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Abstract: The theory of mth-root metric has been discussed which is first developed by Shimada (1979) as an interesting example of Finsler
metric, immediately following Matsumoto and Numata's theory of cubic metric (1979). By introducing the regularity of the metric various
fundamental quantities as a Finsler metric has been found by Matsumoto and Okubo (1995). In particular, they found the Cartan connection of a
Finsler space with mth-root metric.
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1. Introduction :

The theory of mth-root metrics has been first developed by Shimada [2] as an interesting example
of Finsler metric, immediately following Matsumoto and Numata's theory of cubic metric [6]. By introducing
the regularity of the metric various fundamental quantities as a Finsler metric has been found by Matsumoto

and Okubo [10]. In particular, they found the Cartan connection of a Finsler space with mth-root metric.

In [14], Yashuda introduced various connections in Finsler space. He specially dealt with TM
connection which is a generalization of Cartan connection in some sense. M.Hashiguchi [4] and M.

Matsumoto [6] introduced the notion of generalized Cartan's connection CI'(T') and generalized Berwald
connection BI'(T) respectively which are Finsler connection with (h)h-torsion tensor T. A Wagner

connection is a generalized Cartan connection in which (h)h-tensor is semi-symmetric. A Wagner space is a
Finsler space in which Wagner connection is linear where as generalized Berwald space is a Finsler space in
which generalized Berwald connection is linear. In (1982) Matsumoto has discussed the Wagner's generalized
Berwald space of dimension two where as Numata (1984) has considered the generalized Berwald space of

G-scalar curvature.
In this paper we are concerned with Finsler space with mth-root metric.
2. Preliminaries :

The mth-root Finsler metric L(x,y) of an n-dimensional differentiable manifold M" is first defined
by H.Shimada (1979) as

{L(x,y)}" = Qi) (x)yilyizwyim,

where the coefficients ailigl_.im( x) are components of a symmetric tensor field covariant of order m.

Consequently, the second root metric is, of course, a Riemannian metric and we shall restrict m > 2 throughout

the chapter. The third and fourth root metrics are especially interesting and have the well known name :
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L’ = Qi (x)yiyjyk ... Cubic metric [Antonelli, P.L. et al, (1993) [1] and Matsumoto and

Numata (1979) [6].

L* = a;.(x)y"y'y’y"  Quartic metric [Roxburgh (1992) [12].

We shall sketch some fundamental point of the theory of Finsler space F" =(M",L(x,y))

with mth-root metric L(X,y) for the later use.

Let us first define the tensor a;(x,y),a;(x,y) and a;.(x,y) as follows :
(2.1) a) Lm_lai = Qi i (x)yiQyi3‘ ..... yim

b) Lm_gaij =Q. (x)yi3' ..... yim

c) Lm_Qai]k =i, i ( x)y...y"

Then the normalized supporting element [, = éiL, the angular metric tensor

h, = L(0,0,L),
the fundamental metric tensor
g, =0:0,(L?/2)

and the C-tensor Cy. = éiéjék(Lg / 4) of F" are written as
(2.2) a) L=a;,h;=(m-1)(a;—aa;),

b) g;=(m-1)a;,-(m-2)aa,,

c) 2LCy = (m—1)(m—-2)(a; —a;a, —a;a; —aya; —2a,a,a).
We have the following relations among a;,a; and Ay -

a) aiyi =L, al-jyj =La;, aijkyk = Laij

b) (a;— aiaj)yj =0, (a — aijak)yk =0,
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c) (G _aijak)yi =L(a; —aa),

Let us call aij( X,Y) the basic tensor, because this played an important role in the chapter of

Matsumoto and Numata [6] and Shimada [15]. The metric L is called regular if the basic tensor has the non-
vanishing determinant. Throughout our theories of mth-root metrics we should suppose the regularity of the

metrics.

Let a¥(x,y) be reciprocal tensor of a;;(x,y) and we define
' ih k _ _kh
(2.4) a' =a"a,, Q; =a" ay;.

