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Abstract
Following B.-X. Han [27] we study the well-known asymptotic formulas for fractional Sobolev functions
of the Pioneer authors [5] and [27], in a geometric approach. We show that the key to these asymptotic
formulas are Rademacher's theorem and volume growth at infinity respectively. We consider some
related examples fitting the framework includes Euclidean spaces, Riemannian manifolds, Alexandrov
spaces, finite dimensional Banach spaces, and some ideal sub-Riemannian manifolds with a bit changes.
Keywords: Fractional Sobolev space, Sobolev space, Rademacher’s theorem, Metric measure space.
1. Introduction
After the pioneer works of [5] and [22], the study of fractional seminorms got new interest. In [5,22], the authors
revealed that the fractional (1 — €)-seminorms can be seen as intermediary functionals between the L'*€-norm
and the Wl1*€-seminorms. Precisely, for any 0 <e <1,N € N and e > 0, the fractional Sobolev space
wi-elte(RN) is defined as the union of f; € L**¢(RN) with

1

A0 — fix + 1+ e
Ifillwi-er+e: = (JRN JRN Z l |6|N‘:'(1—62) dx d(x +€) < o0,
i

The following well-known asymptotic formulas were proved in [5] and [22]:

lim (&) filliy=eave = K|[VAIlLe Vi € WHHRY), (1.1)
lim (1 = ©)llfillyi=eare = LIfill % Vf; € U Wil e(RY) (1.2)
—1<e<0

where K, L are constants depending on (1 + €) and N only.

Both formulas (1.1) and (1.2) have been widely studied in the view of analysis, probability theory and geometry,
and generalized to many different settings such as Carnot groups [11], Riemannian manifolds [19], anisotropic
spaces [20], RCD metric measure spaces [16,17]), heat semi-group mollifiers [25], ball Banach function spaces
[12], and many new approaches to these formulas such as [9,13].

It is still an interesting and challenging problem to find more examples satisfying such asymptotic formulas.
Motivated by a recent seminal work of [15] about a (1.1) type formula in metric spaces with Euclidean tangents,
we realized that (1.1) and (1.2) hold in great generality.

B.-X. Han [27] give a geometric understanding to the asymptotic formulas, and focus on three basic models:
Euclidean space, finite-dimensional Banach space and Carnot group. We will show that the key of (1.1) is the
infinitesimal structure (small scale) and the key of (1.2) is the volume growth at infinity (large scale).

In our three models, the tangent cone at a point and the tangent cone at infinity are isometric to the underlying
spaces, so these properties and their differences are often overlooked.

As an application, we get a unified proof to several already known results, including [5] and [22] in R™, [20] in
finite dimensional Banach spaces and [19] in weighted Riemannian manifolds, and we give a full
characterization of the constants K and L in (1.1) and (1.2) respectively. We also show that the asymptotic
formulas are valid for more mollifiers (see [27]).

We present some notions, of Sobolev spaces and Rademacher's theorem, in the setting of metric measure spaces.
We start by posing the basic assumptions and then prove the main results. In order to focus on the ‘geometric
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approach’, we will not pose the most general assumptions, but we can find some weaker assumptions without
modifying our proof a lot. Finally, we provide several non-trivial and relevant examples satisfying the
assumptions (see [27]).
2. Preliminaries
A metric measure space (X, d,m) is a triple, where (X, d) is a complete separable metric space, m is the N-
dimensional Hausdorff measure w.r.t. d for some N € N.
Given f;: X = R, the local Lipschitz constant lip(f;): X — [0, o] is defined as

— lfix+€) — fi(x)]

lip(f))(x):= xilerr_l)x dxx+e) if x is not isolated, 0 otherwise. (2.1)

The Lipschitz constant is defined as
| fix + 6 — i@
Lip(fu): = iig d(x,x + €)
If Lip(f;) < o, we call f;Lipschitz and write f; € Lip(X, d). We denote by Lip, (X, d) the collection of
Lipschitz functions with bounded support.
Let 0 < € < . We say that a function f; € L**€(X,m) is in the Sobolev space W11t€(X, d, m) if there is a
sequence of Lipschitz functions ((f;),)nen CONVerging to f; in L1*€(X, m), such that

lim infj lip((f)) € dm < o0
n—-oo X

It is known (cf. [2]) that for any f; € W11t€(X, d, m), there is a unique function |Df;|;,. € L1*¢(X,m), called
minimal (1 + €)-weak upper gradient, such that

fumﬁﬁmn=mﬂmmmjﬁm«ﬂnrﬂmmuwneumuaa)uwnaﬁml“%xmﬂ
X n-0w Jx

If (X, d, m) is the Euclidean space, |Df; |, coincides m-a.e. with the modulus of the distributional differential of
fi- In many situations, like Pl spaces (i.e. it is doubling and it satisfies a (1 + €)-Poincaré inequality, cf. [10]) or
RCD(K, o) spaces (cf. [14]), |Df;|1+¢ is independent on (1 + €). In this paper, we will neglect the parameter
(1 + €) and denote |Df;|1+c by |Df;].

The Sobolev space W1*€(X, d, m) endowed with the norm

|Iﬁ||$f1+e(x, am)' = ||ﬁ||1f+66(x,m) Iy |I|Dﬁ|||iffe(x,m)
is a Banach space. For any f; € Wl1t€(X,d, m), by [2] there exists a sequence ((fi)n)neny € Lipp(X, d)
converging to f; in L1*€(X, m) such that

Jim [ Wip(n) = IDAII<dm = 0

Furthermore, if (X, d, m) is a Pl space, by [1, Corollary 7.5, Proposition 7.6], there is ((f;)n)nen € Lipp (X, d)
converging to f; strongly in Wt1+e,
The Hajlasz-Sobolev space M11+€(X, d, m) is the space consisting of all u; € W11*¢(X, d, m) satisfying

|lu; () —ui(x +€)] <d(x,x +€)(gi(x) + gi(x +€)) ae.x,x+e€X (2.2)
for some g; € L1*¢(X, m) with gill e xmy < M|ug|lyra+e for some universal constant M. If (X, d,m) is a Pl
space (cf. [15, Lemma 2.3]), WL1*€(X, d, m) coincides with MY1*€(X, d, m).
Rademacher’s theorem
Given f; € Lip(X, d),x € X and € > 0. The rescaling function (f;)1+¢ is defined as

filx+ O - fi(®)

(Fisex(x + €= e, (x+ O €X (23)

