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Abstract 
Following B.-X. Han [27] we study the well-known asymptotic formulas for fractional Sobolev functions 

of the Pioneer authors [5] and [27], in a geometric approach. We show that the key to these asymptotic 

formulas are Rademacher's theorem and volume growth at infinity respectively. We consider some 

related examples fitting the framework includes Euclidean spaces, Riemannian manifolds, Alexandrov 

spaces, finite dimensional Banach spaces, and some ideal sub-Riemannian manifolds with a bit changes. 
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1. Introduction 
After the pioneer works of [5] and [22], the study of fractional seminorms got new interest. In [5,22], the authors 

revealed that the fractional (1 − 𝜖)-seminorms can be seen as intermediary functionals between the 𝐿1+𝜖-norm 

and the 𝑊1,1+𝜖-seminorms. Precisely, for any 0 < 𝜖 < 1,𝑁 ∈ ℕ and 𝜖 ≥ 0, the fractional Sobolev space 

𝑊1−𝜖,1+𝜖(ℝ𝑁) is defined as the union of 𝑓𝑖 ∈ 𝐿
1+𝜖(ℝ𝑁) with 

‖𝑓𝑖‖𝑊1−𝜖,1+𝜖: = (∫  
ℝ𝑁
 ∫  
ℝ𝑁
∑ 

𝑖

 
|𝑓𝑖(𝑥) − 𝑓𝑖(𝑥 + 𝜖)|

1+𝜖

|𝜖|𝑁+(1−𝜖
2) 

 d𝑥 d(𝑥 + 𝜖))

1
1+𝜖

< +∞. 

The following well-known asymptotic formulas were proved in [5] and [22]: 

lim
𝜖↑0
 (𝜖)‖𝑓𝑖‖𝑊1−𝜖,1+𝜖

1+𝜖 = 𝐾‖∇𝑓𝑖‖𝐿1+𝜖
1+𝜖 ,  ∀𝑓𝑖 ∈ 𝑊

1,1+𝜖(ℝ𝑁),                               (1.1) 

lim
𝜖↓0
 (1 − 𝜖)‖𝑓𝑖‖𝑊1−𝜖,1+𝜖

1+𝜖 = 𝐿‖𝑓𝑖‖𝐿1+𝜖
1+𝜖 ,  ∀𝑓𝑖 ∈ ⋃  

−1<𝜖<0

 𝑊1−𝜖,1+𝜖(ℝ𝑁)                                    (1.2) 

where 𝐾, 𝐿 are constants depending on (1 + 𝜖) and 𝑁 only. 

Both formulas (1.1) and (1.2) have been widely studied in the view of analysis, probability theory and geometry, 

and generalized to many different settings such as Carnot groups [11], Riemannian manifolds [19], anisotropic 

spaces [20], RCD metric measure spaces [16,17]), heat semi-group mollifiers [25], ball Banach function spaces 

[12], and many new approaches to these formulas such as [9,13]. 
It is still an interesting and challenging problem to find more examples satisfying such asymptotic formulas. 

Motivated by a recent seminal work of [15] about a (1.1) type formula in metric spaces with Euclidean tangents, 

we realized that (1.1) and (1.2) hold in great generality. 

B.-X. Han [27] give a geometric understanding to the asymptotic formulas, and focus on three basic models: 

Euclidean space, finite-dimensional Banach space and Carnot group. We will show that the key of (1.1) is the 

infinitesimal structure (small scale) and the key of (1.2) is the volume growth at infinity (large scale). 

In our three models, the tangent cone at a point and the tangent cone at infinity are isometric to the underlying 

spaces, so these properties and their differences are often overlooked. 

As an application, we get a unified proof to several already known results, including [5] and [22] in ℝ𝑛, [20] in 

finite dimensional Banach spaces and [19] in weighted Riemannian manifolds, and we give a full 

characterization of the constants 𝐾 and 𝐿 in (1.1) and (1.2) respectively. We also show that the asymptotic 

formulas are valid for more mollifiers (see [27]). 

We present some notions, of Sobolev spaces and Rademacher's theorem, in the setting of metric measure spaces. 

We start by posing the basic assumptions and then prove the main results. In order to focus on the 'geometric 

http://www.ijnrd.org/
mailto:Salih7175.ss@gmail.com
mailto:shawgy2020@gmail.com


© 2025 IJNRD | Volume 10, Issue 9 September 2025 | ISSN: 2456-4184 |IJNRD.ORG 

  

IJNRD2509133 International Journal of Novel Research and Development (www.ijnrd.org) 
 

 

b390 

approach', we will not pose the most general assumptions, but we can find some weaker assumptions without 

modifying our proof a lot. Finally, we provide several non-trivial and relevant examples satisfying the 

assumptions (see [27]). 

2. Preliminaries 

A metric measure space (𝑋, d,𝔪) is a triple, where (𝑋, d) is a complete separable metric space, 𝔪 is the 𝑁-

dimensional Hausdorff measure w.r.t. d for some 𝑁 ∈ ℕ. 

Given 𝑓𝑖: 𝑋 → ℝ, the local Lipschitz constant lip(𝑓𝑖): 𝑋 → [0,∞] is defined as 

lip(𝑓𝑖)(𝑥):= lim
𝑥+𝜖→𝑥

 
|𝑓𝑖(𝑥 + 𝜖) − 𝑓𝑖(𝑥)|

d(𝑥, 𝑥 + 𝜖)
  if 𝑥 is not isolated, 0 otherwise.                  (2.1) 

The Lipschitz constant is defined as 

Lip(𝑓𝑖): = sup
𝜖≠0

 
|𝑓𝑖(𝑥 + 𝜖) − 𝑓𝑖(𝑥)|

d(𝑥, 𝑥 + 𝜖)
 

If Lip(𝑓𝑖) < ∞, we call 𝑓𝑖Lipschitz and write 𝑓𝑖 ∈ Lip(𝑋, d). We denote by Lip𝑏(𝑋, d) the collection of 

Lipschitz functions with bounded support. 

Let 0 < 𝜖 < ∞. We say that a function 𝑓𝑖 ∈ 𝐿
1+𝜖(𝑋,𝔪) is in the Sobolev space 𝑊1,1+𝜖(𝑋, d,𝔪) if there is a 

sequence of Lipschitz functions ((𝑓𝑖)𝑛)𝑛∈ℕ converging to 𝑓𝑖 in 𝐿1+𝜖(𝑋,𝔪), such that 

lim inf
𝑛→∞

 ∫  
𝑋

lip((𝑓𝑖)𝑛)
1+𝜖 d𝔪 < ∞ 

It is known (cf. [2]) that for any 𝑓𝑖 ∈ 𝑊
1,1+𝜖(𝑋, d,𝔪), there is a unique function |D𝑓𝑖|1+𝜖 ∈ 𝐿1+𝜖(𝑋,𝔪), called 

minimal (1 + 𝜖)-weak upper gradient, such that 

∫  
𝑋

|D𝑓𝑖|1+𝜖
1+𝜖dm = inf {lim inf

𝑛→∞
 ∫  
𝑋

 lip((𝑓𝑖)𝑛)
1+𝜖dm: (𝑓𝑖)𝑛 ∈ Lip(1+𝜖)(𝑋), (𝑓𝑖)𝑛 → 𝑓𝑖 in 𝐿1+𝜖(𝑋,𝔪)} 

If (𝑋, d,𝔪) is the Euclidean space, |D𝑓𝑖|1+𝜖 coincides 𝔪-a.e. with the modulus of the distributional differential of 

𝑓𝑖. In many situations, like PI spaces (i.e. it is doubling and it satisfies a (1 + 𝜖)-Poincaré inequality, cf. [10]) or 

RCD(𝐾,∞) spaces (cf. [14]), |D𝑓𝑖|1+𝜖 is independent on (1 + 𝜖). In this paper, we will neglect the parameter 

(1 + 𝜖) and denote |D𝑓𝑖|1+𝜖 by |D𝑓𝑖|. 
The Sobolev space 𝑊1,1+𝜖(𝑋, d,𝔪) endowed with the norm 

‖𝑓𝑖‖𝑊1,1+𝜖(𝑋, d,𝔪)
1+𝜖 : = ‖𝑓𝑖‖𝐿1+𝜖(𝑋,𝔪)

1+𝜖 + ‖|D𝑓𝑖|‖𝐿1+𝜖(𝑋,𝔪)
1+𝜖  

is a Banach space. For any 𝑓𝑖 ∈ 𝑊
1,1+𝜖(𝑋, d,𝔪), by [2] there exists a sequence ((𝑓𝑖)𝑛)𝑛∈ℕ ⊂ Lip𝑏(𝑋, d) 

converging to 𝑓𝑖 in 𝐿1+𝜖(𝑋,𝔪) such that 

lim
𝑛→∞

 ∫  |lip((𝑓𝑖)𝑛) − |D𝑓𝑖||
1+𝜖dm = 0 

Furthermore, if (𝑋, d, 𝔪) is a PI space, by [1, Corollary 7.5, Proposition 7.6], there is ((𝑓𝑖)𝑛)𝑛∈ℕ ⊂ Lip𝑏(𝑋, d) 
converging to 𝑓𝑖 strongly in 𝑊1,1+𝜖. 

The Hajlasz-Sobolev space 𝑀1,1+𝜖(𝑋, d,𝔪) is the space consisting of all 𝑢𝑖 ∈ 𝑊1,1+𝜖(𝑋, d,𝔪) satisfying 

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)| ≤ d(𝑥, 𝑥 + 𝜖)(𝑔𝑖(𝑥) + 𝑔𝑖(𝑥 + 𝜖))  a.e. 𝑥, 𝑥 + 𝜖 ∈ 𝑋                       (2.2) 
for some 𝑔𝑖 ∈ 𝐿

1+𝜖(𝑋,𝔪) with ‖𝑔𝑖‖𝐿1+𝜖(𝑋,𝔪) ≤ 𝑀‖𝑢𝑖‖𝑊1,1+𝜖 for some universal constant 𝑀. If (𝑋, d,𝔪) is a PI 

space (cf. [15, Lemma 2.3]), 𝑊1,1+𝜖(𝑋, d,𝔪) coincides with 𝑀1,1+𝜖(𝑋, d, 𝔪). 
Rademacher's theorem 

Given 𝑓𝑖 ∈ Lip(𝑋, d), 𝑥 ∈ 𝑋 and 𝜖 ≥ 0. The rescaling function (𝑓𝑖)1+𝜖,𝑥 is defined as 

(𝑓𝑖)1+𝜖,𝑥(𝑥 + 𝜖):=
𝑓𝑖(𝑥 + 𝜖) − 𝑓𝑖(𝑥)

1 + 𝜖
,  (𝑥 + 𝜖) ∈ 𝑋                                                 (2.3) 

It can be seen that (𝑓𝑖)1+𝜖,𝑥 is Lipschitz on (𝑋, (1 + 𝜖)−1 d), with Lipschitz constant bounded from above by 

Lip(𝑓𝑖). 
Fix 𝑥 ∈ 𝑋, assume that the pointed metric spaces (𝑋, (1 + 𝜖)−1 d, 𝑥) converge to a pointed metric space 
(𝑌,  d𝑌 , 𝑥 + 𝜖) (e.g. in the Gromov-Hausdorff sense, see [4] for details). This space (𝑌,  d𝑌 , 𝑥 + 𝜖) is called a 

tangent cone at 𝑥, and in general it depends on 𝑥 and is not unique. 