The reciprocal g¥(x,y) of the fundamental metric tensor g,(x,y) and I'=y'/L=g"1,
are written as
(2.5) (m-1)g —a’ + (m-2)a'a’, 1'=ad'.
Hence from (2.3)(a) we have

i J — h _
aa =1, aa’ =a;, a;a, =a;.

. . n . . i npioi . i :
A Finsler connection of (M, L) isatriad (F , N).,Cj ) of av-connection F , anon-linear
connection IV,. and a vertical connection ;k (Matsumoto [7]. If a Finsler connection is given, the h and v

covariant derivatives of any tensor field K; are defined by

(2.6) ik = 4K+ KiFy — K Fy,
where
. 0 0
d =0,-NoO., 0,.=—p, Op=—r.
S k k k o k Gyk
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The deflection tensor field D; the (h)h-torsion tensor field Jéc and the (v)v-torsion tensor field

i : . .
SJk of a Finsler connection are given by

(2.8) a) Di=y"F;-Ni= y‘ij.

J

i i i
b) U S

i i i

When a Finsler metric is given, various Finsler connections are determined from the metric. The
well-known examples are Cartan's connection, Rund's connection and Berwald's connection. In this paper we
shall use Cartan's connection only which will be denoted by

Cr = (T;,G5,Cy )

and is uniquely determined from the metric function L by the following five axioms :

(Cy) The connection is h-metrical i.e., Giji = 0,
(C2) The connection is v-metrical i.e., gij‘k: 0,
(Cs) The deflection tensor field D;. vanishes,
(Ca) The torsion tensor field Jlk vanishes,

(Cs) The torsion tensor field Sjk vanishes,

Hashiguchi [4] replaced the condition (Cz) by some weaker condition and determined a Finsler
connection with the given deflection tensor field. He has also determined uniquely a Finsler connection by
replacing the condition (Cs). A generalized Cartan's connection is a Finsler connection satisfying the

conditions (C1), (C2), (C3) and (Cs) while a Wagner connection with respect to SJ- is a Finsler connection

satisfying the axioms (C1), (C2), (Cs), (C4) and (Cs). The connection is semi-symmetric i.e.,
i =008, — S,
The Wagner connection will be denoted by
WI'=( JéC’Nll;Z’ Jlk)
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and are given by

29 (@ e =i + L2(Shy, +C5,C )S™

+ (yicjkh —Uiczih _ykcjh )Sh + ijO + g]ksi - 5Iisj'

i i 2 Qr i i
() Ni=G.-I’CLS ~y;S' -6'S,,

i I
© Cj= Egjahg]k’
where
Si = gUSJ: S;kh

is the v-curvature tensor of CI" and '0" denotes the contraction with yi :

A Berwald space is a Finsler space whose connection coefficients in the sense of Berwald depend
on position alone (Berwald (1926) [2], (1927) [3]). Such a space is also the one whose connection coefficients
in the sense of Cartan depend on the position alone. A Wagner space is a Finsler space whose Wagner

connection depends on position alone.
3. Semi-symmetric Finsler connection of mth-root metric :

First of all we remember equation (2.2)(b) giving the fundamental tensor gij of a mth-root Finsler

space F". This tensor is different from the intrinsic metric tensor Qa;; in the regular F". Since

5 o o
(3.1) L(x,y) = g;(x%y)y'y =a;(x,y)y'y’,

F" is regarded as a generalized metric space of line element in the Moor's sense (Moor (1956) [9]), because
there is generally no such a function M(x,y) that is given by

.- 5

In view of (3.1), it seems natural to us to consider the problem determining a semi-symmetric

Finsler connection based on the intrinsic metric tensor aij(x,y).
Theorem 3.1: In a regular Finsler space F" with mth-root metric, a semi-symmetric Finsler connection
*OI = (* Jéc, * NJi-, * Jlk) is uniquely determined from the intrinsic metric tensor aij(x,y) by the

following five axioms :

