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Abstract: The theory of mth-root metric has been discussed which is first developed by Shimada (1979) as an interesting example of Finsler 

metric, immediately following Matsumoto and Numata's theory of cubic metric (1979).  By introducing the regularity of the metric various 

fundamental quantities as a Finsler metric has been found by Matsumoto and Okubo (1995).  In particular, they found the Cartan connection of a 

Finsler space with mth-root metric. 
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1.  Introduction : 

 The theory of mth-root metrics has been first developed by Shimada [2] as an interesting example 

of Finsler metric, immediately following Matsumoto and Numata's theory of cubic metric [6].  By introducing 

the regularity of the metric various fundamental quantities as a Finsler metric has been found by Matsumoto 

and Okubo [10].  In particular, they found the Cartan connection of a Finsler space with mth-root metric. 

 In [14], Yashuda introduced various connections in Finsler space. He specially dealt with TM 

connection which is a generalization of Cartan connection in some sense.  M.Hashiguchi [4] and M. 

Matsumoto [6] introduced the notion of generalized Cartan's connection )T(C  and generalized Berwald 

connection )T(B  respectively which are Finsler connection with (h)h-torsion tensor T.  A Wagner 

connection is a generalized Cartan connection in which (h)h-tensor is semi-symmetric.  A Wagner space is a 

Finsler space in which Wagner connection is linear where as generalized Berwald space is a Finsler space in 

which generalized Berwald connection is linear.  In (1982) Matsumoto has discussed the Wagner's generalized 

Berwald space of dimension two where as Numata (1984) has considered the generalized Berwald space of 

G-scalar curvature. 

 In this paper we are concerned with Finsler space with mth-root metric. 

2.  Preliminaries : 

 The mth-root Finsler metric L(x,y) of an n-dimensional differentiable manifold Mn is first defined 

by H.Shimada (1979) as 

,yyy)x(a)}y,x(L{ m21

m21

i....ii
i...ii

m   

where the coefficients )x(ia m...ii 21
 are components of a symmetric tensor field covariant of order m.  

Consequently, the second root metric is, of course, a Riemannian metric and we shall restrict m > 2 throughout 

the chapter.  The third and fourth root metrics are especially interesting and have the well known name : 
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kji

ijk
3 yyy)x(aL   ... Cubic metric [Antonelli, P.L. et al, (1993) [1] and Matsumoto and 

Numata (1979) [6]. 

 
kjih

hijk
4 yyyy)x(aL   Quartic metric [Roxburgh (1992) [12]. 

 We shall sketch some fundamental point of the theory of Finsler space ))y,x(L,M(F nn   

with mth-root metric L(x,y) for the later use. 

 Let us first define the tensor )y,x(a),y,x(a iji  and )y,x(aijk  as follows : 

(2.1) a) m32

m32

i.ii
i...iiii

1m y.....yy)x(aaL 
 

 b) m3

m3

i.i
i...ijiij

2m y.....y)x(aaL 
 

 c) m4

m4

ii
i...ijkiijk

2m y.....y)x(aaL 
 

 Then the normalized supporting element Ll ii   , the angular metric tensor 

),L(Lh jiij    

the fundamental metric tensor 

)2/L(g 2
jiij    

and the C-tensor )4/L(C 2
kjiijk    of Fn are written as 

(2.2) a) ),aaa)(1m(h,al jiijijii   

 b) ,aa)2m(a)1m(g jiijij   

 c) ).aaa2aaaaaaa)(2m)(1m(LC2 kjijkiijkkijijkijk   

We have the following relations among iji a,a  and .aijk  

 a) ij
k

ijki
j

ij
i

i Laya,Laya,Lya   

 b) ,0y)aaa(,0y)aaa( k
kijijk

j
jiij   
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 c) ),aaa(Ly)aaa( kjjk
i

kijijk   

 d) ).aaa)(2m()a(L kijijkijk   

 Let us call )y,x(aij  the basic tensor, because this played an important role in the chapter of 

Matsumoto and Numata [6] and Shimada [15].  The metric L is called regular if the basic tensor has the non-

vanishing determinant.  Throughout our theories of mth-root metrics we should suppose the regularity of the 

metrics. 