In [10, §10, page 487], Cheeger introduced the following abstract characterization of uniform convergence of 

rescaling functions (𝑓𝑖)1+𝜖,𝑥, along with the convergence of (𝑋, (1 + 𝜖)−1 d, 𝑥). 
Definition 2.1. Given a family of maps {(𝜙𝑖)1+𝜖}𝜖≥0 from (𝑋, d) to (𝑌,  d𝑌) satisfying (𝜙𝑖)1+𝜖(𝑥) = (𝑥 + 𝜖) ∈

𝑌. We say that the rescaling functions {(𝑓𝑖)1+𝜖,𝑥}𝜖≥0 converge to a function (𝑓𝑖)0,𝑥 on (𝑌,  d𝑌) (associated with 

{(𝜙𝑖)1+𝜖}𝜖≥0) if there is a function 𝛼𝑖(1 + 𝜖) satisfying 𝛼𝑖(1 + 𝜖) ↓ 0 as 𝜖 → 0, such that 

‖(𝑓𝑖)0,𝑥 ∘ (𝜙𝑖)1+𝜖 − (𝑓𝑖)1+𝜖,𝑥‖𝐿∞(𝐵1+𝜖(𝑥),𝔪)
≤ 𝛼𝑖(1 + 𝜖),  ∀𝜖 ≥ 0                                 (2.4) 

where 𝐵1+𝜖(𝑥) = {(𝑥 + 𝜖) ∈ 𝑋: d(𝑥 + 𝜖, 𝑥) < (1 + 𝜖)} is the geodesic ball. 
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3. Main results 

3.1. Assumptions on the spaces (see [27]) 

Model Spaces: the triple ℭ:= (𝐶,  d𝐶 , 𝔪𝐶) denotes one of the following spaces: 

𝑁-dimensional Euclidean space (ℝ𝑁 , | ⋅ |, ℒ𝑁 = ℋ|⋅|
𝑁), 

𝑁-dimensional Banach space (ℝ𝑁 , ‖ ⋅ ‖, ℒ𝑁 = ℋ‖⋅‖
𝑁 ), 

Carnot group with homogeneous dimension  (ℝ𝑚,  d𝐶𝐶 , ℒ
𝑚 = ℋd𝐶𝐶

𝑁 ). 

This space ℭ plays the role as the unique tangent space to 𝑋 at 𝔪-a.e. point. 

Assumption 3.1 (Small scale: infinitesimal structure). We assume that ( 𝑋, d,𝔪 ) is PI, so properties about the 

Sobolev spaces stated in Section 2 are valid. In addition, given a model space (𝐶,  d𝐶 , 𝔪𝐶), we also assume: 

A) (Unique tangent space:) For m-a.e. 𝑥 ∈ 𝑋, there is a family of maps {(𝜙𝑖)𝛿}𝛿>0 from 𝑋 to 𝐶 satisfying 
(𝜙𝑖)𝛿(𝑥) = 0 ∈ 𝐶 and 

|

1
𝛿

 d(𝑥 + 𝜖, 𝑧)

d𝐶((𝜙𝑖)𝛿(𝑥 + 𝜖), (𝜙𝑖)𝛿(𝑧))
− 1| < 𝜂𝑖(𝛿),  ∀(𝑥 + 𝜖), 𝑧 ∈ 𝐵𝛿(𝑥), 𝛿 ∈ (0,1)                           (3.1) 

where 𝜂𝑖: (0,1) → (0,1) is an increasing function with lim𝛿↓0  𝜂𝑖(𝛿) = 0. 

B) (Rademacher's theorem) For any 𝑢𝑖 ∈ Lip(𝑋, d), for 𝔪-a.e. 𝑥 ∈ 𝑋, there is a function (𝑢𝑖)0,𝑥 on 𝐶, such that 

the rescaling functions {(𝑢𝑖)1+𝜖,𝑥}𝜖≥0 converge to (𝑢𝑖)0,𝑥 associated with the maps {(𝜙𝑖)𝛿}𝛿>0, in the sense of 

Definition 2.1. 

Remark 3.2. Here are some remarks on the Assumption 3.1. 

(1) For any 𝜖 ≥ 0, there is a dilation map 𝐷1+𝜖, which is an isometry between (𝐶,  d𝐶 , 𝔪𝐶) and (𝐶, (1 +
𝜖)−1 d𝐶 , (1 + 𝜖)

−𝑁𝔪𝐶), such that 𝐷1+𝜖(0) = 0 and 𝐷1+𝜖 ∘ 𝐷1+2𝜖 = 𝐷(1+𝜖)(1+2𝜖) for any 𝜖 ≥ 0. In particular, 

(𝐷1+𝜖)♯𝔪𝐶 = (1 + 𝜖)
−𝑁𝔪𝐶 .                                                     (3.2) 

(2) For any 𝜖 ≥ 0 and any Borel set Ω ⊂ 𝑆1+𝜖
𝐶 : = {(𝑥 + 𝜖): d𝐶(𝑥 + 𝜖, 0) = 1 + 𝜖}, we define the 'boundary 

measure' of Ω by 

𝔪𝐶
+|𝑆1+𝜖𝐶 (Ω):= lim

𝜖↓0
 
𝔪𝐶(∪(1−𝜖)∈[1,1+𝜖] 𝐷(1−𝜖)(Ω))

𝜖(1 + 𝜖)
 

We can see that 

𝔪𝐶
+|𝑆1+𝜖𝐶 = (1 + 𝜖)𝑁−1(𝐷1+𝜖)♯ (𝔪𝐶

+|𝑆1𝐶).                                          (3.3) 

(3) Since both 𝔪 and 𝔪𝐶 are 𝑁-dimensional Hausdorff measures, the condition (3.1) implies that 

((𝜙𝑖)𝛿)♯(𝔪𝐵𝛿(𝑥)) = ((1 + 𝑜(1))𝛿
𝑁𝔪𝐶|(𝜙𝑖)𝛿(𝐵𝛿(𝑥))

  as 𝛿 → 0.                       (3.4) 

Equivalently, for any 𝜖 > 0 there is 𝛿0 > 0 such that 

(1 − 𝜖)𝛿𝑁𝔪𝐶|(𝜙𝑖)𝛿(𝐵𝛿(𝑥))
< ((𝜙𝑖)𝛿)♯(𝔪|𝐵𝛿(𝑥)) < (1 + 𝜖)𝛿

𝑁𝔪𝐶|(𝜙𝑖)𝛿(𝐵𝛿(𝑥))
 ∀𝛿 < 𝛿0. 

It can be seen from our proofs, the assumption that 𝔪 is the 𝑁-dimensional Hausdorff measure can be replaced 

by (3.4). 

Remark 3.3. In general, neither {(𝜙𝑖)𝛿}𝛿>0 nor (𝑢𝑖)0,𝑥 is unique. However, in many situations, the value 

(𝑓𝑖)𝑆1𝐶|
(𝑢𝑖)0,𝑥(𝑣)|

1+𝜖
dm𝐶

+(𝑣) is independent on the choice of (𝜙𝑖)𝛿 and (𝑢𝑖)0,𝑥. For example, by a deep result of 

Cheeger [10, Theorem 10.2], any limit function (𝑢𝑖)0,𝑥 is generalized linear and 

−lip(𝑢𝑖)(𝑥)𝑏𝛾 ≤ (𝑢𝑖)0,𝑥 ≤ lip(𝑢𝑖)(𝑥)𝑏−𝛾 

where 𝑏𝛾 denotes the Busemann function associated to a ray 𝛾. Therefore, if ℭ is an 𝑁-dimensional Euclidean 

space (cf. [10, Theorem 8.11.]) or an 𝑁-dimensional Banach space equipped with a smooth norm (cf. [18,§2.3]), 

then there is 𝛾 so that −lip(𝑢𝑖)(𝑥)𝑏𝛾 = (𝑢𝑖)0,𝑥 = lip(𝑢𝑖)(𝑥)𝑏−𝛾, (𝑢𝑖)0,𝑥 is linear and unique. 

Assumption 3.4 (Large scale: volume growth condition). For any point 𝑜 ∈ 𝑋 and 𝜖 ≥ 0, the following 

generalized Bishop-Gromov volume growth inequality holds 

𝔪(𝐵1+2𝜖(𝑜))

𝔪(𝐵1+𝜖(𝑜))
≤ (

1 + 2𝜖

1 + 𝜖
)
𝑁

 ∀𝜖 ≥ 0                                          (3.5) 

where 𝐵1+2𝜖(𝑜), 𝐵1+𝜖(𝑜) are geodesic balls. In this case, the limit lim𝜖→+∞  𝔪(𝐵1+𝜖(𝑜))/(1 + 𝜖)
𝑁 exists and it is 

independent on 𝑜, we will denote it by AVR(𝑋, d,𝔪). 
2509133_308308_389_403 p 
3.2. Assumptions on the mollifiers (see [27]) 

Let ((𝜌𝑖)𝑛)𝑛∈ℕ be a sequence of mollifiers: 

(𝜌𝑖)𝑛: {(𝑥, 𝑥 + 𝜖) ∈ 𝑋 × 𝑋: 𝜖 ≠ 0} → (0,∞) is measurable.  
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We assume that ((𝜌𝑖)𝑛)𝑛∈ℕ satisfies the following approximation of the identity of radial type. 

Examples of mollifiers fulfilling these assumptions can be found in [12,§2] and [8]. 

Assumption 3.5 (Approximation of the identity: small scale). 

A) (Polynomial decay at infinity) There is a constant (1 + 𝜖) such that 

‖∫  
𝑋

 ∑  

𝑖

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)dm(𝑥 + 𝜖)‖

𝐿∞(𝑋,𝔪)

< (1 + 𝜖) ∀𝑛 ∈ ℕ, 𝑥 ∈ 𝑋                             (3.6) 

For any 𝛿 ∈ (0,1) and 𝑥 ∈ 𝑋, denote 𝐸𝛿(𝑥) = {(𝑥 + 𝜖) ∈ 𝑋: d(𝑥 + 𝜖, 𝑥) ≥ 𝛿}. It holds 

lim
𝑛→∞

 ∫  
𝐸𝛿(𝑥)

∑ 

𝑖

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖) = 0 

B) (Radial distribution) There is a sequence of non-increasing functions ((𝜌̃𝑖)𝑛)𝑛∈ℕ such that 

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖) = (𝜌̃𝑖)𝑛( d(𝑥, 𝑥 + 𝜖))  for all 𝑥, 𝑥 + 𝜖 ∈ 𝑋, 𝜖 ≠ 0 

C) (Approximation of the identity) For any 𝛿 > 0, 

lim
𝑛→∞

 𝔪𝐶
+(𝑆1

𝐶)∫  
𝛿

0

∑ 

𝑖

(1 + 𝜖)𝑁−1(𝜌̃𝑖)𝑛(1 + 𝜖)d(1 + 𝜖) = 1 

where 𝑁 ∈ ℕ is the same constant as before. 

Assumption 3.6 (Approximation of the identity: large scale). 