It can be seen that (f;)14e is Lipschitz on (X, (1 +¢€)~* d), with Lipschitz constant bounded from above by
Lip(f)).
Fix x € X, assume that the pointed metric spaces (X,(1+ €)~1d,x) converge to a pointed metric space
(Y, dy,x + €) (e.g. in the Gromov-Hausdorff sense, see [4] for details). This space (Y, dy,x + €) is called a
tangent cone at x, and in general it depends on x and is not unique.
In [10, 810, page 487], Cheeger introduced the following abstract characterization of uniform convergence of
rescaling functions (f;)1+¢., along with the convergence of (X, (1 + €)' d, x).
Definition 2.1. Given a family of maps {(¢;)1+¢}es0 from (X, d) to (Y, dy) satisfying (¢p;)14c(x) = (x + €) €
Y. We say that the rescaling functions {(fl-)lﬁlx}E>0 converge to a function (f;)o, on (Y, dy) (associated with
{(hi)1+etes0) if thereis a function a; (1 + €) satisfying a;(1 +€) | 0 as € — 0, such that

”(fi)o,x o (Pi)1+e — (fi)1+6,x||L00(Bl+6(x)’m) <ai(l1+e¢),vVe=0 (2.4)

where B, .(x) = {(x + €) € X:d(x + €,x) < (1 + €)} is the geodesic ball.
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3. Main results
3.1. Assumptions on the spaces (see [27])
Model Spaces: the triple €: = (C, d., m.) denotes one of the following spaces:

N-dimensional Euclidean space (R, |- |, LN = #4Y),

N-dimensional Banach space (RY, || - ||, £V = #¢[",),

Carnot group with homogeneous dimension (R™, d¢¢, L™ = Hy! ).

This space € plays the role as the unique tangent space to X at m-a.e. point.
Assumption 3.1 (Small scale: infinitesimal structure). We assume that ( X, d,m ) is PI, so properties about the
Sobolev spaces stated in Section 2 are valid. In addition, given a model space (C, d¢, m.), we also assume:
A) (Unique tangent space:) For m-a.e. x € X, there is a family of maps {(¢;)s}s>o from X to C satisfying
(p)s(x) =0€ Cand

% d(x +€,2)
de((@)s(x + €), (P1)5(2))

where n;: (0,1) — (0,1) is an increasing function with limg,¢7,;(6) = 0.

B) (Rademacher's theorem) For any u; € Lip(X, d), for m-a.e. x € X, there is a function (u;)o, on C, such that

the rescaling functions {(ui)lﬁ,x}po converge to (u;)o, associated with the maps {(¢;)s}s>o, in the sense of

Definition 2.1.

Remark 3.2. Here are some remarks on the Assumption 3.1.

(1) For any € > 0, there is a dilation map D;,., which is an isometry between (C, d.,m.) and (C, (1 +

€)~!d¢, (1 + €)™¥m¢), such that Dy4(0) = 0 and Dy © Dy12c = D(116)1+2¢) TOr any € = 0. In particular,
(Dy1e)gme = (1 + €) Nmy. (3.2)

(2) For any € >0 and any Borel set Q c S¢,.:={(x + €):dc(x + €,0) = 1 + €}, we define the 'boundary

measure' of Q by

— 1|1 <ni(6), V(x+¢€),z € Bs(x),6 € (0,1) (3.1

me(Uq_ D A (Q
melge (Q):=lim c(Va-oen1+g Pa-o (D)
Site elo €(1+€)
We can see that

mElge, =1+ N Dz (mélse ) (33)
(3) Since both m and m, are N-dimensional Hausdorff measures, the condition (3.1) implies that
(@0)s(Ma) = (A + 08 gy, (2580, (3.4)

Equivalently, for any € > 0 there is §, > 0 such that
— N , N
(1= O8Nl ) asemy < (BDe(Mlps) < A+ O ey, (o) V6 < 8.
It can be seen from our proofs, the assumption that m is the N-dimensional Hausdorff measure can be replaced
by (3.4).
Remark 3.3. In general, neither {(¢;)s}s>0 NOr (u;)o, is unique. However, in many situations, the value
(fl-)slc|(ul~)0,x(v)|1+6dm2r (v) is independent on the choice of (¢;)s and (u;) . For example, by a deep result of
Cheeger [10, Theorem 10.2], any limit function (u;), . is generalized linear and
—lip(u;) (x)b, < (U)o < lip(uy)(x)b-y

where b, denotes the Busemann function associated to a ray y. Therefore, if € is an N-dimensional Euclidean
space (cf. [10, Theorem 8.11.]) or an N-dimensional Banach space equipped with a smooth norm (cf. [18,82.3]),
then there is y so that —lip(u;) (x)b, = (u;)ox = lip(u;) (x)b_y, (1;) o is linear and unique.
Assumption 3.4 (Large scale: volume growth condition). For any point o € X and € > 0, the following
generalized Bishop-Gromov volume growth inequality holds

m(B142¢(0)) _ (1 + Ze)N c>0

m(B1+¢(0)) 1+e
where B .,.(0), B14+.(0) are geodesic balls. In this case, the limit lim,_, ;. m(B;1.(0))/(1 + €)V exists and it is
independent on o, we will denote it by AVR (x, g m)-
2509133 _308308_389 403 p
3.2. Assumptions on the mollifiers (see [27])
Let ((p;)n)nen be a sequence of mollifiers:

Pin:{(x,x+€) e X xX:e # 0} - (0, ) is measurable.
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We assume that ((p;)»)nen Satisfies the following approximation of the identity of radial type.
Examples of mollifiers fulfilling these assumptions can be found in [12,82] and [8].
Assumption 3.5 (Approximation of the identity: small scale).
A) (Polynomial decay at infinity) There is a constant (1 + €) such that
f Z (P)n (6, x + €)dm(x + €) <(1+e)VneENx€eX (3.6)
X -
l L*®(X,m)

Forany 6§ € (0,1) and x € X, denote Eg(x) = {(x + €) € X:d(x + €,x) = &}. It holds

lim f Z (P)n(t,x +e)dm(x+€) =0

=% JEs(x) 5
B) (Radial distribution) There is a sequence of non-increasing functions ((9;),)ren Such that

(P)nlx,x+€) = (p”i)n( d(x,x + e)) forallx,x +e € X,e # 0

C) (Approximation of the identity) For any § > 0,

)
lmmts9) [ ) A+ 9V G+ 1+ ) =1
0

where N € N is the same constant as before.
Assumption 3.6 (Approximation of the identity: large scale).
A) (Radial distribution) There are strictly decreasing functions ((9;),,)nen With
r{i_r)rc}o(p”l-)n(l +€)=0,V0<e<+ow (3.7)

such that

(P n(x,x+€) = (P)n(d(x,x +€)) forallx,x + e € X,e #0
B) For any n,m € N with n > m, it holds
M is non-decreasing
(ﬁi)m(]- + 6) .