 Let )y,x(a ij  be reciprocal tensor of )y,x(aij  and we define 

(2.4) .aaa,aaa hij
khk

ijh
ihi   

 The reciprocal )y,x(g ij  of the fundamental metric tensor )y,x(gij  and h
ihii lgL/yl   

are written as 

(2.5) .al,aa)2m(ag)1m( iijiijij   

Hence from (2.3)(a) we have 

.aaa,aaa,laa ijh
h
iji

j
ij

i
i   

 A Finsler connection of )L,M( n
 is a triad )C,N,F( i

jk
i
k

i
jk  of a v-connection 

i
jkF , a non-linear 

connection 
i
kN  and a vertical connection 

i
jkC  (Matsumoto [7].  If a Finsler connection is given, the h and v 

covariant derivatives of any tensor field 
i
jK  are defined by 

(2.6) ,FKFKKdK r
jk

i
r

i
rk

r
j

i
jk

i
kj   

(2.7) ,CKCKKK r
jk

i
r

i
rk

r
jl

i
jk

i
kj    

where 

.
y

,
x

,Nd
kkkkr

r
kkk









   
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 The deflection tensor field 
i
jD , the (h)h-torsion tensor field 

i
jkT  and the (v)v-torsion tensor field 

i
jkS  of a Finsler connection are given by 

(2.8) a) .yNFyD i
j

i
j

i
kj

ki
j   

 b) ,FFT i
jk

i
jk

i
jk   

 c) .CCS i
kj

i
jk

i
jk   

 When a Finsler metric is given, various Finsler connections are determined from the metric.  The 

well-known examples are Cartan's connection, Rund's connection and Berwald's connection.  In this paper we 

shall use Cartan's connection only which will be denoted by 

)C,G,(C i
jk

i
j

i*
jk  

and is uniquely determined from the metric function L by the following five axioms : 

(C1) The connection is h-metrical i.e., ,0g kij   

(C2) The connection is v-metrical i.e., ,0g kij   

(C3) The deflection tensor field 
i
jD  vanishes, 

(C4) The torsion tensor field 
i
jkT  vanishes, 

(C5) The torsion tensor field 
i
jkS  vanishes, 

 Hashiguchi [4] replaced the condition (C3) by some weaker condition and determined a Finsler 

connection with the given deflection tensor field. He has also determined uniquely a Finsler connection by 

replacing the condition (C4).  A generalized Cartan's connection is a Finsler connection satisfying the 

conditions (C1), (C2), (C3) and (C5) while a Wagner connection with respect to jS  is a Finsler connection 

satisfying the axioms (C1), (C2), (C3), (C4) and (C5).  The connection is semi-symmetric i.e., 

.SST j
i
kk

i
j

i
jk    

 The Wagner connection will be denoted by 

)C,N,F(W i
jk

i
k

i
jk  
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and are given by 

(2.9) (a) 
hr

kh
i
jr

i
jkh

2i*
jk

i
jk S)CCS(LF   

  .SSgSCS)CyCyCy( j
i
k

i
jk0

i
jk

hi
jhk

i
khijkh

i   

 (b) ,SSySCLGN 0
i
j

i
j

ri
jr

2i
j

i
j   

 (c) ,gg
2

1
C jkh

iji
jk    

where 

i
jkhj

iji S,SgS   

is the v-curvature tensor of C  and '0' denotes the contraction with 
iy . 

 A Berwald space is a Finsler space whose connection coefficients in the sense of Berwald depend 

on position alone (Berwald (1926) [2], (1927) [3]).  Such a space is also the one whose connection coefficients 

in the sense of Cartan depend on the position alone.  A Wagner space is a Finsler space whose Wagner 

connection depends on position alone. 

3.  Semi-symmetric Finsler connection of mth-root metric : 

 First of all we remember equation (2.2)(b) giving the fundamental tensor ijg  of a mth-root Finsler 

space Fn.  This tensor is different from the intrinsic metric tensor ija  in the regular Fn.  Since 

(3.1) ,yy)y,x(ayy)y,x(g)y,x(L ji
ij

ji
ij

2   

Fn is regarded as a generalized metric space of line element in the Moor's sense (Moor (1956) [9]), because 

there is generally no such a function M(x,y) that is given by 

.M
2

1
a 2

jiij    

 In view of (3.1), it seems natural to us to consider the problem determining a semi-symmetric 

Finsler connection based on the intrinsic metric tensor ).y,x(aij  

Theorem 3.1:  In a regular Finsler space Fn with mth-root metric, a semi-symmetric Finsler connection 

 i
jk

i
j

i
jk C*,N*,F*C*   is uniquely determined from the intrinsic metric tensor )y,x(aij  by the 

following five axioms : 
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(F1) It is intrinsic h-metrical i.e. ,0a k*ij   

(F2) It is intrinsic v-metrical i.e. .0a k*ij   

(F3) Its deflection tensor field 
i
jD*  vanishes i.e., .F*yN* i

kj
ki

j   

(F4) The (h)h-torsion tensor 
i
jkT*  is semi-symmetric with respect to jb  i.e., 

  .bbT* j
i
kk

i
j

i
jk    

(F5) It is v-symmetric i.e., .0S* i
jk   

Proof : The axioms (F2) and (F5) lead us immediately to 

(3.2) .2/)aaa(aC* jkrkrjjrk
iri

jk    

That is the coefficients 
i
jkC*  are Christoffel symbols constructed from )y,x(aij  with respect to 

iy . 

