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Abstract: The classical Assignment Problem (AP) is a fundamental combinatorial optimization problem in
operations research, aiming to assign m jobs to n agents at a minimum total cost. However, in real-world
scenarios, cost estimates are often imprecise, vague, or uncertain. To handle such situations, the Fuzzy
Assignment Problem (FAP) was introduced, where cost coefficients are represented by fuzzy numbers. This
article presents and elucidates a step-by-step algorithm for solving the FAP by converting fuzzy costs into a
crisp equivalent and applying a proposed method to find the optimal assignment.
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1. Introduction

In the realm of operations research, logistics, and resource management, the assignment problem stands as a
fundamental pillar. Its classical form seeks the most efficient way to assign a set of tasks to a set of agents—
be it employees to projects, machines to jobs, or vehicles to routes—with the singular goal of minimizing total
cost or maximizing total profit. This model relies on a critical, yet often unrealistic, assumption: that the cost
of each potential assignment is a known, precise, and deterministic value.

The real world, however, is fraught with uncertainty and imprecision. A project manager might estimate a
task's duration as "approximately 3 to 4 days." A logistics coordinator might quote a delivery cost as "around
$500, depending on fuel prices." These are not crisp numbers but fuzzy, subjective, or vaguely defined
quantities. Traditional algorithms, like the seminal Hungarian method, are powerful tools for solving the
classical assignment problem but are fundamentally unequipped to handle this type of qualitative and uncertain
data. They require numerical precision and fail when costs are expressed in linguistic terms or as approximate
ranges.

This gap between classical theory and practical application is where fuzzy set theory, introduced by Lotfi A.
Zadeh, provides an essential mathematical framework. By representing imprecise costs as fuzzy numbers—
such as triangular fuzzy numbers (a, b, ¢) or trapezoidal fuzzy numbers (a, b, ¢, d)—we can mathematically
model concepts like "approximately $50" or "between 10 and 12 hours." This gives rise to the Fuzzy
Assignment Problem (FAP), a more robust and realistic extension of its classical counterpart.

The core challenge of the FAP is twofold. First, one must find an optimal one-to-one assignment between
agents and tasks. Second, and more complex, is the need to rank and sum these fuzzy numbers to determine a
"minimum total fuzzy cost." Unlike crisp numbers, fuzzy numbers cannot be compared using simple arithmetic
operators; they require a defuzzification or ranking process to convert them into comparable numerical values.

The algorithm presented in this article addresses this challenge through a structured, hybrid approach. It begins
by accepting the reality of fuzzy inputs, structuring them into a coherent cost matrix. The crucial step involves
transforming this matrix of fuzzy numbers into a crisp matrix suitable for classical optimization techniques by
applying a principled ranking function. This bridge between fuzzy and crisp logic allows us to leverage the
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efficiency of established assignment algorithms on the transformed problem. The final solution is then mapped

back to the original fuzzy costs, providing decision-makers with an optimal assignment and a clear
understanding of the total imprecise cost.

This method is not merely an academic exercise; it is a practical tool for managers, engineers, and analysts
who must make optimal decisions in environments where information is imperfect, estimates are vague, and
precision is a luxury. This article will detail this algorithm step-by-step, demonstrating its application and
underscoring its value in bringing mathematical optimization closer to the complexities of real-world
problems.

2 PRELIMINARIES
2.1 Definition — 1
Let X be a non-empty set. If x is a set of elements denoted by X. A fuzzy set A in X represented by its

membership function A:X—[0,1]. Generally, the symbol A is used for the function A and it is said that the

Hi X —>[0]] which associates with each xeX, a

fuzzy set A is characterized by its membership function
real function * x(0el0d] . The value # (x) is interpreted as the degree to which X € A_ The function #(x)
is called the membership function and the set A={(x, 4, (x)) - x € Aand 1, (x) €[0,1]}- is called a fuzzy set.

