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Abstract

Inthisthesis,westudythestatisticalandsqueezingpropertiesofcoherentlydrivennon-degenerate three level lasers in
a cavity coupled to two mode thermal reservoir.In the case ofinteracting driving coherent light with a cavity
mode and non degenerate three level atom, weobtain the Hamiltonian equation.After that,we develop the
master equation and quantumlangiven equations for the system under consideration and then, we derive the
equations of evo-
lutionoftheexpectationvaluesofthecavitymodeandatomicoperators.wethen,determinethesteady-
statesolutionsoftheresultingequationsintheadiabatic(largetime)approxima-tion scheme.By the help of this
equation and solutions, we obtained the photon statistics andquadrature squeezing.We find that the global
mean photon number for modea(b)
increaseswiththeamplitudeofthedrivingcoherentlight(Q)andwiththerateofstimulatedemission(y.).Wealsoobtain
edthatthephotonnumberstatisticsofsinglelightmodeissuper-Poiso-

nianphotonstatisticswhichshowsthateachofthetworadiationmodesareinachaoticstateoflight. Weverifythattheglo
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balmeanphotonnumberfortwomodelightincreaseswiththeamplitudeofthedrivingcoherentlight(Q)andwiththerat
eofstimulatedemission(yc).Then, we show that the light generated by coherently driven non-degenerate three
level lasercoupledtotwomodethermalreservoirownsa super-poisonianstatisticsanditisa
chaoticlight.Finally,wefindthatthelightmodegeneratedbysuchlightisinasqueezedstatewithamaximumdegreeofsq

ueezing(96.22%)belowthecoherentlevel.

Introduction

Quantum optics is a combination of optics with quantum mechanics. Quantum physics devel-oped through
the first half of the twentieth century more by understanding how photons andmatter interacted and
interrelated. And also in 1953, the maser was developed which
emitscoherentmicrowave.Afteratimeofbeing,laser(lightamplificationbystimulatedemissionofradiation)was
developedbydifferentquantumopticalsystems[1,2].Thequantumpropertiesof light are largely determined
by the state of the light mode and the well-known quantumstates of light are the number state,the chaotic
state, the coherent state and the squeezed state[3].

Squeezinglikephotonantibunchingandsub-poissonianphotonstatisticsisoneofthenon-
classicalfeaturesoflightthathasbeenpredictedtheoreticallyandexperimentallyobserved[4].In a squeezed light,
the noise in one quadrature is below the coherent-state level at theexpense of enhanced fluctuations in the
other quadrature,with the product of the uncertaintiesin the two quadratures satisfying the uncertainty
relation [5].Squeezed light has potential ap-plications in the detection of week signals, in low-noise
communications and gravitational
wavedetection[1,2,6].Squeezedlightcanbegeneratedbyvariousquantumopticalsystemssuchas four-wave mixing
[7],parametric oscillator [8] , resonance fluorescence [9],second
harmonicgeneration[10],subharmonicgenerations[11]andThree-levellaser[1,2,12].

Athree-
levellaserisaguantumopticalsysteminwhichlightisgeneratedbythreelevelatomsinsideacavityusuallycoupled