 Differentiating (2.2)(b) by 
ky  and using (2.2)(a) we get 

(3.3) ).lhlh(
)1m(L

2m
C
)1m(

2
a ijkjikijkijk 







  

Thus (3.2), (3.3) and (2.5) give the relation 

(3.4) .lh
)1m(L

2m
CC* i

jk
i
jk

i
jk




  

Thus the vertical connection 
i
jkC*  is determined uniquely from L. 

 Secondly we consider the difference 

,FF*D i
jk

i
jk

i
jk   

where 
i
jkF  is the v-connection of W .  Then the axioms (F4) and (C4) give  

(3.5) ,PPDD j
i
kk

i
j

i
kj

i
jk    

where iii SbP  .  From axioms (F3) and (C3), it follows that  
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.NN*D i
k

i
k

i
k0   

Since 0a ji   with respect to Wanger connection W , therefore in view of axiom (C1), the equation (2.2)(b) 

leads to 0a kij  with respect to W .  Hence by virtue of axiom (F1), we have 

(3.6) ,0DDDa jikijk
r
k0ijr   

where 
r
ikijijk DaD  .  Applying Christoffel process to (3.6) and using (3.3) and (3.5) we get 

(3.7) rj0
r
kiri0

r
jkork

r
ijijk DCDCDCD   

 )]DD(l)DD(l)DD(l[
L2

2m
ik0ki0iji0ji0kkj0jk0i 


  

 ,0PaPa)DllDllDll[
L2

2m
jikijkj00iki00kjk00ji 


  

Contraction of (3.7) by 
iy  yields 

(3.8) )DD(
2

2m
Dll

L

2m
DCD kj0jk0000kj20r0

r
jkjk0 





  

 .0PLaPa)]DD(l)DD(l[
L2

2m
jk0jkj000j0kk000k0j 


  

Contraction of (3.8) by 
ky  and use of (2.3(a) yields 

(3.9) .0PLPLaDl
L

2m
D)1m( i

2
0j000j0j0 


  

Further contraction of above equation by 
jy  gives 0D000  .  Hence (3.9) reduces to 

(3.10) .PLaPLD)1m( 0jj
2

0j0   

Putting the value of 0j0D  from (3.10) in (3.8) we get 

(3.11) )DD(
2

2m
CP

)1m(

L
D kj0jk0

r
jkr

2

jk0 





  
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 



















 k000kk

2

j DPl
1m

L
P
1m

L
l

L2

2m
 

 .0PLaPaDPl
1m

L
P
1m

L
l jk0jkj000jj

2

k 


















  

Contraction of (3.11) with 
iy  leads to 0D k00  .  Thus (3.11) reduces to 

 
r
jkr

2

kj0jk0 CP
1m

L
D

2

2m
D

2

m





  

 .0PLaPa]Pll2)PlPl(L[
)1m(2

2m
jk0jk0kjjkkj 




  

Consequently (3.7) yields 

(3.12) 0ijkh
h
jr

r
ki

h
ir

r
jk

h
kr

r
ij

2

ijk PCP]CCCCCC[
1m

L
D 


  

  rj
r
kir

r
jkk

r
ij PlLC

)1m(2

8m5
p]ClC[L)4m3(




  

  jkiikjkji Pll
1m

2m
}PllPll{

)1m(2

)4m3)(2m(









  

  .PaPaPla
L

2m
Plll

L)1m(

)²2m(
ijkjik0jik0kji 







  

 This equation determines the value of 
i
jkF*  in terms of 

i
jkF  and consequently 

i
jN*  in terms of 

i
jN . 

Remark 1:  It should be remarked here that if ii bS   then and therefore (3.12) gives 0Dijk  .  Hence we 

have the following. 

Corollary 4.1:  The coefficients )N,*F(* i
j

i
jk  of semi-symmetric Finsler connection F  with respect to Sj 

coincide with the coefficients )N,F( i
j

i
jk  of Wagner connection W  with respect to same vector field Sj. 
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Remark 2:  If 0bS jj  , then Wagner connection W  coincides with the Cartan's connection C .  

Therefore we have the following (Matsumoto and Okubo (1995)[8]. 

Corollary 4.2:  The coefficients )N,*F(* i
j

i
jk  of Finsler connection F  satisfying axioms (F1), (F2), (F3), 

(F5) and 0T* i
jk  , coincide with the coefficients 

i
j

i*
jk G,(  of Cartan's connection C . 