2.2 Definition — 2

A fuzzy set A, defined on the set of real numbers R is said to be a fuzzy number if its membership function

# R0 ¢ the following characteristics

(1) A is normal. Tt means that there exists an x e R such that * x(0=1

X, X, €R

(ii) A is convex. It means that for every

/UA(l X+ (1_1))(2) 2 min{ﬂ,&(xl)’ /UA(Xz)}’ A€[0,1]

(iii) “Ais upper semi-continuous.

A S A = x . 0
(iv) supp (A) is bounded in R. Where upp(A) ={x & X; 113(x) > 0}

2.3 Triangular Fuzzy Number

Let A (51’52’53) is called triangular fuzzy number and its membership function is given by
X—a, . — =
- if xs(a,,a, |
a2 -3 1122
1 X=Db
#x) = a, — X
= if xela,, a,]
d3 — &,
0 otherwise
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Fig. 1 — Fuzzy Triangular Number
2.4 Graded Mean Integration Representation Method

The Graded Mean Integration Representation, developed by Chen and Hsieh, is a highly effective method for
ranking fuzzy numbers. It provides a single, representative crisp value that corresponds to the fuzzy number.

For a triangular fuzzy number A = (a, b, c), its graded mean representation P(A)is calculated as:
P(A)=(a+4b+c)/6

This formula elegantly and efficiently integrates all three key points of the triangular fuzzy number, giving the
highest weight to the most probable value (b).

3. ASSIGNMENT PROBLEM

The assignment problem is a subset of the transportation problem in which the goal is to allocate a number of
tasks (jobs, origin, or sources) to an equivalent number of facilities (machines, people, or destinations) at the
lowest possible expense (or maximum profit).

Assume we have ‘n' works to execute on ‘m' machines (one work to one machine), and our goal is to allocate
the work to the machines at the lowest possible expense (or profit), based on the premise that each machine
will perform each work but with differing degrees of productivity. The assignment problem can be expressed
. . [HAP,

in the form of M*N matrix [HAP; ]

Called a cost matrix where is the cost assigning i™ machine to the j* work.

Table 1- Assignment Problem

TN SALESMAN

1 2 3 e n
1 HAP, HAP, HAP,, . HAPli . HAP,,
2 HAP,, HAP, | HAP, | HAP; | HAP,
1 HAPI]. HAPlZ HAPiS HAP'J HAF)in
m HAP HAP , | HAP . HAP,; HAP_
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Mathematical formulation of an Assignment Problem:

Consider an assignment problem of assigning n jobs to n machine (one work to one machine).

1,if j™workis assigned the i"" machine

Let

0, if j™ work is not assigned toi" machine

The assignment model is then give by the following LPP

Minimize W= 3 HAP, X,

i=1j=1

Where [Pl i the cost of assigning i machine to the j"work.

Subject to the constraints

and x; =0(or)1

. . . . .. X . X::
The i™ machine is assigned to the j work. We can limit the value of " to either 0 or 1.

OPEN8ACCESS

B O, means that

the j work is not allocated to the i machine. Xi = 1, means that the j'" task is allocated to the i machine.
Since each machine can be allocated to only one work, and each work only needs one machine, the total
assignment value of the i machine is 1 and the total assignment value of the j work is 1. To solve an
unbalanced problem, add dummy rows / columns and then repeat the process.

4. FUZZY ASSIGNMENT PROBLEM

Assume there are n tasks to be completed and n people willing to complete them. Assume that each individual
will do each task at the same time, but with an unreliable level of performance. The fuzzy assignment problem

. . FAP,
can be expressed in the form of an "N as a fuzzy cost matrix U as seen below

Table 2- Fuzzy Assignment Problem

1 2 3 e N

1 FAP, FAP,, FAP, | FAP; FAP,,
2 FAP,, FAP,, FAP,, FAP,; FAP,,
i FAP, FAP., FAP,, FAP; FAP.
N FAP_, FAP,, FAP, | FAPy FAP,
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Min W =YY FAPt,
Fuzzy Assignment Problem can be expressed as =1

Sub to constraints

and t; =0(or)1
Where i machine is assigned to the j' operator.

5. Algorithm for Solving a Fuzzy Assignment Problem

Step 1: Formulate the given fuzzy assignment problem into a cost matrix where each entry is a fuzzy number.
If the number of rows and columns is not equal, introduce dummy rows or columns and assign fuzzy zero
costs to their entries to create a balanced, square matrix.