C) (Approximation of the identity) For any § > 0 and x € X,
+o0
lim AVR 3, .y f z N+ N 1(5),(1 + e)d(1 +¢) = 1 (3.8)

where AVR x, g.m) is well-defined under Assumption 3.4.

3.3. Bourgain-Brezis-Mironescu's formula

Firstly we study Lipschitz functions with bounded support.

Proposition 3.7 (see [27]). Let (X,d,m) be a metric measure space satisfying Assumption 3.1. Let ¢ >
0, ((Pi)n)nen be mollifiers satisfying Assumption 3.5, and u; € Lip, (X, d) be a Lipschitz functions with
bounded support. For any n € N, define

(0,40)3 (1+4+¢€) -

€ ._f |ui(x)_ui(x+6)|1+e( ) + dmladimlx +
n(U): = )y di+e(x, x + €) Pi)n(x, x + €)dm(x)dm(x + €).

It holds

lim EnCu) = 1), VuallKrE,, < [ D7 lipGu) [P+, Vi € Lipy (X, d) (39)

W=y - ’ X &~
where l ;

1+
1Y Vi = [ f D @] dnteyne) (3.10)
- xJ sf &

L
and the function (u;), » is given in Assumption 3.1-B).
Proof. Let x € X be a point for which the statements A) and B) in Assumption 3.1 hold.
There exist maps {(¢;)s}s>0 satisfying (3.1) and (¢;)s(x) = 0 € C, and there is a function «;(8) satisfying

a;(6) 1 0as & 1 0, such that the rescaling functions (u;)s(x +€) = ylate)—uy(x) converge to (u;)g, asé — 0:
| () ox (@) s(x + €) — (W) sx(x + €)| < @;(8) for almost every (x + €) € Bs(x) (3.11)
By the Lagrange mean value theorem for ¢ — t1*€, (3.11) and the fact that |(ui)5,x| < Lip(u;) on Bs(x), there is
a constant K = K (u;, x) > 0 such that
1+ 1+
@G+ O = [)ox($)sx + | | < Kay(8) as 6 > 0
Forany § > 0 and i € N, set §;: = 27%6. It holds the identity
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.[ |u; (%) —u;i(x + €)| e (pi)n(x'x + e)dm(x + €)
Bs(x)

d@+E(x, x + €)
Z 61+6f
B

=0 8;CO\Bs;, , ()
Denote B; 5: = Bs,(x) \ B(gm(x) We have

f Z lu; (x) — u;(x + €)1 (P)n(x, x + €)dm(x + €)
Bgs(x) =5

1+e (P)n(x, X + €)
2. |wsxte+ o™ g g dmG + o).

d+9(x, x + €)

PRl IR (O (CMCE: o) P D x4 0

X+ €
lO—O 0.6 | )

1(i,6,n)

1+€ ( i)n X+
Z st L z Kay(5:,) dﬁm((’;‘;?) dm(x + €).

lo 0.6 |

II(6,n)
Estimate of 1(iy, §,n) : Given € > 0. By Assumption 3.1-A) and symmetry of mollifiers in Assumption 3.5-B),
for & > 0 small enough, it holds

(B0n(8 de((@D)s(x + ), 001 +€)) _ Z (Pn (6, x + €)
i (5dc((¢ )s(x+6),001+e) " 4 d(xx+e)
BOn(8 de((@D)5Cx +€),0(1 — &)

— (3.12)
= (8dc((@)s(x +€),0)(1 =€)
By change of variable, for § small enough, we have
I(iy, 6, n)
+€ ~i n 6i d ils; 0] (1 —
<(312) 81+E Z |(u1)0x (¢ )6 ( +6))|1 (p) ( 0 C((¢ )610(x+6) )( 1f2) dm(x+€)
Bios T (81, dc (65, Cx +€).0) (1 = &)
e(ﬁi)n 6i0d v,0)(1—¢€
= o1t ] > o] (5% 42,001 - ) d((¢0)s,, ) mm(v)
@08, (Bigs) (8, dc(v,0)(1 = ©)
e (Pi)nl0; ,0)(1 -
<69 (1 + e | S Jadosr) T2 DA =9)
(@0s;, (Bigs) T (5i0 de(,0)(1—¢€))
e (Pi)n(d; de(v,0)(1 —
=araae| Y wdeo)l” P03 de@. 001 29) o, ()
BY\BT), 5 (8, dc(v,0)(1 — ©))
14(i,6,1)
e Pi)nl6; de(v,0)(1 —
+a+ e | Z @op(wy] T L2l 40O =) )
(¢i)6i0(3i0,6)\ B1C\B1C/2 ; (61'0 de(v,0)(1 - 6))
Ip(ig,0,n)
We can see that
I, (1o, 6, n)
€ 1+e (§)n(dc(v,0))
< g ), 2. @0 (s )] TG iR dme®)

BG - 984, \BG - bigr1 1
(1- e)é‘ 1+e o
(1-e) (1-6)8iy+1 Sire i 0 (1+e)

where m¢is the boundary measure and D, . is the dilation on € (see Remark 3.2).
By linearity of (u;),, and homogeneity of €

dmf(v)d(1 + ¢€)
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@ox (Do @)|)  dmiw)

.2 G

Sl+€ i

== A+ | > |@ox(Paser @) dmE®)

51+e i

=(1—e)"*(1+ )91 + e)N? f ) Z |(ul-)0,x(v)|“6 dm{ (v).
ST 5

1+e
(1-€)8y, J- /6i0 (ui)O,x <D5i—01(1_6)—1(v)> \

Z J;l €)8iy+1 SEhe : |\ 1+e€ ) (pNL)n(l + E)dmz'— (U)d(]_ + E)

Hence

2 r(1-e)s,

=(1—6)'(1+6)Z Z f( s, (FOIERA T+ (] o 10 dmé(@)

(1-€)d6 +e
=1 - (1+e)e+o0(e) z (f 1+ 1P, (1 +e)d(1 + e)> (jc |(ui)0,,c(v)|1 dmZ(v)).
7 0 51
In conclusion

(1-9)8 1+€
Z Lo 8,m) < (1+ 0(6))2 ( f (1 + OV 1(5), (1 + e)d(1 + e)) o] dm @) | 3.13)
Sy

Estimate of 12(10,6, n):Aséd - 0, by (3.1) we have
(@i)s,, (Bi,5) € Bf+m(5 ) \ B (1 ni(61))/2 (3.14)

So

me (@05, (Biys) \ (B \ BE) ) = 0 (:(5,,)) (315)
Assume (1 —71;(8))(1 —¢) > % Note that Lip((u;)o.) = lip(w;) (%), we have