IJ]NRD2607018 IJNRD - International Journal of Novel Research and Development (www.ijnrd.org) ‘ a213



https://ijnrd.org/
http://www.ijnrd.org/

v* INTERNATIONAL JOURNAL OF NOVEL RESEARCH AND DEVELOPMENT (IJNRD) umamm
; © 2026 IJNRD | Volume 11, Issue 7, July 2026 | ISSN: 2456-4184 | INRD.ORG

(F1) It is intrinsic h-metrical i.e. Ao, = 0,
(F2) Itis intrinsic v-metrical i.e. Q|+ = 0.
. : i : . i k i
(F) Its deflection tensor field * DJ- vanishes i.e., * NJ- =y * e
(Fa) The (h)h-torsion tensor * TﬁC IS semi-symmetric with respect to bj ie.,
i i i
(Fs) It is v-symmetric i.e., * S;k =0.

Proof : The axioms (F2) and (Fs) lead us immediately to
That is the coefficients * jk are Christoffel symbols constructed from aij( X, Yy ) with respect to yi.

Differentiating (2.2)(b) by yk and using (2.2)(a) we get

(3.3) 0, = 2 m

-2
=—Cy +——(hyl, + h L)
ij (m—]) ijk L( _1)( ik"j _]kl)

Thus (3.2), (3.3) and (2.5) give the relation

i i m-2 i
(34) * C]k = C]k +mh-]k .

Thus the vertical connection * Cjk is determined uniquely from L.

Secondly we consider the difference

i _ sl i
DJk_ Jk Jk>

where Fﬁc is the v-connection of WI". Then the axioms (F4) and (C4) give
(3.5) Djik - Iicj = 5ji'Pk - 5}in:

where P, = b; —S;. From axioms (F3) and (Cs), it follows that
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Diy =N, - .

Since ai‘j = O with respect to Wanger connection WI", therefore in view of axiom (C1), the equation (2.2)(b)

leads to A = O with respect to WI". Hence by virtue of axiom (F1), we have

(3.6) araUDr + Dy + Dy =0,

where Di = Qy; D, .- Applying Christoffel process to (3.6) and using (3.3) and (3.5) we get
(3.7) Dy +CiD, 5 + Cl Dy, — CiDy,;

m-2
o1, LilFojk — Do) + l(Do i — Dy ji ) + Li( Dowi + Douc)]

[l Ok +l N DOOz lkliDooj) + ajkPi - aik]:j =0,

Contraction of (3.7) by yi yields

- m-2 m-2
(3.8) Dy je + CyDoro = TZjlkDOOO + T(D()Jk — Do)

m—
2L

+

[l (Doro — Dooi) + (Do jo + Doo )| + @By — Ly P; = 0.

Contraction of (3.8) by yk and use of (2.3(a) yields

m-2

(3.9) (m—1)Dy;o ————1;Dpy, + La,P, — L’P, = 0.

Further contraction of above equation by yj gives D,,, = 0. Hence (3.9) reduces to
(310)  (m-1)D,;, = L°P,—La;P,.
Putting the value of DOjO from (3.10) in (3.8) we get

I? , m-2
(3.11) DO_]k +mpr ke +T(D0]k_D0kj)
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m-2 I? L
+ oL |:lj{m_1Pk_m_llkP0_D00k}

J

I? L
+lk m_lP_m_llJP0+D00J +a]kP0_LakP]:O.

Contraction of (3.11) with yi leads to Dy, = 0. Thus (3.11) reduces to

m m-2 I?
2 Do =g Dot 8
m-2
Consequently (3.7) yields
(312) Dy [Crckr +CiCiy — CiCjp IRy + Cye Ry
~(3m~4)L[C, +Cy]p, (m_8)LC£l P
_(m-2)(83m-4) 1P, +l~lkP-}+m—_21ilkP-
2(m-1) m— J
m-2)? m-2

This equation determines the value of * ﬁc in terms of ﬁc and consequently * NJi- in terms of
N
Remark 1: It should be remarked here that if S; = b; then and therefore (3.12) gives DiJk = (0. Hence we
have the following.
Corollary 4.1: The coefficients (*F Jk, *Nj.) of semi-symmetric Finsler connection F'I" with respect to S;

coincide with the coefficients ( J’k s NJl) of Wagner connection WI™ with respect to same vector field S;.
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Remark 2: If Sj = bj = (0, then Wagner connection WI" coincides with the Cartan's connection CI.