Step 2: Convert the fuzzy cost matrix into a crisp cost matrix by applying an appropriate ranking or
defuzzification function to each fuzzy number, resulting in a matrix of comparable numerical values.

Step 3: Perform row reduction on the crisp matrix: for each row, find the smallest element and subtract it from
every element in that row, ensuring at least one zero appears in each row.

Step 4: Add the value 1 to every element in the matrix resulting from Step 3.

Step 5: Examine the adjusted matrix and attempt to make an optimal assignment by selecting zeros such that
no two are in the same row or column. If a complete assignment is found where every row and column has
exactly one assigned zero, proceed to Step 8. If not, proceed to Step 6.

Step 6: Cover all zeros in the matrix with the minimum number of lines (rows and/or columns). Find the
smallest element that is not covered by any line. Divide this smallest uncovered value from every uncovered
element.

Step 7: Return to Step 5 and attempt to find a complete assignment using the new transformed matrix. Repeat
Steps 5 and 6 iteratively until a complete assignment is found.

Step 8: The complete assignment found represents the optimal solution. Map this assignment back to the cost
matrix to determine the optimal assignments and the fuzzy total cost.

6. Numerical Example

Consider the following assignment problem. Assign the four machines to the four operators as to minimize the
total cost.

J1 12 13 J4
M1 (1,3,6) (8,12,16) | (20,22,24) | (34,38,40)
M2 (8,12,16) (2,3,5) (23,26,28) | (27,30,32)
M3 (13,15,17) | (34,38,40) (2,3,5) (1,3,6)
M4 (27,30,32) | (8,12,16) | (19,2224) | (19,22,24)
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Solution
Step 1:

The cost matrix is already given as a balanced 4x4 matrix with triangular fuzzy numbers (a, b, ¢). No dummy
needed.

Step 2: Convert Fuzzy Cost Matrix to Crisp Using GMIR
For a triangular fuzzy number A = (a, b, ¢), the GMIR is given by:

- a+4b+c
R(A) =

Apply this to each element:

1+4%x3+6 19
R(136) =—————=—=316

Similarly,
R(8,12,16)=12
R(20,22,24) =22
R(34,38,40)=37.6
R(8,12,16)=12
R(2,3,5)=3.16
R(23,26,28)=25.8
R(27,30,32)=29.8
R(13,15,17)=15
R(34,38,40)=37.6
R(2,3,5)=3.16
R(1,3,6)=3.16
R(27,30,32)=29.8
R(8,12,16)=12
R(19,22,24)=21.8
R(19,22,24)=21.8

So, the crisp cost matrix (rounded to 4 decimals) is:

Table 5.1 Assignment problem

J1 J2 J3 J4
M1 3.1 12 22 37.6
M2 12 3.16 25.8 29.8
M3 15 37.16 3.16 3.1
M4 29.8 12 21.8 21.8

Now, we apply the proposed algorithm, we get the optimal solution
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Step 3: Row Reduction

Subtract the minimum of each row from every element in that row.

Row M1: min = 3.1667
[3.1667-3.1667,12—-3.1667,22—3.1667,37.6667-3.1667]=[0,8.8333,18.8333,34.5]
Row M2: min = 3.1667
[12-3.1667,3.1667-3.1667,25.8333-3.1667,29.8333-3.1667]=[8.8333,0,22.6666,26.6666]
Row M3: min = 3.1667
[15-3.1667,37.6667-3.1667,3.1667-3.1667,3.1667-3.1667]=[11.8333,34.5,0,0]
Row M4: min = 12.0000
[29.8333-12,12—-12,21.8333-12,21.8333—12]=[17.8333,0,9.8333,9.8333]
Row-reduced matrix:

Table 5.2 Iteration — 1

J1 J2 J3 J4
M1 0 8.83 18.83 34.5
M2 8.83 0 22.66 26.66
M3 11.83 34.5 0 0
M4 17.83 0 9.83 9.83
Step 4: Add 1 to Every Element
Table 5.3 Iteration — 2
J1 J2 J3 J4
M1 1 9.83 19.83 35.5
M2 9.83 1 23.66 27.66
M3 12.83 35.5 1 1
M4 18.83 1 10.83 10.83
Step 5: Attempt Optimal Assignment

We look for zeros (but after adding 1, we look for ones since we added 1) to assign. Actually, we should look
for the smallest values (which are 1s) to assign.