Ib(iO' 6, n)
+e (ﬁi)n(Si dC(v' 0)(1 - 6))
=5N+1+6 Doz 1 0 d
io '[(¢L)6 (310 5)\(BC\B1/2) Z |(u )0, (U)| (5i0 dC(U, 0)(1 _ 6))1+e mC(U)

6i)n(6iy+1(1 —1;(6))(1 —
<oy || S 1+ m»lipe ol 22 Consl-mOA_0) 4, )
(P0s; (Blo s\ BC\Bl/z) 7 (6i0+1(1 —n;(6)(1 - E))

L

Z 771(610)51\/—((610+1 61N+2)(p1)n(610+2))

ip+1

i

<Y o j (o 2+ E)dm(x +€)
Ba (O\Bs;_,,(x)

i ip+1 ip+2 )

so that by Assumption 3.5-A)
z 1, (io 6,1) < 7:(8) (3.16)
i p—

Estimate of 11(§, n) : By monotonicity of «;(6),
11(8,n)

< CZ ai(6)z 5“6[

(P)n(x,x +€)

875 CN\Bsy 4 C

Sive dm(x +€)
ig+1
= 2<1+f>cz a;(6) (pdn(x, x + €)dm(x + €)
i Bs(x)
S a;(6).

Conclusion: By Assumption 3.5-A),
[JNRD2509133 ‘ International Journal of Novel Research and Development (www.ijnrd.org) b394
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. lu; () — u; (x + €)|1*€
im ] e O x 1) PInlex+Edmix+e)
Bz (x) i

< lim [Lip(ul-)]l’”?f1+ P)n(x,x +e)dm(x +€)=0
i Bg €(x)
Combining the estimates obtained above
— |u; (%) — u;(x + €)'
rlz_l—lllo d(1+€)(x x + E) (pi)n(x'x + E)dm(x + 6)
X i 4
lui (x) — wi(x + €)'+

B0 & dA+O(x,x + €)

=lim

n—-oo

(p)n(x,x + €)dm(x + €)
s@(l(& n) + 11(8,n))

S
<Tim (1+0() ). ( [ a+arr@oa+ada +e>) ( | |(ui)o,x(v)|“€dmz<v>) £ 00 + @ (®)
7 0 S1 i

= (1+0(e)) (mt(sf (x))) (f y )Z | o @) dmzcv)>+z 0(n:(8) + a(8))

where in the last equality we use Assumption 3.5-C).
Letting 6 — 0 and € —» 0 we get
|ui (%) —wi(x + €)'+

lim
! x4 dA+(x, x + €)

n—-oo

(pDn(x,x + )dm(x + €) < j Z |ox @] dmE ).

Sl xo)

i IVUilkgtee

Note that (u;)  is [lip(u;)(x)|-Lipschitz, we have
L ; —u(x + 1+€
lim J. Z lu (z()l%)u(x(xx +€€))| (P, x +e)dm(x +€) < Z |Vul-|,(1+€’e

—00
n X

f ( )Z lip(u) (O<dmé (v) = [lip(u) (O
5‘1 X0
Similarly, from the first inequality in (3.12) we can deduce

f Juy () — u; (x + )]+

lim

n—>oo

dA+9(x,x + €)
Integrating the inequalities above and using Fatou's lemma, we get

‘ 'Z Vi, | < lim Z £x(up) < Tim Z £, (uy)
i 11 i

n—->00
<> [Ivul,.
i

i s f > Nip(u)*<dm
which is the thesis. l

Definition 3.8. Forany ¥; u; € W™ €(X, d,m), [VE; wliS_ is defined as
||vz wl[K1S, = Jim Z IV,

where (U)K )keny IS @ sequence of Lipschitz functlons converging to wu; in WY*te(x, d,m).
By density of Lipschitz functions (with bounded support) in W''*¢, we know ||Vu||x}¢_ is well-defined. In

other words, the value of limy_o ||V(u;)kllkT€  is independent of the choice of ((ul)k)keN. In general, such

K1+e,s
value can not be written as K ||Du;||**€ for some universal constant K, since the space can be anisotropic and the

function (u;),  is not linear (See Example 4.1 and [20]).
Theorem 3.9 (see [27]) (Generalized Bourgain-Brezis-Mironescu's formula). Let (X, d, m ) be a metric measure
space satisfying Assumption 3.1, let ((p;)n)nen be mollifiers satisfying Assumption 3.5 and 0 < € < . Then
for any u; € White(X, d, m)

lui(x) —wi(x + €)1
j j dA+)(x, x + €)

PonCox+ imGx 40 2 D [(wdas)]' " dmt ).

lim
n—-oo X

(P)n(x, x + €)dm(x)dm(x +€) = || Z Vullis.. (317)

=En(uy)
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Proof. Let ((u;)x) € Lip+¢ (X, d) be such that (u;), — w; strongly in Wh'*¢(X, d,m). For any € € (0,1),

there is k, € N such that
|Z V|| - Z Vitllgy. .| < (3.18)
Kitee

By (2.2) and Assumption 3.5-A), there exists g; € L1*€ with gill2+exmy < M| |ly2a+e such that
1 1 1+€
> (8&*6(@0%) - erf(ui))

Minkowski inequality < Z En(Wie, — )
i i

<2 [ |3 (gu) + guCox+ ) o x + Ydm(x)dm(x + €)

lots = Qi |y ey, gy <

1+€
wbi+e(x dm)

<(36) p(+e) (] 4 E)M(1+e)z s = | < 2049 (1 4 )M+ (1+e),

i
By Proposition 3.7 and (3.18), there is n, € N such that for any n > n,, it holds

). E5 (i) - Z V(o

i

<e (3.19)

K1+e,e

Combining the estimates above, we obtain

1
‘Z EFF) ~ 1Y, Vuil,,.,
i i
1 A,
<> ey - ) el (@wor,)
i i

<2046 (1 4 )M+ (146 ¢ 2¢
for any n > n,, which is the thesis.

Remark 3.10. The value || }; Vui”};ffs,e depends on the choice of (¢;)s. So our results depend on a given

family of maps (¢;)s. So Theorem 3.9 should be understood in this way: if there are (¢;)s and (u;)o . fulfils our
assumption, then the limit on the left hand side of (3.17) exists and it is || >; Vui||,1{1“fe_e. This is irrelevant to the

uniqueness of (¢;)s nor (u;)g x-

In case € is an N-dimensional Euclidean space (cf. [10, Theorem 8.11.]), or an N dimensional Banach space
equipped with a smooth norm (cf. [18, §2.3]), or an Heisenberg group (cf. [15, §4.2] ), the limit function (u;) x
is unique up to composing a rotation. In these cases, the value || ); Vui||}{;f6(C is independent on the choice of
(Pi)s-

3.4. Maz'ya-Shaposhnikova's formula

Next we will prove Maz'ya-Shaposhnikova's formula in a geometric way. In the formula (3.20), the constant on
the right-hand side is equal to 2 by the assumption on the mollifiers, and up to rescaling the mollifiers and the
measure we could recover the original constant in the Maz'ya-Shaposhnikova's formula (1.2).