toavacuumreservoir.Themainclassesofthethree-levellasers
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arelambda(A),vee(V)andcascade(Z)configurations[13].Whenathree-levelatomincas-
cadeconfigurationmakesatransitionfromtheuppertotheintermediatelevelandthenfromthe intermediate to the
bottom level, two photons are emitted[1, 7, 14]. If the two photons havethe same frequency, the three-level
atom is said to be a degenerate three-level atoms; otherwiseitiscalledanon-degeneratethree-
levelatoms[2,14,15].Generallythethree-
levellaserisauniquesourceofbrightlightandtocombinetheexistingoncewithittogeneratehighlysqueezed  light[1,
16].The statistical and squeezing properties of the light generated by three-
levelatomhavebeenstudiedbydifferentauthors[1-27].FessehaKassahun[17]hasstudiedthe squeezing and
statistical properties of the light produced by a degenerate three-level
laserwiththeatomsinaclosedcavityandpumpedbyelectronbombardment.Hehasshownthatthe maximum
guadrature squeezing of the light generated by the laser,operating far belowthreshold, is 50% below the
vacuum-state level.Tamirat Abebe [18] has analyzed the quantumproperties of cavity light produced by a
coherently  driven non  degenerate  three-level laser in aclosedcavityandcoupledtoatwo-
modevacuumreservoir,ispresented.Normalorderingofthenoiseoperatorsassociatedwiththevacuumreservoirisco
nsidered.Applyingthesolutionsof the equations of evolution for the expectation values of the atomic operators
and the quan-tum Langavin equations for the cavity mode operators, the quadrature
squeezing,entanglementamplification, and the normalized second-order correlation function of the cavity
radiation areobtained.Thethree-levellasergeneratessqueezedlightundercertainconditionswithmax-imumintra-
cavitysqueezingbeing43%belowthevacuum-statelevel.Moreover, itisfoundthat the photon numbers of a two-
mode light beams are correlated.Misrak Getahun [19] ana-lyzed the squeezing and statistical properties of the
light produced by a three-level laser whosecavity contains a parametric amplifier and with the cavity mode
driven by coherent light andcoupled to a squeezed vacuum reservoir.He also obtained that stochastic
differential equationsassociatedwiththenormalorderingusingthepertinentmasterequationandMakinguseofthe
solutions of the resulting differential equations, he has calculated the quadrature variancesand squeezing
spectrum,mean and variance of the photon number and the photon

numberdistributionforthecavitymodeemployingtheQfunction.
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SintayehuTesfa[20]hasadetailedanalysisforSqueezingandstatisticalpropertiesofthecavity

as well as the output radiation of a non-degenerate three-level cascade laser coupled to two-
modesqueezedvacuumreservoir.Thegeneratedradiationexhibitsahighdegreeofsqueezingin  the minus
quadrature either for a weak or strong driving radiation. In general, the degreeof squeezing and mean
number of photon pairs increase with the linear gain coefficient
andsqueezeparameter.Thedrivingradiationleadstosqueezingofthecavityradiationevenwheny = 0 and y = 1.
Moreover, he found that there was no distinct difference between the prob-ability for finding odd and
even number of photon pairs in the cavity. In addition, the
meannumberofphotonsinmodeaturnsouttobegreaterthanthatinmodeb.

In this thesis,we seek to study the statistical and squeezing properties of coherently drivennon-degenerate three
level lasers in a cavity coupled to two mode thermal reservoir.We carryout our calculation by putting the noise
operators associated with the thermal reservoir in nor-
malorder.Wefirstdeterminethemasterequationforacoherentlydriventhree-
levelatominaclosedcavitycoupledtoatwo-
modethermalreservoirandthequantumLangevinequationsforthecavitymodeoperators.Inaddition,employingthe
masterequationandthelarge-time approximation scheme, we obtain equations of evolution of the expectation
values of theatomic operators.Moreover, we determine the solutions of the equations of evolution of
theexpectation values of the atomic operators and the quantum Langevin equations for the cavitymode
operators.Then applying the resulting solutions, we calculate the mean photon number,variance of the photon
number, and the quadrature variances of the single-mode cavity lightbeams.Furthermore,applying the same
solutions,we obtain the mean photon number andvariance the photon number of the two-mode cavity
light.Finally, we determine guadraturesqueezingofcoherentlydrivennon-

degeneratethreelevellasersinacavitycoupledtotwomodethermalreservoir.
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Chapter2

DynamicsofOperators

Inthischapterwefirstobtainthemasterequationforanon-degeneratethree-
levelatominacavitydrivenbytwomodecoherentlightcoupledtothermalreservoirandthequantumLangevin
equations for the cavity mode operators.In addition, employing the master equationand the large-time
approximation scheme, we derive the equations of evolution of the expec-tation values of the atomic

operators.Finally, we determine the steady-state solutions of theresultingequations.