Therefore we have the following (Matsumoto and Okubo (1995)[8].

Corollary 4.2: The coefficients (* J%,*Nj-) of Finsler connection F' I satisfying axioms (F1), (F2), (F3),

(Fs) and * Jéc = 0, coincide with the coefficients (F;,Gji- of Cartan's connection CI".

4. F"with mth-root metric:

We shall find the Wagner connection WI™ of a Finsler space F" with mth-root metric. Since C;k

is immediately given by (2.2)(c) and (2.9)(c), we shall only deal with Jlk and N;

On account of axioms (C1), (Cs) and (C,)’, the quantities Jlk Nj- are determined by three

conditions

(41) @ au=0, () N, =y"F}

(©) Fj —F,=051S.-6.S,.
It follows from (2.3)(d) that (4.1)(a) is written as

m_

(4.2) aka' Ty (aijr o aijar )NIZ o air‘Fi; - ];c =0.

i~
Let us apply Christoffel process to (4.2). If we put

then in view of (4.1)(c), we have

, m-2 r m-—2

oL oL Jher _a]kar)N'r

4

m-—2
2L

+

r —
(Akir — Axia, JN; = ayS; — a;Sy.

Contraction of (4.3) by y” and use of (4.1)(b) gives

2

r m— r m-—2

(a; —a;a, )N;
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m-2
2

r

where we have put 2N" = ykN « - Further contraction of (4.4) by yi and use of (2.3)(b) and (2.3)(c) gives
(4.5) 2(m-1)a,N" = f,,o+2(m—-2)a.N'a;+L°S; - La;S,.
If we contract (4.5) by yi , then (2.3(a) leads to

(4.6) 2La.N" = fy,

Hence (4.5) can be written as

On the other hand transvecting (4.4) by yi , we get from (2.3)(b) and (2.3)(c)
(4.8) La,N] = f,o0-

We substitute (4.6), (4.7) and (4.8) in (4.4). Using the notation afj defined by (2.4), we get (4.4) of the

following form :

m , m-—2 - m—2

(49) Eaﬂ‘NJ _—airNj = .fl:]O 2(m I)L fOrO ij
m-2 m—2

* ofm 2 1% g (fio; — £,00a)

_(m=2L as, - Lals +LaS;.
2(m-1) 2(m-1) Y

Let us sum (4.9), the equation obtained from it by multiplying m/(m-2) and interchanging i and j. Then we

finally obtain

2(m—1)

(4.10) % N’

flJO fyo + L fOOOalJ

- L_J(fiooaj — fioo@: + foro@) — Laj;S,
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aijSO + La,S ;T

LasS,.
m-2 m-2 7

If we define

then we have

L7 ——(a4Ax00 + A Aioo — A, Ajoo )-

Therefore equation (4.10) may be written as

Q(m_l)a-Nr— 1

411 .=
@1 m-2 "7 2(m-2)L"

) {(m - 2)141'1'0 + rnAjio}

1 r
5 Lmlay{(m 2)A,00 + MAg,o } — LayS,
m mL

Also equation (4.7) may be written as

m-2

2Lm ‘Arm-2
Summarizing the above results we have the following :

Theorem 4.1: The coefficient ( Nl C + ) of the Wagner connection WI" of a Finsler space with mth-

root metric are given by (4.3), (4.10) or (4.11) and (2.2)(c) respectively where N'= N,iyr / 2is given by
(4.7) or (4.12).
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