Theorem 3.11 (see [27]) (Generalized Maz'ya-Shaposhnikova's formula). Let (X, d, ) be a noncompact metric
measure space satisfying Assumption 3.4, ((p;),,)nen b€ mollifiers satisfying Assumption 3.6. For any u; € L1*€
with &, (u;) < +o for some n, € N, we have

lim f f Z [ui () — u;(x + €)1 € (p)n(x, x + €)dm(x)dm(x + €) = ZZ IIuiIIinE. (3.20)

— 00
n X

1
+ Z Exte(wi,) =

Z V(uk,
i K

Z V(uk,

“1) Vuil,,..
Kitee L

=En(uy)
Proof. For x, € X,§ > 0, we have a decomposition of X x X
(A:={(x,x + €):d(x,x + €) < 6}

B:={(x,x +€):d(x,x +€) >} N {(x,x +e):d(x 4+ €,x9) > 2d(x,x) ord(x + €,x5) < % d(x,xo)}

I 1
kC: ={(x,x+e€):d(x,x +€) >} N {(x,x + 6):5 d(x,x9) < d(x +€,x9) < 2d(x, xo)}
and we divide &, (u;) into the following three parts
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En(uy) =J- Z lu; () — u; (x + )" (p)n (x, x + €)dm(x)dm(x + €)
A7

1(6,n)

+ L Z lu; () — w;(x + €)1 (p)n (%, X + €)dm(x)dm(x + €)

11(8,m)

+ fc Z lui (%) — wi(x + ) (p)n(x, x + €)dm(x)dm(x + €).

11(5,n)
Estimate of 1(5,n) : For any n > ng, by Assumption 3.6-B), it holds

) N (Pn(x,x +©)
@ m= | ( J . Z G~ + Oy (5 + ) ST dm(x)> dimCx + €)

1+e (Pi)n(8)
< L <-f35(x+e) Z [ui () = wi(x + ) (P, (x, x + € )( 1)n0(5)d (x)) dm(x + €)

(D)
SZ“ ) B @)

By (3.7) in Assumptlon 3.6 we get

lim I[(6,n) =0 (3.21)

n—->+oo
Estimate of 11(6,n) : For § > 0, (x + €) € X and
x € {x:d(x,x+€)>8,dx+e€xy) >2d(x,x)}
by triangle inequality,

d(x,x +€) = d(x +€,x5) —d(xg,x) > d(x + €,x7) —% d(x +€,x9) = % d(x + €, xp)
and
d(x,x +€) <d(xg,x) +d(x +€,x9) < ; d(x + €, xg).
Therefore
{x:d(x,x +€)>6,d(x+€,x5) > 2d(x,x5)} © {x; d(x +€,x0) = d(x,x +€) > % d(x +¢€,x5) vV 6}
so that

f Z lu; (x + )| (p)n(x, x + €)dm(x)dm(x + €)

f Z lu; (x + €)|**€ (f (P)n(x, x + e)dm(x)> dm(x + €)
{x:d(x,x+€)>68,d(x+€,x9)>2 d(x,x0)}

< f Z lu; (x + €)1+ f (p)n(x, x + €)dm(x) |dm(x + €)
X5 {x:% d(x+e,xo)2d(x,x+e)>% d(x+e,xo)v6}

B sz e+ I f (P, x + €)dm(x)

{x:d(x,x+e) >% d(x+e,x0)v6}

_ f{ s seronond] (p)n (6, % + e)dm(x)> dm(x + €).
x:d(x,x+e)>§d x+€,x9)VE

By Lemma 3.12, Fatou's lemma and monotone convergence theorem, we have
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lim lim .[ Z lu; (x + €)|**¢ J. (P)n(x, x + €)dm(x) |dm(x + €)
§0on—oo X5 {x:d(x,x+e)>%d(x+e,x0)V6}

= lim lim f Z |u; (x + €)1t f (Pi)n(x, x + €)dm(x) |dm(x + €)
§0on—oo X = {x:d(x,x+e)>% d(x+e,x0)v5}

1+
= [lug |l .

Hence

—>OOTL—>OO

11m lim f z lui (x + €)1 (p)n (%, x + €)dm(x)dm(x + €) = 0 (3.22)

For x, x, € X, by triangle mequallty we can also prove
Ey diexe)(®) € {(x +€) € X:d(x +€,x0) > 2 d(x,%0)} € Eqa,x,)(X)
where E;,(x) denotes the set {(x + €):d(x + €,x) > (1 + €)}. So

2[ D o ( [ Gonx+epma+ e)) dm ()

Bd(xe,xo)vd ()

= jB Z s M€ (P (x, x + €)dm(x)dm(x + €)

= 2_[ E |ui(x)|1+6((pi){(x+e):d(x+e,x)>8,d(x+e,xo)>2 d(x,xo)}(pi)n(xrx + e)dm(x + 6))d“[(x)
X &=
i

>2 f Z |u; (x)|1t€ (f (Pi)n(x, x + €)dm(x + 6)) dm(x)
X i E, d(x,xg)vé

By Lemma 3.12, Fatou's lemma and monotone convergence theorem, we obtain
lim lim f Z |u; ()M (p)n(x, x + €)dm(x)dm(x + €) = 2||ul-||iffe (3.23)

d—oocon—oo

Combining with (3.22), we get

lim lim 11(8,n) = 2w |l 5 (3.24)
—00MN—00
Estimate of 111(5, n): By triangle inequality we can also prove
) )
Cc {(x,x +e):d(x,x +€) > 6,d(x +€,xy) > 3’ d(x, xy) > 5} (3.25)

Thus
(6, n) = f Z lui(x) — ui(x + €)' ¢ (p)n(x, x + €)dm(x)dm(x + €)
Ci

<2¢ Z <f [u; O |1 (p)n (x, x + €)dm(x)dm(x + €) + f lu; (x + €)1 T€(py)n (x, x + €)dm(x)dm(x + e))
N c

i

Szef s Z |u; ()| M+ <f (p)n(x, x + €)dm(x + 6)) dm(x)
d(x,x0)>3 d(x,x+€)>8

f Z lu;(x + €)1 F€ <f (pl-)n(x,x+e)dm(x)) dm(x + €)
d(x+6x0)>— 7 d(x,x+€)>6
<2(1+e) L+e (P (6, X + €)dm(x + €))dm(x).
J et 2 O [ Gontox+ oame + ame)

d(x,x+€)>8
By Fatou's lemma

lim 111(8,n) < 2(1+©) j Z (Il hm < f (p)n(x, x + €)dm(x + e)> dm(x).
n-o d(x, x0)>— d(x,x+€)>6