2.1TheModelandQuantumLangevinEquations

2.1.1 CascadeThreelLevelAtom

We consider three-level atoms with the non-degenerate states |a),|b) and |[c¢) in the three
possibleconfigurationsaslambda(A),vee(V)andladder(z).Inthisstudy,weusetheladder(cascade)typemodelwhereel
ectronswilloccupyanyofthethreeouterenergylevelsarrangedtoptodown as shells in Bohr model of atomic
configurations[1, 21].These atoms will be placed in acavity driven by two mode coherent light and coupled to
two mode thermal reservoir via singleportmirror.Thetop,intermediate,andbottomlevelsofthethree-
levelatomaredenotedby

|a),|bYand|c),respectively(seeFigure2.1). Whentheatommakesatransitionfromlevel

lay — |b) and from levels |b) — |c) , two photons with different frequencies are emitted.

suchlasingprocessiscallednon-degenerateortwomodethree-levellaser.ltisassumedthatthe
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Figure2.1:Coherentlydrivennon-degeneratethree-levelatominacascadeconfiguration

cavity mode a is at resonance with transition |a) —|b) and the cavity mode b is at resonance with the
transition from levels |[b) — |c) ,with direct transition between |a) and |c) is to be electric-dipole
forbidden.But,the top and bottom levels of the three-level atom coupled by coherent light. The
interaction of a non-degenerate three-level atom with the coherent light and with the light modes a and b
can be described by different Hamiltonians. The interaction of the driving two-mode coherent light with
the two-mode cavity light can be described by the Hamiltonian [2,22].

I—All=iu(c“1a7‘—aAT—aAT+c“2bA*qA AT) syhere (€16 pe, are annihilation operators of the coherent

light,u is coupling constant between cavity modes and the coherent light and gandb are

annihilation operators of the cavity modes.Upon treating the coherently light classically, we
seeC= '=61,C= =6,
% G

Hi=ie(a'—a+b"—b) (2.1)

withe=uB1=uB,isapositiveandrealconstantthesameforthetwo-modesandproportionalto the amplitude of
driving coherent light. The interaction of a non-degenerate three-level atom with two mode cavity light in the

rotating wave approximation and in the interaction picture can be described by[23]
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Ha=ig[(|a)(b]+|b){c|)a—a’ (|[b){al+|c){b])]
H,=ig(oja—a"oa+0,b—bop) (2.2)

Where g is the coupling constant, o aandabareIoweringatomicoperators,a,B are the annihila-
tionoperatorsforthecavitymodes.andaIsoof;andoZareupperingatomicoperators,c;*and
bA*arecreationoperatorsforthecavitymodes.FinaIIy,thequestionofpopulationinversion,the
centralpointinatomiclasing,isresolvedbythedrivingcoherentlywhichisexpecttopushor pump atoms from the
bottom energy level(|c)) back to the higher energy level(|a)). This
isachievedthroughcouplingbetweenthetopandbottomlevelsbythetwomodecoherentlight

Given as[2,7,24]

I—Al=ig(|a)§c|—|%)(a|)=ig(o*—o) . (2.3)

el
whereQ=2A¢,consideredtoberealandconstant,istheamplitudeofthedrivingcoherentlight,andAisthecouplingconsta
ntbetweenthedrivingcoherentlightandthethree-
levelatom.TheHamiltonianfortheoverallinteractioninthecavity,thetwo-
modecavitylightwithdrivingcoherentlightandthenon-degeneratethreelevelatom,twomodecoherentlightand
non-degenerate three level atom (coupling), can be written as a sum to total of the threeHamiltonianstheabove
H=H1+H,+Hs

Usingtherespectivevaluesabove,theoverallinteractionHamiltonianbecomes

R A . Q
H=ie(a’-a+b"—b)+ig(c’a—a’o . Yo'b=p'o)4 (o7 —p) . (2.4)

2 G
ThisisthetotalHamiltonianequationdescribingtheoverallprocessinanon-degeneratethree-level atom placed inside

a cavity driven by two mode coherent light and coupled to twomodethermalreservoirviaasingleportmirror.