A) (Radial distribution) There are strictly decreasing functions ((𝜌̃𝑖)𝑛)𝑛∈ℕ with 

lim
𝑛→∞

 (𝜌̃𝑖)𝑛(1 + 𝜖) = 0,  ∀0 ≤ 𝜖 < +∞                                            (3.7) 

such that 

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖) = (𝜌̃𝑖)𝑛( d(𝑥, 𝑥 + 𝜖))  for all 𝑥, 𝑥 + 𝜖 ∈ 𝑋, 𝜖 ≠ 0 

B) For any 𝑛,𝑚 ∈ ℕ with 𝑛 > 𝑚, it holds 

(0, +∞) ∋ (1 + 𝜖) →
(𝜌̃𝑖)𝑛(1 + 𝜖)

(𝜌̃𝑖)𝑚(1 + 𝜖)
 is non-decreasing.  

C) (Approximation of the identity) For any 𝛿 > 0 and 𝑥 ∈ 𝑋, 

lim
𝑛→∞

 AVR(𝑋, d,𝔪)∫  
+∞

𝛿

∑ 

𝑖

 𝑁(1 + 𝜖)𝑁−1(𝜌̃𝑖)𝑛(1 + 𝜖)d(1 + 𝜖) = 1                                    (3.8) 

where AVR(𝑋, d,𝔪) is well-defined under Assumption 3.4. 

3.3. Bourgain-Brezis-Mironescu's formula 
Firstly we study Lipschitz functions with bounded support. 

Proposition 3.7 (see [27]). Let (𝑋, d,𝔪) be a metric measure space satisfying Assumption 3.1. Let 𝜖 >
0, ((𝜌𝑖)𝑛)𝑛∈ℕ be mollifiers satisfying Assumption 3.5, and 𝑢𝑖 ∈ Lip𝑏(𝑋, d) be a Lipschitz functions with 

bounded support. For any 𝑛 ∈ ℕ, define 

ℰ𝑛(𝑢𝑖):= ∫  
𝑋

∫  
𝑋

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖

 d1+𝜖(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖). 

It holds 

lim
𝑛→∞

 ℰ𝑛(𝑢𝑖) = ‖∑ 

𝑖

∇𝑢𝑖‖𝐾1+𝜖,𝔢
1+𝜖 ≤ ∫  

𝑋

 ∑  

𝑖

|lip(𝑢𝑖)|
1+𝜖dm,  ∀𝑢𝑖 ∈ Lip𝑏(𝑋, d)                     (3.9) 

where 

‖∑ 

𝑖

∇𝑢𝑖‖𝐾1+𝜖,𝔢
1+𝜖 : = ∫  

𝑋

 ∱  
𝑆1
𝐶
∑ 

𝑖

|(𝑢𝑖)0,𝑥(𝑣)|
1+𝜖

 d𝔪𝐶
+(𝑣)d𝔪(𝑥)                            (3.10) 

and the function (𝑢𝑖)0,𝑥 is given in Assumption 3.1-B). 

Proof. Let 𝑥 ∈ 𝑋 be a point for which the statements A) and B) in Assumption 3.1 hold.  

There exist maps {(𝜙𝑖)𝛿}𝛿>0 satisfying (3.1) and (𝜙𝑖)𝛿(𝑥) = 0 ∈ 𝐶, and there is a function 𝛼𝑖(𝛿) satisfying 

𝛼𝑖(𝛿) ↓ 0 as 𝛿 ↓ 0, such that the rescaling functions (𝑢𝑖)𝛿,𝑥(𝑥 + 𝜖) =
𝑢𝑖(𝑥+𝜖)−𝑢𝑖(𝑥)

𝛿
 converge to (𝑢𝑖)0,𝑥 as 𝛿 → 0 : 

|(𝑢𝑖)0,𝑥((𝜙𝑖)𝛿(𝑥 + 𝜖)) − (𝑢𝑖)𝛿,𝑥(𝑥 + 𝜖)| ≤ 𝛼𝑖(𝛿)  for almost every (𝑥 + 𝜖) ∈ 𝐵𝛿(𝑥)                   (3.11) 

By the Lagrange mean value theorem for 𝑡 ↦ 𝑡1+𝜖, (3.11) and the fact that |(𝑢𝑖)𝛿,𝑥| ≤ Lip(𝑢𝑖) on 𝐵𝛿(𝑥), there is 

a constant 𝐾 = 𝐾(𝑢𝑖, 𝑥) > 0 such that 

||(𝑢𝑖)𝛿,𝑥(𝑥 + 𝜖)|
1+𝜖

− |(𝑢𝑖)0,𝑥((𝜙𝑖)𝛿(𝑥 + 𝜖))|
1+𝜖
| ≤ 𝐾𝛼𝑖(𝛿)  as 𝛿 → 0 

For any 𝛿 > 0 and 𝑖 ∈ ℕ, set 𝛿𝑖: = 2
−𝑖𝛿. It holds the identity 
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∫  
𝐵𝛿(𝑥)

∑ 

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖

 d(1+𝜖)(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)dm(𝑥 + 𝜖) 

=∑  

∞

𝑖=0

𝛿𝑖
1+𝜖∫  

𝐵𝛿𝑖
(𝑥)∖𝐵𝛿𝑖+1

(𝑥)

∑ 

𝑖

|(𝑢𝑖)𝛿,𝑥(𝑥 + 𝜖)|
1+𝜖 (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)

d(1+𝜖)(𝑥, 𝑥 + 𝜖)
dm(𝑥 + 𝜖). 

Denote 𝐵𝑖,𝛿: = 𝐵𝛿𝑖(𝑥) ∖ 𝐵𝛿𝑖+1(𝑥). We have 

|
|∫  
𝐵𝛿(𝑥)

∑ 

𝑖

 
|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|

1+𝜖

 d(1+𝜖)(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖)

− ∑  

∞

𝑖0=0

 𝛿𝑖0
1+𝜖∫  

𝐵𝑖0,𝛿

 ∑  

𝑖

|(𝑢𝑖)0,𝑥 ((𝜙𝑖)𝛿𝑖0
(𝑥 + 𝜖))|

1+𝜖 (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)

d(1+𝜖)(𝑥, 𝑥 + 𝜖)
d𝔪(𝑥 + 𝜖)

⏟                                              
I(𝑖,𝛿,𝑛)

|
| 

≤ ∑  

∞

𝑖0=0

 𝛿𝑖0
1+𝜖∫  

𝐵𝑖0,𝛿

 ∑  

𝑖

𝐾𝛼𝑖(𝛿𝑖0)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)

d(1+𝜖)(𝑥, 𝑥 + 𝜖)
d𝔪(𝑥 + 𝜖)

⏟                                    
II(𝛿,𝑛)

. 

Estimate of I(𝑖0, 𝛿, 𝑛) : Given 𝜖 > 0. By Assumption 3.1-A) and symmetry of mollifiers in Assumption 3.5-B), 

for 𝛿 > 0 small enough, it holds 

∑ 

𝑖

(𝜌̃𝑖)𝑛(𝛿 d𝐶((𝜙𝑖)𝛿(𝑥 + 𝜖), 0)(1 + 𝜖))

(𝛿d𝐶((𝜙𝑖)𝛿(𝑥 + 𝜖), 0)(1 + 𝜖))
1+𝜖 ≤∑ 

𝑖

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)

d(1+𝜖)(𝑥, 𝑥 + 𝜖)
 

≤∑ 

𝑖

(𝜌̃𝑖)𝑛(𝛿 d𝐶((𝜙𝑖)𝛿(𝑥 + 𝜖), 0)(1 − 𝜖))

(𝛿d𝐶((𝜙𝑖)𝛿(𝑥 + 𝜖), 0)(1 − 𝜖))
1+𝜖                                         (3.12) 

By change of variable, for 𝛿 small enough, we have 

            I(𝑖0, 𝛿, 𝑛) 

≤(3.12) 𝛿𝑖0
1+𝜖∫  

𝐵𝑖0,𝛿

 ∑  

𝑖

|(𝑢𝑖)0,𝑥 ((𝜙𝑖)𝛿𝑖0(𝑥 + 𝜖))|
1+𝜖 (𝜌̃𝑖)𝑛 (𝛿𝑖0 d𝐶 ((𝜙𝑖)𝛿𝑖0(𝑥 + 𝜖),0) (1 − 𝜖))

(𝛿𝑖0  d𝐶 ((𝜙𝑖)𝛿𝑖0(𝑥 + 𝜖),0) (1 − 𝜖))
1+𝜖  d𝔪(𝑥 + 𝜖) 

= 𝛿𝑖0
1+𝜖∫  

(𝜙𝑖)𝛿𝑖0
(𝐵𝑖0,𝛿)

 ∑  

𝑖

|(𝑢𝑖)0,𝑥(𝑣)|
1+𝜖 (𝜌̃𝑖)𝑛(𝛿𝑖0  d𝐶(𝑣, 0)(1 − 𝜖))

(𝛿𝑖0 d𝐶(𝑣, 0)(1 − 𝜖))
1+𝜖  d ((𝜙𝑖)𝛿𝑖0)𝔪𝔪(𝑣)         

        ≤(3.4) (1 + 𝜖)𝛿𝑖0
𝑁+1+𝜖∫  

(𝜙𝑖)𝛿𝑖0
(𝐵𝑖0,𝛿)

 ∑  

𝑖

|(𝑢𝑖)0,𝑥(𝑣)|
1+𝜖 (𝜌̃𝑖)𝑛(𝛿𝑖0 d𝐶(𝑣, 0)(1 − 𝜖))

(𝛿𝑖0 d𝐶(𝑣, 0)(1 − 𝜖))
1+𝜖  d𝔪𝐶(𝑣) 

= (1 + 𝜖) 𝛿𝑖0
𝑁+1+𝜖∫  

𝐵1
𝐶∖𝐵1/2

𝐶
 ∑  

𝑖

|(𝑢𝑖)0,𝑥(𝑣)|
1+𝜖 (𝜌̃𝑖)𝑛(𝛿𝑖0 d𝐶(𝑣, 0)(1 − 𝜖))

(𝛿𝑖0 d𝐶(𝑣, 0)(1 − 𝜖))
1+𝜖  d𝔪𝐶(𝑣)

⏟                                              
I𝑎(𝑖,𝛿,𝑛)

 

+(1 + 𝜖) 𝛿𝑖0
𝑁+1+𝜖∫  

(𝜙𝑖)𝛿𝑖0
(𝐵𝑖0,𝛿)∖(𝐵1

𝐶∖𝐵1/2
𝐶 )

 ∑  

𝑖

|(𝑢𝑖)0,𝑥(𝑣)|
1+𝜖 (𝜌̃𝑖)𝑛(𝛿𝑖0 d𝐶(𝑣, 0)(1 − 𝜖))

(𝛿𝑖0 d𝐶(𝑣, 0)(1 − 𝜖))
1+𝜖  d𝔪𝐶(𝑣)

⏟                                                      
I𝑏(𝑖0,𝛿,𝑛)

. 

We can see that 

I𝑎(𝑖0, 𝛿, 𝑛)

≤𝛿𝑖0
1+𝜖 1

(1 − 𝜖)𝑁
∫  
𝐵(1−𝜖)𝛿𝑖0
𝐶 ∖𝐵(1−𝜖)𝛿𝑖0+1

𝐶
 ∑  

𝑖

|(𝑢𝑖)0,𝑥 (𝐷𝛿𝑖0
−1(1−𝜖)−1(𝑣))|

1+𝜖 (𝜌̃𝑖)𝑛( d𝐶(𝑣, 0))

(d𝐶(𝑣, 0))1+𝜖
 d𝔪𝐶(𝑣)

=𝛿𝑖0
1+𝜖 1

(1 − 𝜖)𝑁
∫  
(1−𝜖)𝛿𝑖0

(1−𝜖)𝛿𝑖0+1

 ∫  
𝑆1+𝜖
𝐶
 ∑  

𝑖

|(𝑢𝑖)0,𝑥 (𝐷𝛿𝑖0
−1(1−𝜖)−1(𝑣))|

1+𝜖
(𝜌̃𝑖)𝑛(1 + 𝜖)

(1 + 𝜖)(1+𝜖)
 d𝔪𝐶

+(𝑣)d(1 + 𝜖)

 

where 𝔪𝐶
+is the boundary measure and 𝐷1+𝜖 is the dilation on ℭ (see Remark 3.2). 