Fixe > 0. By monotone convergence theorem
lim lim I11I(8,n) < 2(“6)] E lu; (x)|1+611m lim <j (P)n(x, x + €)dm(x + e)) dm(x).
1+2€
d(x,xg)> d(x,x+€)>6

d—-oon—oo §-ooon—-oo

Then by Lemma 3.12 below, we get
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d—ooon—oo

llm lim 111(8, n) < 2(1+9) Z |ul(x)|1+5dm(x) =70.
dcx, 0)>1+26

Combining with (3.21) and (3.24) we get the conclusion.
Lemma 3.12 (see [27]). Let (X, d,m) be a space satisfying Assumption 3.4 and ((p;)n)nen be mollifiers
satisfying Assumption 3.6. Then for any x € X,

lim lim f Z (Pi)n(t,x +e)dm(x +¢€) =1
Es(x) 5

S—o>+oon—-+o0o

Proof. For § > 0 and n € N, by Cavalieri's formula (cf. [3, Chapter 6])
BiIn(d
f Z (P, x + €)dm(x +€) = f Z MG+ €): (1 +€) < (Pt x + ) < (B (DA + €)
Eg(x)

(Pl)n(‘s) Bn(d)
= f Z m (B@i),—llme)(x) \ Ba(x)) d(1+e) = f Z m (Bm);lme)(x)) d(1 + €) —m(Bs(x))(5)n (6).
0 i 0 ;
By assumption, m(Bs(x)) = AVR x, g.m)(1 + 0(1))6" as § — +o0. So

(BIn(8)
.[0 Z m (B(ﬁ )51(1+e)(x)) d(1+e€)
(POn(®)
B ] Z AVR x4y (1 + 0(1D) (571 (1 + )" d(1+€)

et = R+ €)= (L4 0D)AVR g am [ D V0L

l
by integration by parts = (1 + 0(1))AVR x, qm) 2 ((ﬁi)n(6)6’\’ + f;mNtN‘l(ﬁi)n(t)dt).
Then by (3.7) and (3.8) in Assumption 3.6 we get

lim lim j Z (Pn(x,x +e)dm(x +€) =1, Vx €X

6-o+oon—+oo E5(x)

4. Applications and examples

We present several applications of Theorem 3.9 and Theorem 3.11 (see [27]).

Bourgain-Brezis-Mironescu type formula

The first application extends a result of M. Ludwig [20] concerning finite dimensional Banach spaces with
general mollifiers. We remark that the proof in [20] relies on Blaschke-Petkantschin formula, which works only
for a very specific class of mollifiers.

Example 4.1 (Anisotropic spaces). Let € = (RY, || - ||, £Y) be an N-dimensional Banach space equipped with
the Lebesgue measure £V, and let ((p;),)nen be mollifiers satisfying Assumption 3.5. Then

lim f f z i) = fitx & O (pi)n(x, x + €)dx d(x + €)
RN JRN &=

n—oo llell*+

- fRN f s Z |Vfi - v|™*€ d ™ (v)dx (4.1)

where BY is the unit ball in € centred at 0 and S{ is its boundary, 7{|f‘,’||‘1 is the boundary measure.

Proof. Let {(¢;)1+¢}ie=0 be a family of dilations with respect to a fixed point x, i.e. (¢;)14e(x +€) =x+ (1 +
€)(€). Obviously {(¢;)1+e}ie=0 Satisfy Assumption 3.1-A) with n; = 0.

Let f; be a Lipschitz function and x € R" be a differentiable point of f; with respect to the Euclidean norm | - |.
By Rademacher's theorem on Euclidean spaces and [10, Theorem 10.2], the union of such points has full

measure, and {(fl-)He,x}PO converge uniformly to a linear function (f;)o.(v) = Vf;-v as € — 0. Since the
norm || - || and the Euclidean norm are equivalent, {(ﬁ)lﬁ,x}po also converge to (f;)o in || - ||. So Assumption

3.1-B) is fulfilled.
Remark 4.2. In [20], the author studies

i) — filx + )™
Ell)r(l)l (e) fRN fRN Z e[+ dx d(x + €)

for f; € WHME(RY, || - |). Note that the mollifiers ”
satisfy Assumption 3.5-A). However, the limit

IJNRD2509133

are not globally integrable, which do not

E”N+(1_62) —(1+¢€)
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lim (€) fRN J.RN z [fi@) = filx + )1 dx d(x +¢€)

€=0~ ||E||N+(1—ez)

exists for f; € L**¢(RN) if and only if the limit
) — £ + 1+€
lim (e)f f Z i) ~ i+ €)] dx d(x + ¢€)
[OE?) 7

€50~ ||E||N+(1—62)

exists for any f; € L**€(Q) and any bounded open set Q containing the origin. In the latter case, mollifiers
are uniformly integrable on Q so that we can apply our theorem.

fi(x) = filx + )I"*¢
Ell,%l— € fRN fRN Z e[ dx d(x + ¢€)

:COJ. f Z |Vﬁ . 7.7|1+E d}[lfvll_l(v)dx
RN Si i

where by definition the constant C, is given by

1
Co = lim (e) f (1+ N1 + ) N-1-90++(146) §(1 + €) = ——
€50~ o 1+e€
| 2. Wh: e a2 )
Bl

f f z IVF, - v] € dH Y (v)d(1 + €)

Sl+E

By change of variable = f f Z IVfi - (1 + e)v| e d?—(” I L@+ e)v)d(1 +e)
0

1
— 1 €+N \vj x 1+€ d:]_[IY—l d(1
| a+o (fsz 19, - vl a2l (v)) (1+6)

- 1+€ N-1
1+6+NL¢Z IVfi- v dHy = ()

Then we reprove the formula obtained in [20]

x) — fi(x + )|t
lim (e) f f Z i) 3vrl+((1— )2)| dx d(x + €)
€0 RN JRN llell :