2.1.2 QuantumLangevinEquations

The dynamics of cavity mode coupled to thermal reservoir can be described using the quan-

tumlLangevinequation.HereweseektofindthequantumLangevinequationemployingthe
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Hamiltonian together with the fact that the quantumLangevinequationsfortheoperatorsa

and baregivenby(1,2,25]

“a0)=—"a-11a A1F (0 . (2.5)
d- ~ nA A ~
_b(t)=—§tb—i[b,H]+2f(t) \ (2.6)

where «k is the cavity damping constant considered to be the same for the two cavity

modesandfa(t)andfb(t)arenoiseoperatorsassociatedwiththeoperatorsaandb.Inviewofthe
Hamiltonian(2.4),equations(2.5)and(2.6)reducetousingcommutationrelation,therefore

theequationyields

d . LS -

a(t)=ag—go 2+6+f @) a (2.7)
de o\ _Kpo ~

b(t)= dtb go 2+e+f () b (2.8)

2.2TheMasterEquation

Themasterequationfornon-
degeneratethreelevellaserinacavitydrivenbytwomodecoherentlightandcoupledtotwomodethermalreservoirisex

pressibleas[2,7,26].

. i -
~ ~ n ~, ~ ~
it =—j H,p + (A+1)28pa’—a’ap —pa’a+- 2a’pa—aa’p —paa’
2

+(A+1)2  2bpb —bbp -pbb " + 2bpb-bbp -pbb (2.9)

where,kisacavitydampingconstant,pisdensityoperatorandnisthemeanphotonnumber
ofthermalreservoir.CombiningEqs(2.4)and(2.9)theequationofevaluationofthedensityoperatorforthesystemunde
rconsiderationis

b - KCJCC . LI
d—tg =ed'p ~ap +b'p ~bp —pa'+pa-p5+pb+"0'p —0p ~pot+po . o

PPN "t ~ T A F A ~ PN A T A
+904rGp —a'0ap +0,bp —b'opp —pPOara+pa’ oa—po,b+pbop

~ ~ ~ KN ~ ~ ~
FA+1)2 280" —adp -pad )+ ‘apa-gappaa
K s s nue KA nean 2
£ w(med)2 26pb —bbp -pbbK? ¥ 2bipb-bbp Jpbb (2.10)
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Thisisthemasterequationforanon-degeneratethreelevellaserinacavitydrivenbytwo mode coherent light and
coupled to two mode thermal reservoir where K is cavity
dampingconstant,gistheatomcouplingconstant,Qistheamplitudeofthedrivingcoherentlight, eisapositiveandr
ealconstantproportionaltotheamplitude(Q)ofthedrivingcoherentlightand

nisthemeanphotonnumberofthermalreservoir.

2.3EquationsofEvolutionofCavityModeOperators

The dynamics of a cavity mode of a three-level laser coupled to thermal reservoir can be de-
scribedbythequantumLangevinequationinwhichthetimeevolutionofthethecavitymodeis carried by the
operators. To this end, the expectation value of any arbitrary operator A

inSchrddingerpicturecanbedeterminedusingitsdensityoperatoras[27]

UAN=Tr(LA
(A)=Tr(A),
andequationofevolutionforitsexpectationvalueintimeisgivenby

d, dap .
“a(t)=T t 2.11
a(t) [ a(t) dt ( )