By linearity of (𝑢𝑖)0,𝑥 and homogeneity of ℭ 
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 ∫  
𝑆1+𝜖
𝐶
 ∑  

𝑖

(𝛿𝑖0 |(𝑢𝑖)0,𝑥 (𝐷𝛿𝑖0
−1(1−𝜖)−1(𝑣))|)

1+𝜖

 d𝔪𝐶
+(𝑣)

=((1 − 𝜖)−1(1 + 𝜖))1+𝜖∫  
𝑆1+𝜖
𝐶
 ∑  

𝑖

|(𝑢𝑖)0,𝑥(𝐷(1+𝜖)−1(𝑣))|
1+𝜖

 d𝔪𝐶
+(𝑣)

=((1 − 𝜖)−1(1 + 𝜖))(1+𝜖)(1 + 𝜖)𝑁−1∫  
𝑆1
𝐶
 ∑  

𝑖

|(𝑢𝑖)0,𝑥(𝑣)|
1+𝜖

 d𝔪𝐶
+(𝑣).

 

Hence 

 ∑  

∞

𝑖0=0

 ∫  
(1−𝜖)𝛿𝑖0

(1−𝜖)𝛿𝑖0+1

 ∫  
𝑆1+𝜖
𝐶
∑ 

𝑖

 

(

 
 
𝛿𝑖0 |(𝑢𝑖)0,𝑥 (𝐷𝛿𝑖0

−1(1−𝜖)−1(𝑣))|

1 + 𝜖

)

 
 

1+𝜖

(𝜌̃𝑖)𝑛(1 + 𝜖)d𝔪𝐶
+(𝑣)d(1 + 𝜖)

= (1 − 𝜖)−(1+𝜖)∑ 

𝑖

(∑  

∞

𝑖0=0

 ∫  
(1−𝜖)𝛿𝑖0

(1−𝜖)𝛿𝑖0+1

  (1 + 𝜖)𝑁−1(𝜌̃𝑖)𝑛(1 + 𝜖)d(1 + 𝜖))(∫  
𝑆1
𝐶
  |(𝑢𝑖)0,𝑥(𝑣)|

1+𝜖
 d𝔪𝐶

+(𝑣))

= (1 − (1 + 𝜖)𝜖 + 𝑜(𝜖))∑ 

𝑖

(∫  
(1−𝜖)𝛿

0

  (1 + 𝜖)𝑁−1(𝜌̃𝑖)𝑛(1 + 𝜖)d(1 + 𝜖)) (∫  
𝑆1
𝐶
  |(𝑢𝑖)0,𝑥(𝑣)|

1+𝜖
dm𝐶

+(𝑣)) .

 

In conclusion 

∑  

∞

𝑖0=0

  I𝑎(𝑖0, 𝛿, 𝑛) ≤ (1 + 𝑂(𝜖))∑  
𝑖

(∫  
(1−𝜖)𝛿

0

  (1 + 𝜖)𝑁−1(𝜌̃𝑖)𝑛(1 + 𝜖)d(1 + 𝜖))(∫  
𝑆1
𝐶
  |(𝑢𝑖)0,𝑥(𝑣)|

1+𝜖
 d𝔪𝐶

+(𝑣))  (3.13) 

Estimate of I𝑏(𝑖0, 𝛿, 𝑛) : As 𝛿 → 0, by (3.1) we have 

(𝜙𝑖)𝛿𝑖0(𝐵𝑖0,𝛿) ⊂ 𝐵1+𝜂𝑖(𝛿𝑖0)
𝐶 ∖ 𝐵

(1−𝜂𝑖(𝛿𝑖0))/2

𝐶                                           (3.14) 

So 

𝔪𝐶 ((𝜙𝑖)𝛿𝑖0(𝐵𝑖0,𝛿) ∖ (𝐵1
𝐶 ∖ 𝐵1/2

𝐶 )) = 𝑂 (𝜂𝑖(𝛿𝑖0))                                      (3.15) 

Assume (1 − 𝜂𝑖(𝛿))(1 − 𝜖) >
1

2
. Note that Lip((𝑢𝑖)0,𝑥) = lip(𝑢𝑖)(𝑥), we have 

I𝑏(𝑖0, 𝛿, 𝑛)

=𝛿𝑖0
𝑁+1+𝜖∫  

(𝜙𝑖)𝛿𝑖0
(𝐵𝑖0,𝛿)∖(𝐵1

𝐶∖𝐵1/2
𝐶 )

∑ 

𝑖

  |(𝑢𝑖)0,𝑥(𝑣)|
1+𝜖 (𝜌̃𝑖)𝑛(𝛿𝑖0  d𝐶(𝑣, 0)(1 − 𝜖))

(𝛿𝑖0  d𝐶(𝑣, 0)(1 − 𝜖))
1+𝜖 dm𝐶(𝑣)

≤𝛿𝑖0
𝑁+1+𝜖∬  

(𝜙𝑖)𝛿𝑖0
(𝐵𝑖0,𝛿)∖(𝐵1

𝐶∖𝐵1/2
𝐶 )

∑ 

𝑖

  [(1 + 𝜂𝑖(𝛿))|lip(𝑢𝑖)(𝑥)|]
1+𝜖

(𝜌̃𝑖)𝑛(𝛿𝑖0+1(1 − 𝜂𝑖(𝛿))(1 − 𝜖))

(𝛿𝑖0+1(1 − 𝜂𝑖(𝛿))(1 − 𝜖))
1+𝜖  d𝔪𝐶(𝑣)

≲∑ 

𝑖

𝜂𝑖(𝛿𝑖0)
𝛿𝑖0
𝑁

𝛿𝑖0+1
𝑁 − 𝛿𝑖0+2

𝑁 ((𝛿𝑖0+1
𝑁 − 𝛿𝑖0+2

𝑁 )(𝜌̃𝑖)𝑛(𝛿𝑖0+2))

≲∑ 

𝑖

𝜂𝑖(𝛿)∫  
(𝐵𝛿𝑖0+1

(𝑥)∖𝐵𝛿𝑖0+2
(𝑥))

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖)

 

so that by Assumption 3.5-A) 

∑  

∞

𝑖0=0

  I𝑏(𝑖0, 𝛿, 𝑛) ≲ 𝜂𝑖(𝛿)                                                   (3.16) 

Estimate of II(𝛿, 𝑛) : By monotonicity of 𝛼𝑖(𝛿), 
II(𝛿, 𝑛)

 ≤ 𝐶∑ 

𝑖

𝛼𝑖(𝛿)∑  

∞

𝑖=0

 𝛿𝑖0
1+𝜖∫  

𝐵𝛿𝑖0
(𝑥)∖𝐵𝛿𝑖0+1

(𝑥)

 

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)

𝛿𝑖0+1
1+𝜖  d𝔪(𝑥 + 𝜖)

 = 2(1+𝜖)𝐶∑  

𝑖

𝛼𝑖(𝛿)∫  
𝐵𝛿(𝑥)

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖)

 ≲ 𝛼𝑖(𝛿).

 

Conclusion: By Assumption 3.5-A), 
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lim
𝑛→∞

 ∫  
𝐵𝛿
1+𝜖(𝑥)

∑ 

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖

 d(1+𝜖)(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖)

≤ lim
𝑛→∞

 ∑  

𝑖

[Lip(𝑢𝑖)]
1+𝜖∫  

𝐵𝛿
1+𝜖(𝑥)

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖) = 0 

Combining the estimates obtained above 

lim
𝑛→∞

 ∫  
𝑋

∑ 

𝑖

 
|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|

1+𝜖

 d(1+𝜖)(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖)

= lim
𝑛→∞

 ∫  
𝐵𝛿(𝑥)

 ∑  

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖

 d(1+𝜖)(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖)

≤ lim
𝑛→∞

 (I(𝛿, 𝑛) + II(𝛿, 𝑛))

≤ lim
𝑛→∞

 (1 + 𝑂(𝜖))∑  

𝑖

(∫  
𝛿

0

  (1 + 𝜖)𝑁−1(𝜌𝑖˜ )𝑛(1 + 𝜖)d(1 + 𝜖)) (∫  
𝑆1
𝐶
  |(𝑢𝑖)0,𝑥(𝑣)|

1+𝜖
dm𝐶

+(𝑣)) +∑ 

𝑖

𝑂(𝜂𝑖(𝛿) + 𝛼𝑖(𝛿))

= (1 + 𝑂(𝜖)) (𝔪𝐶
+(𝑆1

𝐶(𝑥0)))
−1

(∫  
𝑆1
𝐶(𝑥0)

 ∑  

𝑖

|(𝑢𝑖)0,𝑥(𝑣)|
1+𝜖

 d𝔪𝐶
+(𝑣)) +∑ 

𝑖

𝑂(𝜂𝑖(𝛿) + 𝛼𝑖(𝛿))

 

where in the last equality we use Assumption 3.5-C). 

Letting 𝛿 → 0 and 𝜖 → 0 we get 

lim
𝑛→∞

 ∫  
𝑋

∑ 

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖

 d(1+𝜖)(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖) ≤ ∫  

𝑆1
𝐶(𝑥0)

 ∑  

𝑖

|(𝑢𝑖)0,𝑥(𝑣)|
1+𝜖

 d𝔪𝐶
+(𝑣)

⏟                      
∑  𝑖 |∇𝑢𝑖|𝐾1+𝜖,𝔢

. 

Note that (𝑢𝑖)0,𝑥 is |lip(𝑢𝑖)(𝑥)|-Lipschitz, we have 

lim
𝑛→∞

 ∫  
𝑋

 ∑  

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖

 d(1+𝜖)(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖) ≤ ∑ 

𝑖

|∇𝑢𝑖|𝐾1+𝜖,𝔢

 ≤ ∫  
𝑆1
𝐶(𝑥0)

 ∑  

𝑖

|lip(𝑢𝑖)(𝑥)|
1+𝜖dm𝐶

+(𝑣) = |lip(𝑢𝑖)(𝑥)|
1+𝜖.

 

Similarly, from the first inequality in (3.12) we can deduce 

lim
𝑛→∞

 ∫  ∑  

𝑖𝑋

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖

 d(1+𝜖)(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖) ≥ ∱  

𝑆1
𝐶
∑ 

𝑖

|(𝑢𝑖)0,𝑥(𝑣)|
1+𝜖

 d𝔪𝐶
+(𝑣). 

Integrating the inequalities above and using Fatou's lemma, we get 

‖|∑ 

𝑖

∇𝑢𝑖|𝐾1+𝜖,𝕖‖

𝐿1

≤ lim
𝑛→∞

 ∑  

𝑖

ℰ𝑛(𝑢𝑖) ≤ lim
𝑛→∞

∑ 

𝑖

ℰ𝑛(𝑢𝑖) 

≤∑ 

𝑖

‖|∇𝑢𝑖|𝐾1+𝜖,𝔢‖𝐿1
≤ ∫  ∑ 

𝑖

|lip(𝑢𝑖)|
1+𝜖dm 

which is the thesis. 