1+e+N
Tl JJZWﬁ v|+e dLN (v)dx
]RN

”6”N+(1—e)2—(1+e)
In this case, we obtain

Note that

1+e€

where K: = BY is a convex body.
Example 4.3 (Euclidean spaces). Let € = (RY, | - |, £Y) be the N-dimensional Euclidean space equipped with

the Euclidean distance and the Lebesgue measure, and ((p;),,), be a family of mollifiers satisfying Assumption
3.5. Then

n—-oo

) |f-(x)—f-(x+e)|1+f

fim f v f Z e (pn(t,x + dx dCx + €) = Kysen ) VAN (42)
R R 7 :

where

Kivew: = £V B |- 2. vl e

is a constant independent of the choice of w; in an N-dimensional unit sphere SV, and £V (BY) = ( +1) is the
2

volume of the N-dimensional unit ball BY.
Proof. Notice that

j\ Z |sz '17|1+6 d}fN_l(U) zz |vfi|1+6JC
N L= - gN
1 i i 1

IJNRD2509133
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N-1
VF] dH" " (v).
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By isotropicity of the Euclidean space, we know

V . 1+€
f z | Ji ‘v dHN"1(v) = JC z |lw; - v|1*e dH N1 (v) vw; € SN,
sy 5 IVfil sV &

Then the assertion follows from Example 4.1.
Example 4.4 (Riemannian manifolds, cf. [19]). Let ( M, dg, Vol,, ) be an N-dimensional compact Riemannian

manifold, and ((pl »)n D€ mollifiers satisfying Assumption 3 5. Then

fiC) — filx + )] "
im [ | Z e (pi>n<x,x+e)dVOlgi(x)dVolgi<x+e)=K1+E,NZ 1A ) )

where
K1+e,N::LN(B{V))C Z lw; - v|**e dH N1 (v)
sy 5

is the same constant as the constant appeared in (4.2).

Proof. On an N-dimensional Riemannian manifold, the tangent space is unique and isometric to RY. We can
construct {(¢;)s}is>0 by exponential maps. Then the assertion follows from Theorem 3.9 and the constant
K+ is the same as the asymptotic formula for Euclidean space.

Example 4.5 (Carnot groups). Let (X, d,m ) be an m-dimensional equi-regular subRiemannian manifold with
homogeneous dimension N > m, equipped with the Carnot Carathéodory metric d and the associated Hausdorff
measure m = HY. Let ((p;)-)» be mollifiers satisfying Assumption 3.5. We have

1+e
“m] ] Z S (pn(rx + dm@E@)dmCx + €) = > [VAIIKE,, (44)

n-oo dA+6)(x, x + €)

where
VA = 255 | f 2. IDufl e asti oy
SC

where BY is the unit ball in the tangent cone € = (]R , dCC,L Hdcc) centred at 0, Sy denotes its boundary
and }[dcc is the boundary measure, and D,, f; is Pansu's derivative of f; in the direction v.

Proof. Let us check Assumption 3.1.

A) It was proved by Mitchell in [21, Theorem 1] (see also [24]) that the tangent space of a sub-Riemannian
manifold equipped with a equi-regular (or called generic) distribution, is isometric to a nilpotent Lie group
(Carnot group) with a left-invariant Carnot-Carathéodory metric d.

Similar to Riemannian manifolds, at any point x on a sub-Riemannian manifold, there are almost isometries
(¢p;)s induced by exponential maps. More precisely, there exist positive constants (1 + €), such that (see [6,
Theorem 6.4]) (¢;)s(x) = 0 and

1

—(1+€) dCxx + €) (8dec (0, (s (x + €)) )¢ < d(w,x + €) — 8dec (0, ($)s(x + €))
1

<(1+e)d(x,x+e€) ((SdCC(O, (p)s(x + e)))“e v (4.5)

for some € > 0. Denote 6d.¢(0, (¢;)s(x + €)) by |w;|. By iteration use of (4.5) we get
dix,x+e€)<|wi| + (1 +¢€)d(x,x + e)|wi|ﬁ <|wi|+ (1 +e€) <|Wi| + (1 +e)dxx+ 6)|wi|ﬁ) |wi|ﬁ < e
< Iw;|(1 + O0(jw;]))
Similarly, we can prove
d(x, x + €) > [w;|(1 + 0(|wy]))
Thus
d(x,x +€) — 11005
8dcc(xo, (1) 5(x + €))

B) By Pansu’'s theorem [24, Théorem 2] concerning Rademacher-Stepanov theorem on sub-Riemannian
manifolds, we know Lipschitz functions are almost everywhere differentiable and the limit of the rescaling
functions can be written as a linear function D, f;(x) in the sense of Pansu (cf. [24, A. Différentiabilité]). In
particular, this limit function is unique with respect to the almost isometries (¢;)s, in the sense of Definition 2.1.
Then the formula (4.4) follows from Theorem 3.9.

Maz'ya-Shaposhnikova type formula

IJNRD2509133
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We list some spaces satisfying the volume growth condition in Assumption 3.4. More mollifiers other than

1-€ . . . . .
(P)a-e(xx +€) = - and more discussions concerning asymptotic volume ratio, curvature-
d(x,x+e)N+(1-€%)

dimension conditions and rigidity, will be discussed in [17].

[V

Example 4.6 (Euclidean spaces). It is known that AVR g || /vy = wy = where wy = F(E—;) denotes the
2

volume of an N-dimensional unit ball and |S¥~1| denotes its surface area. By Theorem 3.11 and a direct
computation

+ 00
f 1—-eNA+ eV /1 + eV (-€) g1 +¢) = N s-(-e)
5 1+e€

we get Maz'ya-Shaposhnikova's formula [22, Theorem 3]:
: lui(x) —wi(x + €)1 - N _2|sh Y Lte
lim (1 - €) f wa z P ALY )AL (x +€) = Z a5

L
Example 4.7 (Finite dlmenS|onaI Banach spaces). Let (R, || - ||, L") be an N dimensional Banach space. Denote
by |K| the volume of a unit ball K. Applying Theorem 3.11, we get Ludwig's result [20, Theorem 2] for
anisotropic fractional Sobolev norms:

; _ I 1+€ .
hm(1 — e)f jﬂng lu (x)”6”11:+((916 62)6)| dLN (x)dLN (x + €) _—|K|Z |lu llliile(RN)

Example 4.8 (MCP spaces) Let (X,d,m ) be a metric measure space satisfying the so-called Measure
Contraction Property MCP(0, N), a synthetic curvature-dimension condition of metric measure spaces introduced
independently by Ohta [23] and Sturm [26], as a generalization of N-dimensional Riemannian manifolds with
non-negative Ricci curvature. By [26, Theorem 2.3], the generalized Bishop-Gromov volume growth inequality
holds.