InviewofEqgs.(2.10)and(2.11),wefind

+90, pa-ocpa-po a+poct
an An TPAn 14 an A S At A A FRA A A
+g041GpG-a" 0apbG+0,bpa-b"oppa-poqra’+pa’ o.0-po,ba+pb’ onb
+'<2(F:+1)zap”afa—a’“aﬁa—ﬁafaz+'<—"'207“ﬁaz—Qafﬁa—ﬁaa’“a
+£(ﬁ+1)2bpb"a—b*bﬁa—ﬁb’“ba+'<—"’2b7“ﬁba—bb*ﬁa—ﬁbp"a

Applyingthecyclicpropertyofthetraceoperationtogetherwiththecommutationrelation

An A An " an T Anyg oA %) AT A A TPA Ay A
+gpaoara-paa’ o.+pao,b-pab’op-posra’+pa’ oab-po,ba+pb’opa
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2

d K
dt(a>=-5<a>-g<aa)+e (2.12)
G by
(b>—dt b) g4c4é§(+e b (2.13)
TakingtheexpectationvalueofEqs.(2.7)and(2.8)onbothsidesandcomparingtheresultswithEgs.(2.12)and(2.13),onec
ansee
(Fa(t)y=(Fo(1))=0 (2.14)
d - _h i
_(02>=—I(§t(_02>—g (Go)+(oa) +2€(@) a (2.15)
d ~2 ~2 h ~ by i ~
~a’ (t))d=t-K(a7‘ Y-g (a'o")+(o7a") +2e(a”) , (2.16)
h i
g(bAZ)=—IC<f§bA2)—g (bo)+(ohy +2¢(B) (2.17)
d ~2 ~2 h ~ A i 2
b’ (t))OTt—K(bT Y=g (b'0")+(o’b") +2e(b”) , (2.18)

Furthermore,employingEgs.(2.10)alongwithEgs.(2.11),weseethat y .
da’(t)a(t))=Trle(a’pa’a-apa’a+b'pa’a-bpa’a-p * ~+paa’a-pb’a’a+pba’d)
dt . . . .

Q ¢ + oy +
+,(0pab-ocpad-poad+pocaad)

aa

anta O a i B AR LE AR n Tin A R, N I
+go,8pa’a-a’o.pa’a+0o,bpa’a-b’onpa’6-poLba’ t+pa’ocaa’d-po,ba’a+pb ora’a

~2 A ~ An _ ~ ~ An ~2
+(n+1)(286 " "~ " a a ' adpab-patad)¥ 7 ,(JapaadtGapad-paa’ a)
+X(7+1)(2hpb’a’a-b'bpa’ a-pb'ba’ @)+<A(2b" pba’ 6-bb Aa’a-pbb’a’a)]
ApplyingthecyclicpropertyoftheaboveEqgs,weobtain
d =~ s N P " SN (A
(a (C%a(t)):—K(a ay-g{ao")+{(oa")+gla")+{a) (2.19)
Q(&(z;),g“f(t)>=-,<(ac?f)+K-g<ao+>+<o<§7‘)+ega“f>+<@) (2.20)
d ~ ~n o N A ~
—<bf(t)t§§)>=—:<<bfb)—g(ba>+<afb>+e<bi>+<b> ] (2.21)
d<B(9§*(t))=-K<Bb“f>+K-g<Bo>+<ofB>+e<,;§*)+<ag (2.22)
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Q(GB)=—IC%65)—g(60)+(50)+6(&)+b(5) ) (2.23)
g(c?fBgt:-K<5TB>-g(c?fa>+<Bof>+egéf>+<Bg (2.24)
g(éfac;t:-K(b“*a>-g(5*0>+(ofa)+qa>+@> (2.25)

" Q(&f5f>=-,<<£fb“f>-g(gfc?*)+<67‘o;>+e<57‘>+(5f) (2.26)
But,onecanshowthat
d . da(t) da
Jath=( g AN+ )
InviewofEq.(2.7),thisreducesto
d ~ K ,\ K ~
(a(t))gt((-a-ga 2+€+f @))a)+{af-—a-go 2+6+f @n a
=-k(a2)-g({0al)+(G00)) +26(@) +(f2d) +(afs) (2.27)