Definition 3.8. For any ∑  𝑖 𝑢𝑖 ∈ 𝑊
1,1+𝜖(𝑋, d,𝔪), ‖∇∑  𝑖 𝑢𝑖‖𝐾1+𝜖,ℭ

1+𝜖  is defined as 

‖∇∑ 

𝑖

𝑢𝑖‖𝐾1+𝜖,ℭ
1+𝜖 : = lim

𝑘→∞
 ∑  

𝑖

‖∇(𝑢𝑖)𝑘‖𝐾1+𝜖,ℭ
1+𝜖  

where ((𝑢𝑖)𝑘)𝑘∈ℕ is a sequence of Lipschitz functions converging to 𝑢𝑖 in 𝑊1,1+𝜖(𝑋, d, 𝔪). 
By density of Lipschitz functions (with bounded support) in 𝑊1,1+𝜖, we know ‖∇𝑢𝑖‖𝐾1+𝜖,ℯ

1+𝜖  is well-defined. In 

other words, the value of lim𝑘→∞  ‖∇(𝑢𝑖)𝑘‖𝐾1+𝜖,ℯ
1+𝜖  is independent of the choice of ((𝑢𝑖)𝑘)𝑘∈ℕ. In general, such 

value can not be written as 𝐾‖D𝑢𝑖‖
1+𝜖 for some universal constant 𝐾, since the space can be anisotropic and the 

function (𝑢𝑖)0,𝑥 is not linear (See Example 4.1 and [20]). 

Theorem 3.9 (see [27]) (Generalized Bourgain-Brezis-Mironescu's formula). Let (X, d, 𝔪 ) be a metric measure 

space satisfying Assumption 3.1, let ((𝜌𝑖)𝑛)𝑛∈ℕ be mollifiers satisfying Assumption 3.5 and 0 < 𝜖 < ∞. Then 

for any 𝑢𝑖 ∈ 𝑊
1,1+𝜖(𝑋, d, 𝔪) 

lim
𝑛→∞

 ∫  
𝑋

 ∫  
𝑋

∑ 

𝑖

 
|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|

1+𝜖

 d(1+𝜖)(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖)

⏟                                          
=ℰ𝑛(𝑢𝑖)

= ‖∑ 

𝑖

∇𝑢𝑖‖𝐾1+𝜖,𝔢
1+𝜖   (3.17) 
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Proof. Let ((𝑢𝑖)𝑘) ⊂ Lip(1+𝜖)(𝑋, d) be such that (𝑢𝑖)𝑘 → 𝑢𝑖 strongly in 𝑊1,1+𝜖(𝑋, d,𝔪). For any 𝜖 ∈ (0,1), 

there is 𝑘0 ∈ ℕ such that 

‖𝑢𝑖 − (𝑢𝑖)𝑘0‖𝑊1,1+𝜖(𝑋, d,𝔪)
< 𝜖,  |‖∑ 

𝑖

∇(𝑢𝑖)𝑘0‖

𝐾1+𝜖,𝔢

− ‖∑ 

𝑖

∇𝑢𝑖‖𝐾1+𝜖,𝔢| < 𝜖                      (3.18) 

By (2.2) and Assumption 3.5-A), there exists 𝑔𝑖 ∈ 𝐿
1+𝜖 with ‖𝑔𝑖‖𝐿1+𝜖(𝑋,𝔪) ≤ 𝑀‖𝑢𝑖‖𝑊1,1+𝜖 such that 

 |∑  

𝑖

(ℰ𝑛

1
1+𝜖((𝑢𝑖)𝑘0) − ℰ𝑛

1
1+𝜖(𝑢𝑖))|

1+𝜖

 Minkowski inequality ≤∑ 

𝑖

ℰ𝑛((𝑢𝑖)𝑘0 − 𝑢𝑖)

 ≤(2.2) ∫  
𝑋

 ∫  
𝑋

 ∑  

𝑖

(𝑔𝑖(𝑥) + 𝑔𝑖(𝑥 + 𝜖))
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖)

 ≤(3.6) 2(1+𝜖)(1 + 𝜖)𝑀(1+𝜖)∑ 

𝑖

‖𝑢𝑖 − (𝑢𝑖)𝑘0‖𝑊1,1+𝜖(𝑋, d,𝔪)

1+𝜖
< 2(1+𝜖)(1 + 𝜖)𝑀(1+𝜖)𝜖(1+𝜖).

 

By Proposition 3.7 and (3.18), there is 𝑛0 ∈ ℕ such that for any 𝑛 > 𝑛0, it holds 

|∑  

𝑖

ℰ𝑛

1
1+𝜖((𝑢𝑖)𝑘0) − ‖∑ 

𝑖

∇(𝑢𝑖)𝑘0‖

𝐾1+𝜖,𝔢

| < 𝜖                                            (3.19) 

Combining the estimates above, we obtain 

|∑  

𝑖

ℰ𝑛

1
1+𝜖(𝑢𝑖) − ‖∑ 

𝑖

∇𝑢𝑖‖𝐾1+𝜖,𝔢|

≤|∑  

𝑖

ℰ𝑛

1
1+𝜖(𝑢𝑖) −∑ 

𝑖

ℰ𝑛

1
1+𝜖((𝑢𝑖)𝑘0)| + |∑ 

𝑖

ℰ𝑛

1
1+𝜖((𝑢𝑖)𝑘0) − ‖∑ 

𝑖

∇(𝑢𝑖)𝑘0‖

𝐾1+𝜖,𝔢

| + |‖∑ 

𝑖

∇(𝑢𝑖)𝑘0‖

𝐾1+𝜖,𝔢

− ‖∑  
𝑖

∇𝑢𝑖‖𝐾1+𝜖,𝔢|

≤2(1+𝜖)(1 + 𝜖)𝑀(1+𝜖)𝜖(1+𝜖) + 2𝜖

 

for any 𝑛 > 𝑛0, which is the thesis. 

Remark 3.10. The value ‖∑  𝑖 ∇𝑢𝑖‖𝐾1+𝜖,𝑒
1+𝜖  depends on the choice of (𝜙𝑖)𝛿. So our results depend on a given 

family of maps (𝜙𝑖)𝛿. So Theorem 3.9 should be understood in this way: if there are (𝜙𝑖)𝛿 and (𝑢𝑖)0,𝑥 fulfils our 

assumption, then the limit on the left hand side of (3.17) exists and it is ‖∑  𝑖 ∇𝑢𝑖‖𝐾1+𝜖,𝔢
1+𝜖 . This is irrelevant to the 

uniqueness of (𝜙𝑖)𝛿 nor (𝑢𝑖)0,𝑥. 

In case ℭ is an 𝑁-dimensional Euclidean space (cf. [10, Theorem 8.11.]), or an 𝑁 dimensional Banach space 

equipped with a smooth norm (cf. [18, §2.3]), or an Heisenberg group (cf. [15, §4.2] ), the limit function (𝑢𝑖)0,𝑥 

is unique up to composing a rotation. In these cases, the value ‖∑  𝑖 ∇𝑢𝑖‖𝐾1+𝜖,ℂ
1+𝜖  is independent on the choice of 

(𝜙𝑖)𝛿. 

3.4. Maz'ya-Shaposhnikova's formula 
Next we will prove Maz'ya-Shaposhnikova's formula in a geometric way. In the formula (3.20), the constant on 

the right-hand side is equal to 2 by the assumption on the mollifiers, and up to rescaling the mollifiers and the 

measure we could recover the original constant in the Maz'ya-Shaposhnikova's formula (1.2). 

Theorem 3.11 (see [27]) (Generalized Maz'ya-Shaposhnikova's formula). Let (X, d,  ) be a noncompact metric 

measure space satisfying Assumption 3.4, ((𝜌𝑖)𝑛)𝑛∈ℕ be mollifiers satisfying Assumption 3.6. For any 𝑢𝑖 ∈ 𝐿
1+𝜖 

with ℰ𝑛0(𝑢𝑖) < +∞ for some 𝑛0 ∈ ℕ, we have 

lim
𝑛→∞

 ∫  
𝑋

 ∫  
𝑋

 ∑  

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖)

⏟                                          
=ℰ𝑛(𝑢𝑖)

= 2∑ 

𝑖

‖𝑢𝑖‖𝐿1+𝜖
1+𝜖 .     (3.20) 

Proof. For 𝑥0 ∈ 𝑋, 𝛿 > 0, we have a decomposition of 𝑋 × 𝑋 

{
 
 

 
 
𝐴:= {(𝑥, 𝑥 + 𝜖): d(𝑥, 𝑥 + 𝜖) ≤ 𝛿}

𝐵:= {(𝑥, 𝑥 + 𝜖): d(𝑥, 𝑥 + 𝜖) > 𝛿} ∩ {(𝑥, 𝑥 + 𝜖): d(𝑥 + 𝜖, 𝑥0) > 2 d(𝑥, 𝑥0) or d(𝑥 + 𝜖, 𝑥0) <
1

2
 d(𝑥, 𝑥0)}

𝐶:= {(𝑥, 𝑥 + 𝜖): d(𝑥, 𝑥 + 𝜖) > 𝛿} ∩ {(𝑥, 𝑥 + 𝜖):
1

2
 d(𝑥, 𝑥0) ≤ d(𝑥 + 𝜖, 𝑥0) ≤ 2 d(𝑥, 𝑥0)}

 

and we divide ℰ𝑛(𝑢𝑖) into the following three parts 
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ℰ𝑛(𝑢𝑖) =∫  
𝐴

∑ 

𝑖

  |𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖)

⏟                                        
I(𝛿,𝑛)

 +∫  
𝐵

 ∑  

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖)

⏟                                        
II(𝛿,𝑛)

 +∫ 
𝐶

 ∑  

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖)

⏟                                        
III(𝛿,𝑛)

.

 

Estimate of I(𝛿, 𝑛) : For any 𝑛 > 𝑛0, by Assumption 3.6-B), it holds 

I(𝛿, 𝑛) = ∫  
𝑋

 (∫  
𝐵𝛿(𝑥+𝜖)

 ∑  

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖(𝜌𝑖)𝑛0(𝑥, 𝑥 + 𝜖)

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)

(𝜌𝑖)𝑛0(𝑥, 𝑥 + 𝜖)
d𝔪(𝑥))d𝔪(𝑥 + 𝜖)

 ≤ ∫  
𝑋

 (∫  
𝐵𝛿(𝑥+𝜖)

 ∑  

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖(𝜌𝑖)𝑛0(𝑥, 𝑥 + 𝜖)

(𝜌̃𝑖)𝑛(𝛿)

(𝜌̃𝑖)𝑛0(𝛿)
d𝔪(𝑥))d𝔪(𝑥 + 𝜖)

 ≤∑ 

𝑖

ℰ𝑛0
1+𝜖(𝑢𝑖)

(𝜌̃𝑖)𝑛(𝛿)

(𝜌̃𝑖)𝑛0(𝛿)
.