In this case, for the mollifiers (p;) (1-¢)(x, x +€) =

J ] lu; (%) — w; (x + €)' €
elO d(x x + 6)N+(1 —€2)

Example 4.9 (Sub- Rlemannlan manifolds). Let G = (R?, d, £%) be a Carnot group endowed with the Carnot-
Carathéodory distance d.. and the Lebesgue measure £%. It is well known that L4(B(x,1+¢€)) = (1 +
e)NL4(B(0,1)) where N € N is the homogeneous dimension. It can be seen that AVR (G dp0,c) = L£4(BE(0)).

Recently, as a consequence of interpolation inequalities proved by Barilari and Rizzi [7] on some ideal sub-
Riemannian manifolds, more examples of spaces verifying MCP have been found, such as generalized H-type
groups, the Grushin plane and Sasakian structures.

References

[1] Luigi Ambrosio, Maria Colombo, Simone Di Marino, Sobolev spaces in metric measure spaces: reflexivity
and lower semicontinuity of slope, Adv. Stud. Pure Math. 67 (2012) 1-58.

[2] Luigi Ambrosio, Nicola Gigli, Giuseppe Savaré, Density of Lipschitz functions and equivalence of weak
gradients in metric measure spaces, Rev. Mat. Iberoam. 29 (2013) 969-996.

[3] Luigi Ambrosio, P. Tilli, Topics on Analysis in Metric Spaces, Oxford University Press, 2004.

[4] D. Burago, Y. Burago, S. Ivanov, A Course in Metric Geometry, Graduate Studies in Mathematics, vol. 33,
American Mathematical Society, 2001.

[5] Jean Bourgain, Haim Brezis, Petru Mironescu, Another Look at Sobolev Spaces, Optimal Control and Partial
Differential Equations, 10S, Amsterdam, 2001, pp. 439-455, MR 3586796.

[6] A. Bellaiche, The tangent space in sub-Riemannian geometry, J. Math. Sci. (N.Y.) 83 (4) (1997) 461-476,
Dynamical systems, 3, MR 1442527.

[7] Davide Barilari, Luca Rizzi, Sub-Riemannian interpolation inequalities, Invent. Math. (2018),
https://doi.org/10.1007/s00222-018-0840-y.

[8] Haim Brezis, How to recognize constant functions. A connection with Sobolev spaces, Usp. Mat. Nauk 57
(4(346)) (2002) 59-74, MR 1942116.

[9] Denis Brazke, Armin Schikorra, Po-Lam Yung, Bourgain-Brezis-Mironescu convergence via TriebelLizorkin
spaces, Calc. Var. Partial Differ. Equ. 62 (2) (2023) 41, MR 4525722.

[10] Jeff Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct. Anal. 9 (3)
(1999) 428-517, MR 2000g:53043.

1-€
d(x,x+e)N+(1-€%)’

2N 1+€
Am(x)dim(x +€) = ~=—AVR x4y z gl

€ > 0, we have

International Journal of Novel Research and Development (www.ijnrd.org) b402

IJNRD2509133



http://www.ijnrd.org/
https://doi.org/10.1007/s00222-018-0840-y

© 2025 IJNRD | Volume 10, Issue 9 September 2025 | ISSN: 2456-4184 |[JNRD.ORG

[11] M. Capolli, A. Maione, A.M. Salort, E. Vecchi, Asymptotic behaviours in fractional Orlicz-Sobolev spaces
on Carnot groups, J. Geom. Anal. 31 (3) (2021) 3196-3229, MR 4225839.

[12] Feng Dai, Loukas Grafakos, Zhulei Pan, Dachun Yang, Wen Yuan, Yangyang Zhang, The Bourgain-Brezis-
Mironescu formula on ball Banach function spaces, Math. Ann. 388 (2) (2024) 1691-1768, MR 4700381.
[13] Oscar Dominguez, Mario Milman, Bourgain-Brezis-Mironescu-Maz' ya-Shaposhnikova limit formulae for
fractional Sobolev spaces via interpolation and extrapolation, Calc. Var. Partial Differ. Equ. 62 (2) (2023) 43,
MR 4525724,

[14] Nicola Gigli, Bang-Xian Han, Independence on p of weak upper gradients on RCD spaces, J. Funct. Anal.
271 (1) (2016) 1-11, MR 3494239.

[15] Wojciech Gorny, Bourgain-Brezis-Mironescu approach in metric spaces with Euclidean tangents, J. Geom.
Anal. 32 (4) (2022) 128, MR 4375837.

[16] Bang-Xian Han, Andrea Pinamonti, On the asymptotic behaviour of the fractional Sobolev seminorms in
metric measure spaces: Bourgain-Brezis-Mironescu's theorem revisited, Preprint, not for publication,
arXiv:2110.05980, 2021.

[17] Bang-Xian Han, Andrea Pinamonti, Zhefeng Xu, Kilian Zambanini, Maz'ya-Shaposhnikova meet Bishop-
Gromov, Preprint, arXiv:2402.11174, 2024.

[18] Petra Hitzelberger, Alexander Lytchak, Spaces with many affine functions, Proc. Am. Math. Soc. 135 (7)
(2007) 2263-2271.

[19] Andreas Kreuml, Olaf Mordhorst, Fractional Sobolev norms and BV functions on manifolds, Nonlinear
Anal. 187 (2019) 450-466, MR 3975112.

[20] Monika Ludwig, Anisotropic fractional Sobolev norms, Adv. Math. 252 (2014) 150-157, MR 3144226.
[21] John Mitchell, On Carnot-Carathéodory metrics, J. Differ. Geom. 21 (1) (1985) 35-45, MR 806700.

[22] V. Maz'ya, T. Shaposhnikova, On the Bourgain, Brezis, and Mironescu theorem concerning limiting
embeddings of fractional Sobolev spaces, J. Funct. Anal. 195 (2) (2002) 230-238, MR 1940355.

[23] Shin-ichi Ohta, On the measure contraction property of metric measure spaces, Comment. Math. Helv. 82
(4) (2007) 805-828, MR 2341840.

[24] Pierre Pansu, Métriques de Carnot-Carathéodory et quasisométries des espaces symétriques de rang un,
Ann. Math. (2) 129 (1) (1989) 1-60, MR 979599.

[25] Patricia Alonso Ruiz, Fabrice Baudoin, Yet another heat semigroup characterization of bv functions on
Riemannian manifolds, Preprint, arXiv:2010.12131, 2020.

[26] Karl-Theodor Sturm, On the geometry of metric measure spaces. 1l, Acta Math. 196 (1) (2006) 133-177,
MR MR2237207 (2007k:53051b).

[27] Bang-Xian Han, On the asymptotic behaviour of the fractional Sobolev seminorms: A geometric approach,
Journal of Functional Analysis 287 (2024) 1-25.

IJNRD2509133

International Journal of Novel Research and Development (www.ijnrd.org) b403



http://www.ijnrd.org/