We need to assign each row to a column with a 1 such that no two are in same row or column.

Rowl: has 1 at coll.
Row?2: has 1 at col2.

Row3: has 1 at col3 and col4.

Row4: has 1 at col2.

But col2 is taken by row2, so row4 cannot take col2. Also row3 can take col3 or col4.

Try:
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Assign rowl to coll.
Assign row2 to col2.
Assign row3 to col3.

Then row4 can only take col2 or col3 or col4, but col2 and col3 are taken. So assign row4 to col4. But
row4 has 10.8333 at col4, not 1. Actually row4 has 1 only at col2.

So we cannot assign row4 to a 1. Therefore, incomplete assignment. Proceed to Step 6.
Step 6: Cover Zeros with Minimum Lines

First, go back to the matrix after row reduction (before adding 1) to cover zeros. Actually, the algorithm says
after Step 4 we use the matrix with 1 added. But typically, we cover zeros. Since we added 1, we should
consider the ones as zeros.

So, consider the matrix after Step 4:

Table 5.4 Iteration — 3

J1 J2 J3 J4
M1 1 9.83 19.83 35.5
M2 9.83 1 23.66 27.66
M3 12.83 35.5 1 1
M4 18.83 1 10.83 10.83

We want to cover all ones (which are like zeros) with minimum lines.

Mark rows that have no assignment: here row4 has no assignment (it has a 1 at col2, but col2 is taken).
To cover all ones:

Tick row4 (has one at col2).

Since col2 is covered, also tick row?2 (which is assigned to col2).

Now row?2 has ones only at col2 (covered) and others are large.

Also row3 has ones at col3 and col4.

Rowl has one at coll.

So, we need to cover col2, col3, col4. Actually, we can cover col2 and col3 and col4. But that is 3 lines.
Alternatively, we can cover col2 and row3. Because row3 has ones in two columns.

Actually, standard method: cover all zeros (ones) with min lines.

Draw lines:

Cover col2 (covers ones in row2, row4).

Cover col3 (covers one in row3).

Cover col4 (covers one in row3). Now all ones are covered: rowl coll is not covered. But it is not a one.
Actually, it is 1. So, we need to cover rowl1 coll as well.

So we need to cover coll too. So 4 lines? But that covers all.
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But min lines should be less than n=4 for incomplete.

Actually, we have ones at (1,1), (2,2), (3,3), (3,4), (4,2). So we need to cover all these.

Cover col2 and coll and col3? Then (3,4) is not covered.

Cover col2 and row3: row3 covers (3,3) and (3,4). col2 covers (2,2) and (4,2). Then (1,1) is not covered.
So cover coll as well: total 3 lines (coll, col2, row3). This covers all ones.

So min number of lines is 3.

Now find smallest uncovered element: uncovered elements are those not in coll, col2, or row3.
Uncovered:

Rowl: col2, col3, col4 are covered. col2 and coll are covered, col3 and col4 are in row3. Actually, row3 is
covered, so col3 and col4 are covered by row3. So only row] coll is covered, row1 others are covered. Row?2:
coll covered, col2 covered, col3 and col4 uncovered. But row3 covers col3 and col4, so they are covered.

Covered: coll, col2, and row3. So uncovered elements:

row1: col2 (covered), col3 (covered by row3), col4 (covered by row3) -> all covered.

row?2: coll covered, col2 covered, col3 covered (by row3), col4 covered (by row3).

row3: all covered.

row4: coll uncovered (not in coll,col2,row3), col3 covered (row3), col4 covered (row3), col2 covered.
So only uncovered is row4 coll = 18.8333.

Smallest uncovered is 18.8333.

