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1. Introduction

Graph theory is the branch of mathematics concerned with networks of points connected by lines. The subject of graph theory had
its beginnings in recreational math problems, but it has grown into a significant area of mathematical research, with applications in
chemistry, operations research, social sciences, and computer science.

2. Basic Definitions

Definition 2.1
A graph is a pair of sets (V, E), where V is the set of vertices and E is the set of edges, connecting the pairs of vertices.
Definition 2.2

A connected acyclic graph is called a tree. In other words, a connected graph with no cycles is called a tree. The edges of
a tree are known as branches. Elements of trees are called their nodes. A tree with ‘n’ vertices has ‘n-1" edges. If it has one more
edge extra than ‘n-1’, then the extra edge must pair up with two vertices which leads to form a cycle. Then, it becomes a cyclic graph
which is a contradiction for the tree graph.

The graph shown here is a tree because it has no cycles and it is connected. It has four vertices and three edges, i.e., for ‘n’ vertices ‘n-
1’ edges as mentioned in the definition.

Definition 2.3
Pine Tree Graph
Pine tree graph satisfies all the conditions of trees. The simplest form of pine tree graph is as

follows.

It has 5 vertices and 4 edges.
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This simplest structure can be extended by adding 4 more vertices and 3 edges to the top most vertex in the above figure

Byadding such a set of edges and vertices to the top most vertex the pine tree can be extended to n vertices and n-1 edges.

Definition 2.4
Tadpole Graph

The tadpole graph, also called a dragon graph or Kite graph is the graph obtained by joining a cycle graph C m to a path graph Pn
with a bridge.

Definition 2.5
Graph Labeling

A labeled graph G = (V, E) is a finite series of graph vertices V with a set of graph edges E of 2- subsets of V. If the vertices are
assigned values subject to certain condition(s) then it is known as graph labeling. Any graph labeling will have the following three
common characteristics:

() A set of numbers from which vertex labels are chosen;
(i) Arule that assigns a value to each edge;
(iir) A condition that these values must satisfy.

Definition 2.6

Super Mean Labeling
Let G=(V,E)beagraphand f: V(G) —{1,2,...,p+q} be an injection for every edge
e=uv, f* in E(G) is

f* ()= fu)+ f(v) if f(u) + f(v) is even

2

f* (e)= f(u+ f(v)+1if f(u) + f(v) is odd

2

fis called Super Mean Labeling if [ V(G)] U [E(G)] = {1.2........ ,p+tq} and all the labels of V(G) and E(G) are distinct. A graph
that allows Super Mean Labeling is called a Super Mean Graph.
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3. Main Theorems

Theorem 3.1

Statement:

All pine tree graphs are super mean graphs.
Proof:

V(G) VE(G) —>{1, 2,3, ..., p+q}

V(G) ={ui, vi, wi ;0 <i <n} be the vertices.

Define V(G) by,

fw0)=2

f(ui)=6i+3 ;1 <i <n

eg : A (ul ) = 6 + 3 = 9
f (u2 ) = 12 + 3 - 15
fW3)=18+3=21,.,f(un)=6n+3

) (0 ) - 1

f (vi ) = 6i -1 1 <i <n

eg : f (Vl ) = 6 -1 = 5
f (2 ) = 12 -1 = 11
f(¥v3)=18-1=19,..,f(vn)=6n-1

fwi)=6i+7 ;0 <i <n

eg : f (w0 ) = 0 + 7 = 7

/ (w1 ) - 6 . 7 _ 13
fW2)=12+7=19,...f(wn)=6n+7

E(G) = {xi, yi, zi; 0 <i <n} be the vertices.

Define E(G) by,
S (xi ) = 4 + 6i 0 <i <n
eg : S (x0 ) = 4 + 0 = 4
A (x1 ) = 4 + 6 = 10
f(x2)=4+12=16,..,f(xn)=4+6n
S ( »0 ) =
S ( yi ) = 8 + 6i i1 <i <n
g : f ( vl ) = 8 + 6 - 14
f ( »2 ) = 8 + 12 = 20
F(»3)=8+18=26,.. f(yn)=8+6n
fzi)=6(Gi+1) ;0 <i <n
& : ! (20 ) = 6(1) - 6

f (21 ) = 6(2) = 12
f(z2)=6(3)=18,..., f(zn ) = 6(n + 1)

21 25

Hence by induction method all the pine trees are super mean graphs.

IINRD - International Journal of Novel Research and Development (www.ijnrd.org)

1JNRD2601011 ‘



https://ijnrd.org/
http://www.ijnrd.org/

INTERNATIONAL JOURNAL OF NOVEL RESEARCH AND DEVELOPMENT (IJNRD) a ]
© 2026 IJNRD | Volume 11, Issue 1, January 2026 | ISSN: 2456-4184 | INRD.ORG B O I

Theorem 3.2

Statement:
Tm O Pn (tadpole graph) is a super mean graph where is n is any positive integer and m is a positive odd integer greater than or

equal to 3.

Proof:

V (G) ={ui ;0 <i < (m +n) — 1} be the vertices.

E(G) ={ei 0 <i < (m +n) — 1} be the edges.