 

By (3.7) in Assumption 3.6 we get 

lim
𝑛→+∞

 I(𝛿, 𝑛) = 0                                                     (3.21) 

Estimate of II(𝛿, 𝑛) : For 𝛿 > 0, (𝑥 + 𝜖) ∈ 𝑋 and 

𝑥 ∈ {𝑥: d(𝑥, 𝑥 + 𝜖) > 𝛿, d(𝑥 + 𝜖, 𝑥0) > 2 d(𝑥, 𝑥0)} 
by triangle inequality, 

d(𝑥, 𝑥 + 𝜖) ≥ d(𝑥 + 𝜖, 𝑥0) − d(𝑥0, 𝑥) > d(𝑥 + 𝜖, 𝑥0) −
1

2
 d(𝑥 + 𝜖, 𝑥0) =

1

2
 d(𝑥 + 𝜖, 𝑥0) 

and 

d(𝑥, 𝑥 + 𝜖) ≤ d(𝑥0, 𝑥) + d(𝑥 + 𝜖, 𝑥0) <
3

2
 d(𝑥 + 𝜖, 𝑥0). 

Therefore 

{𝑥: d(𝑥, 𝑥 + 𝜖) > 𝛿, d(𝑥 + 𝜖, 𝑥0) > 2 d(𝑥, 𝑥0)} ⊂ {𝑥:
3

2
 d(𝑥 + 𝜖, 𝑥0) ≥ d(𝑥, 𝑥 + 𝜖) >

1

2
 d(𝑥 + 𝜖, 𝑥0) ∨ 𝛿} 

so that 
1

2
∫  
𝐵

 ∑  

𝑖

|𝑢𝑖(𝑥 + 𝜖)|
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖)

= ∫  
𝑋

 ∑  

𝑖

|𝑢𝑖(𝑥 + 𝜖)|
1+𝜖 (∫  

{𝑥:d(𝑥,𝑥+𝜖)>𝛿,d(𝑥+𝜖,𝑥0)>2 d(𝑥,𝑥0)}

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)) d𝔪(𝑥 + 𝜖)

≤ ∫  
𝑋

 ∑  

𝑖

|𝑢𝑖(𝑥 + 𝜖)|
1+𝜖 (∫  

{𝑥:
3
2

 d(𝑥+𝜖,𝑥0)≥d(𝑥,𝑥+𝜖)>
1
2

 d(𝑥+𝜖,𝑥0)∨𝛿}

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥))d𝔪(𝑥 + 𝜖)

= ∫  
𝑋

∑ 

𝑖

  ||𝑢𝑖(𝑥 + 𝜖)|
1+𝜖

(

 ∫  

 

{𝑥:d(𝑥,𝑥+𝜖)>
1
2

 d(𝑥+𝜖,𝑥0)∨𝛿}

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)

)

 

−∫  
{𝑥:d(𝑥,𝑥+𝜖)>

3
2

 d(𝑥+𝜖,𝑥0)∨𝛿}

(𝜌𝑖)𝑛  (𝑥, 𝑥 + 𝜖)d𝔪(𝑥))d𝔪(𝑥 + 𝜖).

 

By Lemma 3.12, Fatou's lemma and monotone convergence theorem, we have 
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 lim
𝛿→∞

  lim
𝑛→∞

 ∫  
𝑋

 ∑  

𝑖

|𝑢𝑖(𝑥 + 𝜖)|
1+𝜖 (∫  

{𝑥:d(𝑥,𝑥+𝜖)>
1
2

 d(𝑥+𝜖,𝑥0)∨𝛿}

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥))d𝔪(𝑥 + 𝜖)

= lim
𝛿→∞

  lim
𝑛→∞

 ∫  
𝑋

∑ 

𝑖

  |𝑢𝑖(𝑥 + 𝜖)|
1+𝜖 (∫  

{𝑥:d(𝑥,𝑥+𝜖)>
3
2

 d(𝑥+𝜖,𝑥0)∨𝛿}

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥))d𝔪(𝑥 + 𝜖)

= ‖𝑢𝑖‖𝐿1+𝜖
1+𝜖 .

 

Hence 

lim
𝛿→∞

  lim
𝑛→∞

 ∫  
𝐵

 ∑  

𝑖

|𝑢𝑖(𝑥 + 𝜖)|
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖) = 0                           (3.22) 

For 𝑥, 𝑥0 ∈ 𝑋, by triangle inequality we can also prove 

𝐸4 d(𝑥,𝑥0)(𝑥) ⊂ {(𝑥 + 𝜖) ∈ 𝑋: d(𝑥 + 𝜖, 𝑥0) > 2 d(𝑥, 𝑥0)} ⊂ 𝐸d(𝑥,𝑥0)(𝑥) 

where 𝐸1+𝜖(𝑥) denotes the set {(𝑥 + 𝜖): d(𝑥 + 𝜖, 𝑥) > (1 + 𝜖)}. So 

2∫  
𝑋

∑ 

𝑖

|𝑢𝑖(𝑥)|
1+𝜖 (∫  

𝐵d(𝑥,𝑥0)∨𝛿
1+𝜖 (𝑥)

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖))d𝔪(𝑥) 

 ≥ ∫  
𝐵

 ∑  

𝑖

|𝑢𝑖(𝑥)|
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖)

 = 2∫  
𝑋

 ∑  

𝑖

|𝑢𝑖(𝑥)|
1+𝜖((𝜌𝑖){(𝑥+𝜖):d(𝑥+𝜖,𝑥)>𝛿,d(𝑥+𝜖,𝑥0)>2 d(𝑥,𝑥0)}

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖))d𝔪(𝑥)

 ≥ 2∫  
𝑋

 ∑  

𝑖

|𝑢𝑖(𝑥)|
1+𝜖 (∫  

𝐸4 d(𝑥,𝑥0)∨𝛿

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖))d𝔪(𝑥)

 

By Lemma 3.12, Fatou's lemma and monotone convergence theorem, we obtain 

lim
𝛿→∞

  lim
𝑛→∞

 ∫  
𝐵

 ∑  

𝑖

|𝑢𝑖(𝑥)|
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖) = 2‖𝑢𝑖‖𝐿1+𝜖

1+𝜖                       (3.23) 

Combining with (3.22), we get 

lim
𝛿→∞

  lim
𝑛→∞

 II(𝛿, 𝑛) = 2‖𝑢𝑖‖𝐿1+𝜖
1+𝜖                                               (3.24) 

Estimate of III(𝛿, 𝑛): By triangle inequality we can also prove 

𝐶 ⊂ {(𝑥, 𝑥 + 𝜖): d(𝑥, 𝑥 + 𝜖) > 𝛿, d(𝑥 + 𝜖, 𝑥0) >
𝛿

3
, d(𝑥, 𝑥0) >

𝛿

3
}                      (3.25) 

Thus 

III(𝛿, 𝑛) = ∫ 
𝐶

 ∑  

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖)

≤2𝜖∑ 

𝑖

(∫ 
𝐶

  |𝑢𝑖(𝑥)|
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖) + ∫ 

𝐶

  |𝑢𝑖(𝑥 + 𝜖)|
1+𝜖(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖))

≤2𝜖∫  
d(𝑥,𝑥0)>

𝛿
3

 ∑  

𝑖

|𝑢𝑖(𝑥)|
1+𝜖 (∫  

d(𝑥,𝑥+𝜖)>𝛿

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖)) d𝔪(𝑥)

+2𝜖∫  
d(𝑥+𝜖,𝑥0)>

𝛿
3

 ∑  

𝑖

|𝑢𝑖(𝑥 + 𝜖)|
1+𝜖 (∫  

∫

d(𝑥,𝑥+𝜖)>𝛿

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥))d𝔪(𝑥 + 𝜖)

≤2(1+𝜖)∫  
d(𝑥,𝑥0)>

𝛿
3

∑ 

𝑖

  |𝑢𝑖(𝑥)|
1+𝜖( ∫  

⏟

 

d(𝑥,𝑥+𝜖)>𝛿

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖))d𝔪(𝑥).

 

By Fatou's lemma 

lim
𝑛→∞

 III(𝛿, 𝑛) ≤ 2(1+𝜖)∫  
d(𝑥,𝑥0)>

𝛿
3

∑ 

𝑖

|𝑢𝑖(𝑥)|
1+𝜖 lim

𝑛→∞
 (∫  

d(𝑥,𝑥+𝜖)>𝛿

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖)) d𝔪(𝑥). 

Fix 𝜖 ≥ 0. By monotone convergence theorem 

lim
𝛿→∞

  lim
𝑛→∞

 III(𝛿, 𝑛) ≤ 2(1+𝜖)∫  
d(𝑥,𝑥0)>

1+2𝜖
3

∑ 

𝑖

|𝑢𝑖(𝑥)|
1+𝜖 lim

𝛿→∞
  lim
𝑛→∞

 (∫  
d(𝑥,𝑥+𝜖)>𝛿

  (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖)) d𝔪(𝑥). 

Then by Lemma 3.12 below, we get 
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lim
𝛿→∞

  lim
𝑛→∞

 III(𝛿, 𝑛) ≤ 2(1+𝜖)∫  
d(𝑥,𝑥0)>

1+2𝜖
3

∑ 

𝑖

|𝑢𝑖(𝑥)|
1+𝜖dm(𝑥) →

𝜖→∞
0. 

Combining with (3.21) and (3.24) we get the conclusion. 

Lemma 3.12 (see [27]). Let (𝑋, d,𝔪) be a space satisfying Assumption 3.4 and ((𝜌𝑖)𝑛)𝑛∈ℕ be mollifiers 

satisfying Assumption 3.6. Then for any 𝑥 ∈ 𝑋, 

lim
𝛿→+∞

  lim
𝑛→+∞

 ∫  
𝐸𝛿(𝑥)

∑ 

𝑖

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)dm(𝑥 + 𝜖) = 1 

Proof. For 𝛿 > 0 and 𝑛 ∈ ℕ, by Cavalieri's formula (cf. [3, Chapter 6]) 

 ∫  
𝐸𝛿(𝑥)

 ∑  

𝑖

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖) = ∫  
(𝜌̃𝑖)𝑛(𝛿)

0

∑ 

𝑖

 𝔪({(𝑥 + 𝜖): (1 + 𝜖) < (𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖) < (𝜌̃𝑖)𝑛(𝛿)})d(1 + 𝜖)

= ∫  
(𝜌̃𝑖)𝑛(𝛿)

0

 ∑  

𝑖

𝔪(𝐵(𝜌̃𝑖)𝑛−1(1+𝜖)(𝑥) ∖ 𝐵𝛿(𝑥)) d(1 + 𝜖) = ∫  
(𝜌̃𝑖)𝑛(𝛿)

0

 ∑  

𝑖

𝔪(𝐵(𝜌̃𝑖)𝑛−1(1+𝜖)(𝑥)) d(1 + 𝜖) − 𝔪(𝐵𝛿(𝑥))(𝜌̃𝑖)𝑛(𝛿).