A i~ dlA)(tA . d5d>
<b2(§>—< Benbte) db
dt

InviewofEq.(2.8),weget
- d 4 K N x ~ K ~
(bz(t))c_ﬁ((-b-go 2+6+f (£))b)+(b¢-"b-go 2+6+f @)

= - k(B2)-g ((ouby+(Bony) +26(By+( )+(bf) fob
(2.28)Uponcomp

aringEqgs.(2.16)and(2.18)with(2.27)and(2.28),weseethat

(Foay+(afy=( )+bfy=mb (2.29)
af ) HEDY=(bf)+HfbY=0 ' (2.30)
d o~ da i
dt (a a)—( 7ta>+<a th
g(a“f&)=§ta>+<&f>-g(a&f>+<aaf>-K<6fa;+<5ff>+{“> . f.a (231)
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. P °t
9 eay=(Lgry+a®7y
dt dt dt

Q(&&f):gtam&)-g(aa>+<afa>-K<aéf)+,;<a”>+a<f6f) fa . (2.32)
d e dbiy  ~db
dt (b b>_(Eb)+(b %E
g<5f5%75<5>+<5f>—g(ob“f)+<Bof>-K<,5f5>+<5fft>+<”‘“> »  fb (2.33)

don oo ae o . B .
_<bbf>=€(b)+(bf>-g(béft)+(0’“b)-l<(bbf)+( YD), b bf, b

(2.34)Uponcompar

ingEqs.(2.19)and(2.20)with(2.31)and(2.32),wecouldseethat
(@Fa)+( =0 faa (2.35)

@ Y+ {Facf)=k (2.36)

Similarly,comparingEqgs.(2.21)and(2.22)with(2.33)and(2.34),onecouldget

G+ y=0 fb (2.37)
é}b)f+(fb>b=fl< (2.38)

Thefollowingrelationscouldalsobeshownfollowingthesameprocess

d ~ da. db
dopy_dlp o 1
dt(G) ( )dt<a )

dt
Q’<aB>d=te<a>+<B>—:<<aB>—g<aa>+<Bo>+<fB>ﬁ,<af> o o b (2.39)

d, ~o_dan  ~db

gp G O=C ey

d ~n L N 5 ST
_(afbgt=—K(aTb)+e(aT)+(b)—g(afo)+(b0*)+( Y’ f) , fab »  (2.40)
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d~  dbf..  ~da
“(p'ay=( o™ )
dt dt dt

d,~ A A A “Fa A a
_(bfagf—K(bTa)+6(a)+(bT)—g(bfo)+(ofé‘l)+( )ai—(brf)b f,a o (2.41)
d, o _ da’ ot "fdl;f o
dt (b)=¢ b;/>?-<a ) dt
d, ~n e - % ~ % A ~t
_(G’Lbf)=07{<(G7Lbf)+€(ar>+(bf)-g(UTGT)+(bT0*>+( DHCTDY fab af, (2.42)

Comparingequations(2.23-2.26)withtherespectiveequationsin(2.39-2.42),thefollowing

relationscouldbeestablished.

(Fab)+(afoy=0 (2.43)

(" Fihy+af=0 (2.49)
(7 fity+(bf)=0 (2.45)
(™" faby+(af,)=0 (2.46)

2.4CorrelationPropertiesofaCavityModeNoiseOp-erators

TheformalsolutionofEqgs.(2.7)and(2.8)canbeputintheform

. syl S J
a(t)=a(0)e ~ 4+~ e 2 €é-gout)+fu(t)dt (2.47)
0
~ Kt ft ) Ji J o J
b(t)=b(0)e 0_ 2+ e 2 e—gop(t)+fe(t)dt (2.48)
~ ~ ¢ t ) 7 "ty J
a’(t)=a’(0)e o 2+ e 2 e—go,(t)+fa(t)dt (2.49)
~ ~ . b e=t)) ty "ty J
bi(t)=b'(0)e "2+ e "7 e-go,(t)+f,(t)dt (2.50)