4.   Fn with mth-root metric: 

 We shall find the Wagner connection W  of a Finsler space Fn with mth-root metric. Since 
i
jkC  

is immediately given by (2.2)(c) and (2.9)(c), we shall only deal with 
i
jkF  and 

i
jN . 

 On account of axioms (C1), (C3) and )C( 4
 , the quantities 

i
jkF , 

i
jN   are determined by three 

conditions  

(4.1) (a) ,0a kij   (b) 
i
kj

ki
j FyN   

 (c) .SSFF j
i
kk

i
j

i
kj

i
jk    

It follows from (2.3)(d) that (4.1)(a) is written as 

(4.2) .0FaFaN)aaa(
L

2m
a r

jkir
r
ikir

r
krijijrijk 


  

 Let us apply Christoffel process to (4.2).  If we put 

,aaaf2 ikjjkiijkijk   

then in view of (4.1)(c), we have 

(4.3) 
r
irjkjkr

r
krijijrijk

r
kijr N)aaa(

L2

2m
N)aaa(

L2

2m
fFa 





  

   .SaSaN)aaa(
L2

2m
kijjik

r
jrkikir 


  

Contraction of (4.3) by 
ky  and use of (4.1)(b) gives 

(4.4) 
r
irjjr

r
rijijr0ij

r
ijr N)aaa(

2

2m
N)aaa(

L

2m
fNa 





  
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  .SaSLaN)aaa(
2

2m
0ijjk

r
jriir 


  

where we have put 
r
k

kr NyN2  .  Further contraction of (4.4) by 
iy  and use of (2.3)(b) and (2.3)(c) gives 

(4.5) .SLaSLaNa)2m(2fNa)1m(2 0jj
2

j
r

r0j0
r

jr   

 If we contract (4.5) by 
iy , then (2.3(a) leads to 

(4.6) 000
r

r fNLa2   

Hence (4.5) can be written as 

(4.7) .SLaSLaf
L

2m
fNa)1m(2 0jj

2
j0000j0

r
jr 


  

On the other hand transvecting (4.4) by 
iy , we get from (2.3)(b) and (2.3)(c) 

(4.8) .fNLa 00i
r
ir   

We substitute (4.6), (4.7) and (4.8) in (4.4).  Using the notation 
k
ija  defined by (2.4), we get (4.4) of the 

following form : 

(4.9) 
r
ij0r0ijo

r
jir

r
jjr af

L)1m(2

2m
fNa

2

2m
Na

2

m







  

  )a00faf(
L2

2m
af

L)1m(2

2m
ijj00iij0002








  

  .SLaSa
)1m(2

m
Sa

)1m(2

L2m(
ji0ijr

r
ij 







  

Let us sum (4.9), the equation obtained from it by multiplying m/(m-2) and interchanging i and j.  Then we 

finally obtain 

(4.10) ij000
2

ijo0ij
r
jij afLf

2m

m
fNa

2m

)1m(2 






 

   r
r
ji

r
ji0r0i00jj00i

1 SLa)afafaf(L  
 

https://ijnrd.org/
http://www.ijnrd.org/


INTERNATIONAL JOURNAL OF NOVEL RESEARCH AND DEVELOPMENT (IJNRD) 
© 2026 IJNRD | Volume 11, Issue 7, July 2026 | ISSN: 2456-4184 | IJNRD.ORG 

 

 

IJNRD2607018 IJNRD - International Journal of Novel Research and Development (www.ijnrd.org)  

 

a219 

   .SLa
2m

m
SLaSa

2m

m
ijji0ij





  

If we define 

.yy)aaa()y,x(A m3

m3m3m3

k......k
k......kikjk......jkkik.....ijkkijk   

then we have 

).AaAaAa(
²mL

2m
AfL2 00jk00ijk00kijijkijk

2m

i





 

Therefore equation (4.10) may be written as 

(4.11) }mAA)2m{(
L)2m(2

1
Na

2m

)1m(2
jio0ij2m

r
jir 









 

  r
r
ij0r000r

r
ij1m

SLa}mAA)2m{(a
mL2

1



 

  .Sa
2m

mL
SLaSa

2m

m
ijji0ij





  

Also equation (4.7) may be written as 

(4.12) .SLaSLA
m

2m
A

L2

1
Na)1m(2 0jj

2
00j0j02m

r
jr 







 



 

Summarizing the above results we have the following : 

Theorem 4.1:  The coefficient )C,N,F( i
jk

i
j

i
jk  of the Wagner connection W  of a Finsler space with mth-

root metric are given by (4.3), (4.10) or (4.11) and (2.2)(c) respectively where 2/yNN ri
r

i  is given by 

(4.7) or (4.12). 
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