [ () -+ (jjajjf)]t_o
:[(O N 0) N (0 N (sl—lal)z)] ) ((sz—laz)) ((51 al)) [(0 O) - (0 N (s3—a )2)]

1 1 1 1
= ) +
(s1—a1)? (sz2—ayp) ((51—01)) (s2—az)?

1 1 [ 1 1 ] (s2—az)—(s1—aq)
= . — r
(s2—az) (sz—ay) (s1—a1)2.(sz—az)?

(s1—a1) (s2—ayp)

Therefore

Ln{ea1t1+a2t2 (tl + tz)} LS (SZ_aZ)_(Sl_al)

(s1—aq1)%.(s2—az)?

Similarly we can evaluate second shifting and scale property.

7. Result and Discussion: The Laplace transform is a mathematical technique used to analyze
and solve linear time-invariant systems. It converts a function of time, f(t), into a function of a
complex variable, F(s), where 's' is a complex number. The one-dimensional Laplace transform
is defined as follows: F(s) = L[f(t)] = ][0, o] e”(-st) f(t) dt n-Dimensional Laplace Transform:
Extending the concept to n-dimensional systems, where 'n' can represent multiple variables (e.g.,
time and space), leads to the n-dimensional Laplace transform.

We believe that these results will further enhance the use of 2 and n-dimensional Laplace
transformations and help further development of more theoretical results. Even though multi-
dimensional Laplace transformation have been studied extensively since the early 1920s, or so,
still a table of three on N-dimensional Laplace transforms is not available. To fill this gap much
work is left to be done. To this end, we have developed several new results on 2-dimensional
Laplace transformations as well as inverse Laplace transformation and many more are still under
our investigation. A successful completion of this task will be a significant endeavor, which will
be extremely beneficial to the further research in Applied Mathematics, Engineering and Physical
Sciences. Specially, by the use of multi-dimensional Laplace transformations a PDE and its
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associated boundary conditions can be transformed into an algebraic equation in n independent
variables, this algebraic equation can be solved to obtain the desired solution. We believe that
these results will further enhance the use of 2 dimensional Laplace Transformation and help
further development of more theoretical results. Several initial boundary value problems (IBVPs)
characterized by Non-Homogenous linear partial differential equations (PDES) are explicitly. So
in this regards we explain 2 dimensional tables (3.4) and also develop a table (5.3.1) for n-
dimensional Laplace transform for n variables. By using 2 dimensional Laplace Transform we

analysis a transport equation and heat equation make solution u(x,y) = [f (x — % y)] (4.1) and

1
u(x,t) = e 2 (5.4). In (4.2) and (4.3) equation we also develop transport equation in particular
and spatial cases, where we got some unique and standard result for transport equation those are
helpful to develop signal system and by heat conduction equation we see the temperature is length
independent which is more useful to develop new technology to maintain fog in cars during
winter and also in cooling aspects.

8. Conclusion: In this paper we study about 2 and n dimensional Laplace Transform because one
and two dimensional Laplace transform material is easily available but n dimensional Laplace
table is not available so far, therefore we develop a n- dimensional Laplace table (5.3.1) for two
variable, there is more work to left for research to develop a n-dimensional table for multivariable
functions.

In equation 4.1 ,4.2 and 4.3 we have some results for transport equation which are useful to
explain The transport equation, as u(x, y) = x - y,(for a =1 and b= 1,in equation 4.1) is a
mathematical expression that describes the flow or transport of a quantity (u) in two dimensions,
typically in the context of fluid dynamics or transport phenomena. It may not be a direct
representation of signal and system theory, but it can be related to real-life scenarios and signal
processing in the following ways:

Image Processing: In image processing, the transport equation can be used to describe the
movement or transformation of intensity values within an image. For example, it could represent
the shifting of pixels in a 2D image, which is a common operation in various image processing
algorithms.

Optical Flow: Optical flow is a technique used in computer vision to estimate the motion of
objects in a video sequence. The transport equation can be adapted to describe the flow of image
features from one frame to another, aiding in object tracking and motion analysis.

Heat Transfer: In the context of heat transfer, the transport equation can be applied to understand
how heat propagates in a 2D domain. It can be useful for modeling temperature distribution in
materials or fluids.

Transport of Particles: The transport equation can also represent the movement of particles or
substances in a 2D space. For instance, it can describe the dispersion of pollutants in the
atmosphere or the diffusion of chemicals in a biological system.

In signal and system theory, the transport equation itself is not a standard concept, but the
principles of transport and flow can be applied to understand how signals propagate or evolve in
a system. Real-life applications may include:
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Audio Processing: Understanding how sound waves travel through different media or how signals
move through audio processing filters can be related to the concept of signal transport.

Data Transmission: In the context of data communication, signal propagation along
transmission lines or through wireless channels can be analyzed using principles related to signal
transport.

Control Systems: The way control signals or feedback information travel through a control
system to regulate a process can be seen as an application of signal transport. While the transport
equation itself is not directly applied in signal and system theory, the underlying concept of
transport and propagation is relevant in understanding various real-world phenomena and can be
analogously related to signal behavior in certain applications.

1
In this paper we also found a relation in equation 5.4 that is u(x,t) = e 2"

Which explain flow of temperature in rod and got a length independent temperature relation, a
temperature rod with length-independent temperature decay is an interesting concept that can
have practical applications in various fields. Here are a few examples of where such a rod might
be applied:

In the construction and building industry, length-independent temperature decay can be beneficial
for designing effective thermal insulation materials. This property would ensure that heat doesn't
dissipate more rapidly over longer sections of the material, leading to improved energy efficiency
in buildings and also in the field of cryogenics and cryopreservation, maintaining a consistent
and low temperature across a sample is crucial. Length-independent temperature decay could
help ensure that samples, such as biological tissues or cells, are uniformly and efficiently
preserved without variations in temperature along their length, the length-independent
temperature decay can be advantageous in the design of heat exchangers, allowing for a more
uniform transfer of thermal energy in various industrial processes.
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