0

L Sy
eI B Aa
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fromtherightandtaking f

expectationvalues,weget

~

+ K(t—t”) At

) . S A A
(fa(t)a™ (D)=(fa(t)a’(O))e Taw e g{fa(t)ou(t ))+{Fa(t)falt)dt
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Fromthefactthattheoperatoratatimetwillnotaffecttheoperatoratlattertimet’,thus

O ('1))=(@(0)){ " (tha=0

“ " fu(t)o(t)) “(fult)){(o(1))=0

~

(" fa(t))=0
. e et e e
(fa(t)a(t)gz e 2 (fa(t)fa(t))dt
Similarly
Ir;

(@ (0f ()= T E S (Ot

Addingthesetwoonecanget

~

* )

Je it -
(fa(t)a(t))+(a*(t)fa(t))o=_( e (Fa(DFa(£))+(Fa (0)fo(1))dt

InviewofEq.(2.35),thisreducesto

t _k(t-t7)

0= e T (At fulthHFalt ule))dt

0

Setting

~

(7 fa(t)a(t)>iJva(t)a(t)>

& _k(t-t))

0=2 A A

0

whichimplies

(f(Da(e)=0 (2.51)

Hence,onecanalsoshowfromEgs.(2.48)and(2.50)inthesamemannerthat

£,(t)b(£)5=0 (2.52)
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UponmultiplyingEq.(2.47)by 7Lf;comtherightsidewhiIeEq.(2.49)byfA fromtheleftand

a

takingexpectationvalues,weget
P

0

_ k(t-tY)

T @Of(0)=G0if)e o e T 'gont)fl Ll Ofuld)

k(t-t7)

I, A
(Fo(t)a’ (t)y=(Fu(t)a’(O))e T 7 glfa(o, )+ (t)fu(t])  dt

Sincetheinitialstateofasystemcouldnotbeaffectedbyanoiseforceatalattertime,wesee
(Fa(t)a'(0))=(a(0)) " (t))=0and(fu(t))o’ (t}fe=(fa (t))(o" (¢))=0 a
(2.53)whenwesu

mthetworesultingequations,weget

i A S
! @(OFa(t)+ ol (0)=" ‘

—t‘J)

T Of (B () dt
Settingtheassumption
Flt) () =(Ful ) ()

wearriveat

i ~ ft k(t—t’ 4 ~
“a(t)fe )+ (fo(0)a (1) =2 R A A A I

EmployingEq.(2.36),thisreducesto

J-t _k(t-t)) A S l,
K =2 e 2 (fa(t)fa(t))dt
0
Fromthefactthatif
t
e alt {)F(t)cﬂt)dr_ﬁ 5 (2.54)
0
thenfollows
F(t)G(t))dt=2Dé(t—t’) (2.55)
Hence,weget
(Falt) "(2))=k(t-t") (2.56)
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Followingthesamesteponb(t)anditsconjugate,onecanshowthat

Fot) T (#)y=x8(t-t') ,
(2.57)Uponmultipl

yingEq.(2.47)byfafromtheleftandtakeexpectvalueonbothsides,weget

—k(t-t7)

)
(Fa(t)a(t)) =(F(1)a(0)Se e g(fa(t)oa(t)+{Fa(D)fult))  dt

ExpectationvalueofEq.(2.36)aftermultipliedbyf,fromtherightwouldbe

—k(t-t7)

)
@()fa (£)y=(G(0)f ()e RN ! g(oa(t)falt)Hfalt)fa(t)Y  dt

Thesumoftheseequationsafterdroppingnon-correlatedoperatorsbythesamereasonas

previousonesgiveus

—k(t—t7)