{f(ui):ui eV (G) U{glei) : ei E(G)} ={1,2,..., p +q}

fu)=2i+1 i i <m _
(23 +1) ;i >m —j
gle)=Im+1 i = (
;0 <i <m —j
;i >M —j
i {2i
12 +1) |
where ] is a positive integer greater than 1
ie.j=2,3,4, ... respectively for m=3,5,7,...
f(ui) and g(ei) should be distinct
TmO Pn can be proved as a super mean graph by the method of induction.
Case 1:
To prove T30 Pn is a super mean graph.

V(G) ={ui ;0 <i < (3 +n) —1} be the vertices.
E(G) ={ei 0 <i < (3 +n) — 1} be the edges.
V(G) VE(G)={1,2,3,... p+q}
fu)y=[2i+1 i<l

{2 +1)5i>1
Au0)=2(0)+1=1
Aul)=2(1)+1=3
Au2)=2(2+1)=6
fW3)=2B+1)=8,..., f(u(3+n)-1) = 2(3 +n)

gle)=lm+1 ) = Gi>1
0<i<1
i {2i
2(i +1)
g(e0 ) = 3 + 1 = 4
g(el ) = 2(1) = 2
g(e2 ) = 2(2) + 1 = 5
g(e3 ) = 2(3) + 1 = 7

;(.e’(3+n)—1 )=2(3+n)-1)+1

1

Here f(ui) and g (ei) are distinct. Hence T30 Pn is a super mean graph.
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Case 2:
To prove T50 Pn is a super
V (G) ={ui ;0 <i < (5 +n) — 1} be the vertices.
E(G) ={ei ;0 <i < (5 +n) — 1} be the edges.
V (G) UE(G) = {1,23,..
fw)y=[2i+1 <2
] L2(i +1);i>2
f (u0 ) = 2(0) + 1
f (ul ) = 2(1) + 1
S (u2 ) = 2(2) + 1
f (u3 ) = 2(3 + 1)
fwd)=2(4+1)=10,.., f(m3+n)-1)=2(3 +n)
g(e) =lm+1 y _ (
' {2i ;0 <i<2
12 +1) 52
g(e0 ) = 5 + 1
glel ) - 2(1)
gle2 ) - 2(2)
g(e3 ) = 2(3) + 1
g(ed)=2(4)+1=9,.., gle(3+n)-1)=2(3+n)-1) 1
5 7 8
" 10 12 14 16 18 20 22
11.13.15 17 19.21.
6
3 .
2 1
Here f(ui) and g (ei) are distinct. Hence TS50 Pn is a super mean graph.
Case 3:
To prove T70 Pn is a super mean graph.
V (G) ={ui ;0 <i < (7 +n) — 1} be the vertices.
E(G) ={ei ;0 <i < (7 +n) — 1} be the edges.
V(G) VE(G) ={1,2,3,... p +0}
fu)=[2i+1 <3
i {0 2(+1):i>3
f (u0 ) = 2(0) + 1
f (ul ) = 2(1) + 1
f (u2 ) = 2(2) + 1
f (u3 ) = 2(3) + 1
fwd)=2(4+1)=10,.., f(m3+n)-1)=2(3 +n)
gle)=lm+1 i = (
0<i<3
i {2i ;>3
12 +1)
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g(e0 ) =
glel )
g(e2 )
g(e3 )

g(ed)=2(4)+1=9,.., g(e(3+n)-1)=2(B3+n)-1) +1
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2(1) -
2(2) -
2(3) =

o BN O

16 18 20 22 24
* ®
15 17 19 21 23

Here f(ui) and g (ei) are distinct. Hence T70
Pn is a super mean graph.
Case 4:
To prove T90O Pn is a super mean graph.
V (G) ={ui ;0 <i < (9 +n) — 1} be the vertices.
E(G) ={ei ;0 <i < (9 +n) — 1}be the edges.
V(G) VE(G) ={1,2,3,... p +q}
fw)=[2i+1 ;i<4

3 2(+1) ;i>4
f (u0 ) = 2(0) + 1 = 1
f (ul ) = 2(1) + 1 = 3
I (u2 ) = 2(2) + 1 = 5
S (u3 ) = 2(3) + 1 = 7
fwd)=2(4)+1=9,.., f(mB+n)-1)=2(3+n)

N = (
gle)=Im+1lipci<a
{2i
| 2(i +1) L
>4
2(e0 ) = 9 + 1 = 10
glel ) = 2(1) = 2
g(e2 ) = 2(2) = 4
g(e3 ) = 2(3) = 6
gled)=2(4)=8,..., gle(3+n)-1)=2(B3+n)—-1) +1
20 22 24 26 28
19 o=

Here f(ui) and g (ei) are distinct. Hence T90O Pn is a super mean graph.
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From the casel,2,3,4 it is clear that
T30 Pn is a super mean graph
T3+20 Pn = T50 Pn is a super mean graph
T5+20 Pn = T70 Pn is a super mean graph

T7+20 Pn =T90O Pn,..., Tk+20 Pn is a super mean graph , where k+2 = m , since k+2 is odd.

Hence TmO Pn is a super mean graph by the method of induction.
Conclusion:

The tadpole graph Tn,k is the graph created by concatenating Cn and Pk with an edge from any vertex of Cn to a pendant of Pk for

integers n=3 and k=0. In this article, it is proved that the pine tree graph, tadpole graphs are super mean graphs.
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