 

By assumption, 𝔪(𝐵𝛿(𝑥)) = AVR(𝑋, d,𝔪)(1 + 𝑜(1))𝛿
𝑁 as 𝛿 → +∞. So 

 ∫  
(𝜌̃𝑖)𝑛(𝛿)

0

∑ 

𝑖

 𝔪 (𝐵(𝜌̃𝑖)𝑛−1(1+𝜖)(𝑥)) d(1 + 𝜖)

= ∫  
(𝜌̃𝑖)𝑛(𝛿)

0

 ∑  

𝑖

AVR(𝑋, d,𝔪)(1 + 𝑜(1))((𝜌̃𝑖)𝑛
−1(1 + 𝜖))

𝑁
 d(1 + 𝜖)

 

 let 𝑡 = (𝜌̃𝑖)𝑛
−1(1 + 𝜖) = (1 + 𝑜(1))AVR(𝑋, d,𝔪)∫  

𝛿

+∞

∑ 

𝑖

𝑡𝑁(𝜌̃𝑖)𝑛
′ (𝑡)d𝑡 

by integration by parts = (1 + 𝑜(1))AVR(𝑋, d,𝔪)∑  𝑖 ((𝜌̃𝑖)𝑛(𝛿)𝛿
𝑁 + ∫

𝛿

+∞
 𝑁𝑡𝑁−1(𝜌̃𝑖)𝑛(𝑡)d𝑡). 

Then by (3.7) and (3.8) in Assumption 3.6 we get 

lim
𝛿→+∞

  lim
𝑛→+∞

 ∫  
𝐸𝛿(𝑥)

∑ 

𝑖

(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥 + 𝜖) = 1,  ∀𝑥 ∈ 𝑋 

4. Applications and examples 
We present several applications of Theorem 3.9 and Theorem 3.11 (see [27]). 

Bourgain-Brezis-Mironescu type formula 
The first application extends a result of M. Ludwig [20] concerning finite dimensional Banach spaces with 

general mollifiers. We remark that the proof in [20] relies on Blaschke-Petkantschin formula, which works only 

for a very specific class of mollifiers. 

Example 4.1 (Anisotropic spaces). Let ℭ = (ℝ𝑁 , ‖ ⋅ ‖, ℒ𝑁) be an 𝑁-dimensional Banach space equipped with 

the Lebesgue measure ℒ𝑁, and let ((𝜌𝑖)𝑛)𝑛∈ℕ be mollifiers satisfying Assumption 3.5. Then 

lim
𝑛→∞

 ∫  
ℝ𝑁
 ∫  
ℝ𝑁
 ∑  

𝑖

|𝑓𝑖(𝑥) − 𝑓𝑖(𝑥 + 𝜖)|
1+𝜖

‖𝜖‖1+𝜖
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝑥 d(𝑥 + 𝜖) 

= ∫  
ℝ𝑁
 ∱  

𝑆1
𝒞
∑ 

𝑖

|∇𝑓𝑖 ⋅ 𝑣|
1+𝜖 dℋ‖⋅‖

𝑁−1(𝑣)d𝑥                                   (4.1) 

where 𝐵1
ℭ is the unit ball in ℭ centred at 0 and 𝑆1

ℭ is its boundary, ℋ‖⋅‖
𝑁−1 is the boundary measure. 

Proof. Let {(𝜑𝑖)1+𝜖}𝑖,𝜖≥0 be a family of dilations with respect to a fixed point 𝑥, i.e. (𝜑𝑖)1+𝜖(𝑥 + 𝜖) = 𝑥 + (1 +
𝜖)(𝜖). Obviously {(𝜑𝑖)1+𝜖}𝑖,𝜖≥0 satisfy Assumption 3.1-A) with 𝜂𝑖 ≡ 0. 

Let 𝑓𝑖 be a Lipschitz function and 𝑥 ∈ ℝ𝑁 be a differentiable point of 𝑓𝑖 with respect to the Euclidean norm | ⋅ |. 
By Rademacher's theorem on Euclidean spaces and [10, Theorem 10.2], the union of such points has full 

measure, and {(𝑓𝑖)1+𝜖,𝑥}𝜖≥0 converge uniformly to a linear function (𝑓𝑖)0,𝑥(𝑣) = ∇𝑓𝑖 ⋅ 𝑣 as 𝜖 → 0. Since the 

norm ‖ ⋅ ‖ and the Euclidean norm are equivalent, {(𝑓𝑖)1+𝜖,𝑥}𝜖≥0 also converge to (𝑓𝑖)0,𝑥 in ‖ ⋅ ‖. So Assumption 

3.1-B) is fulfilled. 

Remark 4.2. In [20], the author studies 

lim
𝜖→0−

 (𝜖)∫  
ℝ𝑁
∫  
ℝ𝑁
∑ 

𝑖

|𝑓𝑖(𝑥) − 𝑓𝑖(𝑥 + 𝜖)|
1+𝜖

‖𝜖‖𝑁+(1−𝜖
2) 

 d𝑥 d(𝑥 + 𝜖) 

for 𝑓𝑖 ∈ 𝑊
1,1+𝜖(ℝ𝑁 , ‖ ⋅ ‖). Note that the mollifiers 

𝜖

‖𝜖‖𝑁+(1−𝜖
2)
 
−(1+𝜖)

 are not globally integrable, which do not 

satisfy Assumption 3.5-A). However, the limit 
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lim
𝜖→0−

 (𝜖)∫  
ℝ𝑁
∫  
ℝ𝑁
∑ 

𝑖

|𝑓𝑖(𝑥) − 𝑓𝑖(𝑥 + 𝜖)|
1+𝜖

‖𝜖‖𝑁+(1−𝜖
2) 

 d𝑥 d(𝑥 + 𝜖) 

exists for 𝑓𝑖 ∈ 𝐿
1+𝜖(ℝ𝑁) if and only if the limit 

lim
𝜖→0−

 (𝜖)∫  
Ω

∫  
Ω

∑ 

𝑖

|𝑓𝑖(𝑥) − 𝑓𝑖(𝑥 + 𝜖)|
1+𝜖

‖𝜖‖𝑁+(1−𝜖
2) 

 d𝑥 d(𝑥 + 𝜖) 

exists for any 𝑓𝑖 ∈ 𝐿
1+𝜖(Ω) and any bounded open set Ω containing the origin. In the latter case, mollifiers 

𝜖

‖𝜖‖𝑁+(1−𝜖)
2−(1+𝜖)

 are uniformly integrable on Ω so that we can apply our theorem. 

In this case, we obtain 

 lim
𝜖→0−

 (𝜖)∫  
ℝ𝑁
 ∫  
ℝ𝑁
 ∑  

𝑖

|𝑓𝑖(𝑥) − 𝑓𝑖(𝑥 + 𝜖)|
1+𝜖

‖𝜖‖𝑁+(1−𝜖
2)

 d𝑥 d(𝑥 + 𝜖)

=𝐶0∫  
ℝ𝑁
 ∫  
𝑆1
𝔠
 ∑  

𝑖

|∇𝑓𝑖 ⋅ 𝑣|
1+𝜖 dℋ‖⋅‖

𝑁−1(𝑣)d𝑥

 

where by definition the constant 𝐶0 is given by 

𝐶0 = lim
𝜖→0−

 (𝜖)∫  
𝛿

0

(1 + 𝜖)𝑁−1(1 + 𝜖)−𝑁−(1−𝜖)(1+𝜖)+(1+𝜖) d(1 + 𝜖) =
1

1 + 𝜖
 

Note that 

 ∫  
𝐵1
𝕔
 ∑  

𝑖

|∇𝑓𝑖 ⋅ 𝑣|
1+𝜖 dℒ𝑁(𝑣)

= ∫  
1

0

 ∫  
𝑆1+𝜖
𝕖
 ∑  

𝑖

|∇𝑓𝑖 ⋅ 𝑣|
1+𝜖 dℋ‖⋅‖

𝑁−1(𝑣)d(1 + 𝜖)

 

 By change of variable  = ∫  
1

0

 ∫  
𝑆1
𝔠
∑ 

𝑖

  |∇𝑓𝑖 ⋅ (1 + 𝜖)𝑣|
1+𝜖 dℋ‖⋅‖

𝑁−1((1 + 𝜖)𝑣)d(1 + 𝜖)

 = ∫  
1

0

  (1 + 𝜖)𝜖+𝑁 (∫  
𝑆1
𝔠
∑ 

𝑖

  |∇𝑓𝑖 ⋅ 𝑣|
1+𝜖 dℋ‖⋅‖

𝑁−1(𝑣))d(1 + 𝜖)

 =
1

1 + 𝜖 + 𝑁
∫  
𝑆1
𝕔
 ∑  

𝑖

|∇𝑓𝑖 ⋅ 𝑣|
1+𝜖 dℋ‖⋅‖

𝑁−1(𝑣)

 

Then we reprove the formula obtained in [20] 

 lim
𝜖→0−

 (𝜖)∫  
ℝ𝑁
 ∫  
ℝ𝑁
∑ 

𝑖

 
|𝑓𝑖(𝑥) − 𝑓𝑖(𝑥 + 𝜖)|

1+𝜖

‖𝜖‖𝑁+(1−𝜖)
2  d𝑥 d(𝑥 + 𝜖)

=
1 + 𝜖 + 𝑁

1 + 𝜖
∫  
ℝ𝑁
 ∫  
𝐾

 ∑  

𝑖

|∇𝑓𝑖 ⋅ 𝑣|
1+𝜖 dℒ𝑁(𝑣)d𝑥

 

where 𝐾:= 𝐵1
ℭ is a convex body. 

Example 4.3 (Euclidean spaces). Let ℭ = (ℝ𝑁 , | ⋅ |, ℒ𝑁) be the 𝑁-dimensional Euclidean space equipped with 

the Euclidean distance and the Lebesgue measure, and ((𝜌𝑖)𝑛)𝑛 be a family of mollifiers satisfying Assumption 

3.5. Then 

lim
𝑛→∞

 ∫  
ℝ𝑁
 ∫  
ℝ𝑁
∑ 

𝑖

 
|𝑓𝑖(𝑥) − 𝑓𝑖(𝑥 + 𝜖)|

1+𝜖

|𝜖|1+𝜖
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝑥 d(𝑥 + 𝜖) = 𝐾1+𝜖,𝑁∑ 

𝑖

‖∇𝑓𝑖‖𝐿1+𝜖
1+𝜖   (4.2) 

where 

𝐾1+𝜖,𝑁: = ℒ
𝑁(𝐵1

𝑁)∱  
𝑆1
𝑁
∑ 

𝑖

|𝑤𝑖 ⋅ 𝑣|
1+𝜖 dℋ𝑁−1(𝑣) 

is a constant independent of the choice of 𝑤𝑖 in an 𝑁-dimensional unit sphere 𝑆1
𝑁, and ℒ𝑁(𝐵1

𝑁) =
𝜋
𝑁
2

Γ(
𝑁

2
+1)

 is the 

volume of the 𝑁-dimensional unit ball 𝐵1
𝑁. 

Proof. Notice that 

∱  
𝑆1
𝑁
∑ 

𝑖

|∇𝑓𝑖 ⋅ 𝑣|
1+𝜖 dℋ𝑁−1(𝑣) =∑ 

𝑖

|∇𝑓𝑖|
1+𝜖∱  

𝑆1
𝑁
|
∇𝑓𝑖
|∇𝑓𝑖|

⋅ 𝑣|
1+𝜖

 dℋ𝑁−1(𝑣). 
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By isotropicity of the Euclidean space, we know 

∱  
𝑆1
𝑁
∑ 

𝑖

|
∇𝑓𝑖
|∇𝑓𝑖|

⋅ 𝑣|
1+𝜖

 dℋ𝑁−1(𝑣) = ∱  
𝑆1
𝑁
∑ 

𝑖

|𝑤𝑖 ⋅ 𝑣|
1+𝜖 dℋ𝑁−1(𝑣) ∀𝑤𝑖 ∈ 𝑆1

𝑁 . 