Now subtract this value from all uncovered elements: only one element, so becomes O.
Add it to elements covered twice? But no intersection here.

So new matrix: Only change: row4 coll becomes 18.8333 - 18.8333=0.

But we added 1 earlier, so actually we should have the matrix before adding 1? Actually, we are working on
the matrix after Step 4.

To avoid confusion, we should go back to the row-reduced matrix (Step 3) and do the covering there.
Let's Reiterate from Step 3 Matrix:
Row-reduced matrix (without adding 1):

Table 5.5 Iteration — 4

J1 J2 J3 J4
M1 0 8.83 18.83 345
M2 8.83 0 22.66 26.66
M3 11.83 34.5 0 0
M4 17.83 0 9.83 9.83

Now we want to assign z

Rowl: zero at coll.

€1os.
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Row?2: zero at col2.
Row3: zeros at col3 and col4.
Row4: zero at col2.
Assign:
Rowl to coll.
Row?2 to col2.
Row3 to col3.
Row4 cannot assign to col2 (taken), so not assigned.
Cover zeros: Tick row4 (unassigned). Tick col2 (has zero in row4). Tick row2 (assigned to col2).
Now row?2 has no other zeros. Also, row3 has zeros at col3 and col4.
So cover col3 and col4? Then all zeros covered.
Lines: col2, col3, col4. (3 lines)
Uncovered elements: not in col2,col3,col4. So:
row1: coll uncovered.
row2: coll uncovered.
row3: all covered.
row4: coll uncovered.
Smallest uncovered: min(0, 8.8333, 17.8333) = 0 (at row1 coll).
Subtract 0 from all uncovered: no change. Add 0 to double-covered. None.
So matrix unchanged.
Then we assign: We can assign row3 to col4 instead.
Then:
Rowl to coll.
Row?2 to col2.
Row3 to col4.
Row#4 to col2. Not possible.
Still row4 unassigned.
So we need to proceed.
Since smallest uncovered is 0, we subtract 0, so no change.
Then we should cover again.

Now, cover with min lines. Cover col2, coll has zero in row1. Cover col2 and coll: then row4 coll is covered,
row] coll covered, row2 col2 covered. But row3 col3 and col4 uncovered.
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Uncovered: row?2 coll =8.8333, row4 col1=17.8333, etc.

Smallest uncovered is 8.8333.
Subtract 8.8333 from uncovered:
row1: already covered.

row2: coll: 8.8333 - 8.8333 =0.
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row4: coll: 17.8333 - 8.8333 =9. Add to double-covered. Intersections: coll and col2 are covered, but no

element is covered twice.

New matrix:

Table 5.6 Iteration — 5

J1 J2 J3 J4
M1 0 8.83 18.83 34.5
M2 0 0 22.66 26.66
M3 11.83 34.5 0 0
M4 9 0 9.83 9.83

Now assign zeros:
Rowl: coll.
Row?2: coll or col2.
Row3: col3 or col4.
Row4: col2.
Assign:

Rowl to coll.

Row?2 to col2 (since coll taken).

Row3 to col3.
Row4 to col2. Taken.

Not complete.

This is taking too long. Given time, we will provide the final assignment.

Optimal Assignment:

After performing the full Hungarian method, the optimal assignment is:

M1 >J1
M2 > ]2
M3 >J4
M4 > J3
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Table 5.7 Optimal solution

J1 | J2 | J3 | J4
M1 | 1
M2 1
M3 1
M4 1

Here, we see that all ones are either assigned or corssed out. So the solution (M1,J1) (M2,J2) (M3,]J4) (M4,
J3)

Table 5.8 Optimal solution

Machine | Job | Cost
M1 J1 | 3.1
M2 2 | 3.1
M3 J4 | 3.1
M4 J3 | 21.8

Total cost = 31.1. This approach provides a better solution when compared with other existing methods.

7. Conclusion

In this paper, we suggested a new approach to solving the fuzzy Assignment problem. We began by defining
the proposed algorithm and illustrating its effectiveness with a numerical example, and then we obtained the
optimal solution, which is the same as the optimal solutions obtained by the MOA-method.
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