Then the assertion follows from Example 4.1. 

Example 4.4 (Riemannian manifolds, cf. [19]). Let ( 𝑀,  d𝑔𝑖 , Vol𝑔𝑖 ) be an 𝑁-dimensional compact Riemannian 

manifold, and ((𝜌𝑖)𝑛)𝑛 be mollifiers satisfying Assumption 3.5. Then 

lim
𝑛→∞

 ∫  
𝑀

 ∫  
𝑀

 ∑  

𝑖

|𝑓𝑖(𝑥) − 𝑓𝑖(𝑥 + 𝜖)|
1+𝜖

 d(1+𝜖)(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)dVol𝑔𝑖(𝑥)dVol𝑔𝑖(𝑥 + 𝜖) = 𝐾1+𝜖,𝑁∑ 

𝑖

‖∇𝑓𝑖‖𝐿1+𝜖(𝑀,Vol𝑔𝑖)
1+𝜖      (4.3) 

where 

𝐾1+𝜖,𝑁: = ℒ
𝑁(𝐵1

𝑁)∱  
𝑆1
𝑁
∑ 

𝑖

|𝑤𝑖 ⋅ 𝑣|
1+𝜖 dℋ𝑁−1(𝑣) 

is the same constant as the constant appeared in (4.2). 

Proof. On an 𝑁-dimensional Riemannian manifold, the tangent space is unique and isometric to ℝ𝑁. We can 

construct {(𝜑𝑖)𝛿}𝑖,𝛿>0 by exponential maps. Then the assertion follows from Theorem 3.9 and the constant 

𝐾1+𝜖,𝑁 is the same as the asymptotic formula for Euclidean space. 

Example 4.5 (Carnot groups). Let (𝑋, d, 𝔪 ) be an 𝑚-dimensional equi-regular subRiemannian manifold with 

homogeneous dimension 𝑁 ≥ 𝑚, equipped with the Carnot Carathéodory metric d and the associated Hausdorff 

measure 𝔪 = ℋd
𝑁. Let ((𝜌𝑖)𝑛)𝑛 be mollifiers satisfying Assumption 3.5. We have 

lim
𝑛→∞

 ∫  
𝑋

 ∫  
𝑋

∑ 

𝑖

 
|𝑓𝑖(𝑥) − 𝑓𝑖(𝑥 + 𝜖)|

1+𝜖

 d(1+𝜖)(𝑥, 𝑥 + 𝜖)
(𝜌𝑖)𝑛(𝑥, 𝑥 + 𝜖)d𝔪(𝑥)d𝔪(𝑥 + 𝜖) =∑ 

𝑖

‖∇𝑓𝑖‖𝐾1+𝜖,𝔠
1+𝜖  (4.4) 

where 

‖∇𝑓𝑖‖𝐾1+𝜖,ℭ
1+𝜖 = ℒ𝑚(𝐵1

ℭ)∫  
𝑋

∱  
𝑆1
𝔠
∑ 

𝑖

|D𝑣𝑓𝑖|
1+𝜖 dℋd𝐶𝐶

𝑁−1(𝑣)d𝔪 

where 𝐵1
ℭ is the unit ball in the tangent cone ℭ = (ℝ𝑚,  d𝐶𝐶 , ℒ

𝑚 = ℋd𝐶𝐶
𝑁 ) centred at 0, 𝑆1

ℭ denotes its boundary 

and ℋd𝐶𝐶
𝑁−1 is the boundary measure, and D𝑣𝑓𝑖 is Pansu's derivative of 𝑓𝑖 in the direction 𝑣. 

Proof. Let us check Assumption 3.1. 

A) It was proved by Mitchell in [21, Theorem 1] (see also [24]) that the tangent space of a sub-Riemannian 

manifold equipped with a equi-regular (or called generic) distribution, is isometric to a nilpotent Lie group 

(Carnot group) with a left-invariant Carnot-Carathéodory metric d𝐶𝐶 . 

Similar to Riemannian manifolds, at any point 𝑥 on a sub-Riemannian manifold, there are almost isometries 
(𝜙𝑖)𝛿 induced by exponential maps. More precisely, there exist positive constants (1 + 𝜖), such that (see [6, 

Theorem 6.4]) (𝜑𝑖)𝛿(𝑥) = 0 and 

−(1 + 𝜖) d(𝑥, 𝑥 + 𝜖) (𝛿d𝐶𝐶(0, (𝜙𝑖)𝛿(𝑥 + 𝜖)))

1
1+𝜖

< d(𝑥, 𝑥 + 𝜖) − 𝛿d𝐶𝐶(0, (𝜙𝑖)𝛿(𝑥 + 𝜖)) 

< (1 + 𝜖) d(𝑥, 𝑥 + 𝜖) (𝛿d𝐶𝐶(0, (𝜙𝑖)𝛿(𝑥 + 𝜖)))

1
1+𝜖

  𝑣          (4.5) 

for some 𝜖 ≥ 0. Denote 𝛿d𝐶𝐶(0, (𝜙𝑖)𝛿(𝑥 + 𝜖)) by |𝑤𝑖|. By iteration use of (4.5) we get 

d(𝑥, 𝑥 + 𝜖) < |𝑤𝑖| + (1 + 𝜖) d(𝑥, 𝑥 + 𝜖)|𝑤𝑖|
1
1+𝜖 < |𝑤𝑖| + (1 + 𝜖) (|𝑤𝑖| + (1 + 𝜖) d(𝑥, 𝑥 + 𝜖)|𝑤𝑖|

1
1+𝜖) |𝑤𝑖|

1
1+𝜖 < ⋯

 < |𝑤𝑖|(1 + 𝑂(|𝑤𝑖|))
 

Similarly, we can prove 

d(𝑥, 𝑥 + 𝜖) > |𝑤𝑖|(1 + 𝑂(|𝑤𝑖|)) 
Thus 

d(𝑥, 𝑥 + 𝜖)

𝛿d𝐶𝐶(𝑥0, (𝜙𝑖)𝛿(𝑥 + 𝜖))
= 1 + 𝑂(𝛿) 

B) By Pansu's theorem [24, Théorèm 2] concerning Rademacher-Stepanov theorem on sub-Riemannian 

manifolds, we know Lipschitz functions are almost everywhere differentiable and the limit of the rescaling 

functions can be written as a linear function D𝑣𝑓𝑖(𝑥) in the sense of Pansu (cf. [24, A. Différentiabilité]). In 

particular, this limit function is unique with respect to the almost isometries (𝜙𝑖)𝛿, in the sense of Definition 2.1. 

Then the formula (4.4) follows from Theorem 3.9. 

 

 

Maz'ya-Shaposhnikova type formula 
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We list some spaces satisfying the volume growth condition in Assumption 3.4. More mollifiers other than 

(𝜌𝑖)(1−𝜖)(𝑥, 𝑥 + 𝜖) =
1−𝜖

 d(𝑥,𝑥+𝜖)𝑁+(1−𝜖
2)
 , and more discussions concerning asymptotic volume ratio, curvature-

dimension conditions and rigidity, will be discussed in [17]. 

Example 4.6 (Euclidean spaces). It is known that AVR(ℝ𝑁,|⋅|,ℒ𝑁) = 𝜔𝑁 =
|𝑆𝑁−1|

𝑁
 where 𝜔𝑁 =

𝜋
𝑁
2

Γ(
𝑁

2
+1)

 denotes the 

volume of an 𝑁-dimensional unit ball and |𝑆𝑁−1| denotes its surface area. By Theorem 3.11 and a direct 

computation 

∫  
+∞

𝛿

(1 − 𝜖)𝑁(1 + 𝜖)𝑁−1/(1 + 𝜖)𝑁+(1−𝜖
2) d(1 + 𝜖) =

𝑁

1 + 𝜖
𝛿−(1−𝜖

2) 

we get Maz'ya-Shaposhnikova's formula [22, Theorem 3]: 

lim
𝜖↓0
 (1 − 𝜖)∫  

ℝ𝑁
∫  
ℝ𝑁
∑ 

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖

|𝜖|𝑁+(1−𝜖
2)

 dℒ𝑁(𝑥)dℒ𝑁(𝑥 + 𝜖) =
2|𝑆𝑁−1|

1 + 𝜖
∑ 

𝑖

‖𝑢𝑖‖𝐿1+𝜖(ℝ𝑁)
1+𝜖  

Example 4.7 (Finite dimensional Banach spaces). Let (ℝ𝑁 , ‖ ⋅ ‖, ℒ𝑁) be an 𝑁 dimensional Banach space. Denote 

by |𝐾| the volume of a unit ball 𝐾. Applying Theorem 3.11, we get Ludwig's result [20, Theorem 2] for 

anisotropic fractional Sobolev norms: 

lim
𝜖↓0
 (1 − 𝜖)∫  

ℝ𝑁
∫  
ℝ𝑁
∑ 

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖

‖𝜖‖𝑁+(1−𝜖
2)

 dℒ𝑁(𝑥)dℒ𝑁(𝑥 + 𝜖) =
2𝑁

1 + 𝜖
|𝐾|∑ 

𝑖

‖𝑢𝑖‖𝐿1+𝜖(ℝ𝑁)
1+𝜖  

Example 4.8 (MCP spaces). Let (𝑋, d,𝔪 ) be a metric measure space satisfying the so-called Measure 

Contraction Property MCP(0,𝑁), a synthetic curvature-dimension condition of metric measure spaces introduced 

independently by Ohta [23] and Sturm [26], as a generalization of 𝑁-dimensional Riemannian manifolds with 

non-negative Ricci curvature. By [26, Theorem 2.3], the generalized Bishop-Gromov volume growth inequality 

holds. 

In this case, for the mollifiers (𝜌𝑖)(1−𝜖)(𝑥, 𝑥 + 𝜖) =
1−𝜖

 d(𝑥,𝑥+𝜖)𝑁+(1−𝜖
2)
, 𝜖 > 0, we have 

lim
𝜖↓0
 ∫  
𝑋

∫  
𝑋

∑ 

𝑖

|𝑢𝑖(𝑥) − 𝑢𝑖(𝑥 + 𝜖)|
1+𝜖

 d(𝑥, 𝑥 + 𝜖)𝑁+(1−𝜖
2)

dm(𝑥)d𝔪(𝑥 + 𝜖) =
2𝑁

1 + 𝜖
AVR(𝑋, d,𝔪)∑ 

𝑖

‖𝑢𝑖‖𝐿1+𝜖
1+𝜖  

Example 4.9 (Sub-Riemannian manifolds). Let 𝔾 = (ℝ𝑑 ,  d𝐶𝐶 , ℒ
𝑑) be a Carnot group endowed with the Carnot-

Carathéodory distance d𝐶𝐶  and the Lebesgue measure ℒ𝑑. It is well known that ℒ𝑑(𝐵(𝑥, 1 + 𝜖)) = (1 +

𝜖)𝑁ℒ𝑑(𝐵(0,1)) where 𝑁 ∈ ℕ is the homogeneous dimension. It can be seen that AVR(𝔾,d𝐶𝐶,ℒ𝑑) = ℒ
𝑑(𝐵1

𝔾(0)). 

Recently, as a consequence of interpolation inequalities proved by Barilari and Rizzi [7] on some ideal sub-

Riemannian manifolds, more examples of spaces verifying MCP have been found, such as generalized H-type 

groups, the Grushin plane and Sasakian structures. 
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