(fa(t)a(t))+(a(t)fa(t))= e 2 ((faltifalth+Falt)falt))dt

0

Withtheassumption,(fa(t)fa(t'))={fa(t')fa(t))weget

J

FaOB(E) O Fa(t)=2 ’Oe T ((FAOF () dt

InviewofEq.(2.29),thistakestheform

ft —k(t-t7)
0=2 i e 2 (fat)fa(t)))dt
Therefore
(fa(t)fa(t'))=0 (2.58)
(o(t)fb(t'))=0 (2.59)

OnecanalsoshowfromEqs.(2.29)and(2.30)that

FaOFa(E)=(F, (), ('))=0 (2.60)

UponmultiplyingEq.(2.47)byfsfromtherightsideandtakingexpectationvaluestogetherwiththefactthatanoiseo

peratoratcertaintimeshouldnothaveanyeffectonalightmode
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operatorattheearliertime,weget

@OROF e o

DoingthesameforEq.(2.48)aftermultiplyingitbyf,fromtheleft,weget

J -

I
(fa(t)bo(t)>=( e (fult)fo(t))dit

Thesumofthesetwowillproduce

ft —k(t—t
GO+ (D)= e 7 (FAOMO+Faltifolt))  dt
0

But,employingEq.(2.45),weget

t —K(t

R (O AU A AT

Setting

a(t)fo(t))=(Fa(t)fb(t))

wearriveat

(o(t)fo(t'))=0 (2.61)

Similarly,usingEqs.(2.47)-(2.50)togetherwiththerelationsunderEqgs.(2.43-2.46),0necan

showthefollowing

FHOS(0)=(F, () fa(t'))=0 (2.62)

(Fa(t)f, (£'))=0 (2.63)
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Finally,we can easily see that the Egs.(2.51), (2.52), (2.55), (2.56), (2.57), (2.58), (2.59), (2.60),(2.61), (2.62) and
(2.63) are the correlation properties of the noise operators associated

withcavitymodeoperatorsaandbwhenthecavityiscoupledtotwomodethermalreservoir.

Thesecorrelationpropertiesarerearrangedas

(fay=(fo)=0 (2.64)
(Fa(OFa(E))=(F, (t)fo(t))=0 (2.65)

(o (O () =(F, (D) fa(t))=0 (2.66)
FaltVfa () =(Fol ), (£))=K(t-t)) (2.67)
Falt o (t))=(Fa () a () =(Fo( ) (t)))=0 (2.68)
(Fa O, (D=5 (O () =(f; (t)f; () =0 (2.69)

From these equations, we can easily observe that the noise operators associated with the twomode thermal
reservoir under consideration do not have any effect on the dynamics of

cavitymodesprovidedthatthecavitymodeoperatorsareusedinnormalorder.

2.5EquationsofEvolutionoftheAtomicOperators

Hereweseektoderivetheequationsofevolutionoftheexpectationvaluesoftheatomicoperators by applying the
master equation.Moreover, we find the steady-state solutions of
theequationsofevolutionoftheatomicoperators. Tothisend,employingtherelation
d, - dp ~
“A)=Tr(—A
dt< )=Tr(""A) dt
Along with the master Eq.(2.10), the equation of evolution for the expectation value of

theatomicoperator,canbewrittenas
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d dp
A
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Wecanshowthat
9 Go)=€(q pOa-GPTa+b POa-bp0Oapa’ Oa+pl0a-pb Oa+phoa)
+Q(02ﬁaa—gcﬁoa—ﬁogaa+ﬁocag)

+9  0/8p0a-a'0uaPpOa+0,bp0u-b'0bpOa-pO A0+’ O PO, bOa+Db 004
+X(7+1)(20pa’ 0a-0'8p00-pa’604)+A(2a"Ha0a-80" Ppa-pia’ oa)
+£(A+1)( Zg)ﬁt;foa—t;fﬁﬁoa—ﬁl%oa)+K—ﬁ(2t;fﬁfvoa-55fﬁqa-ﬁ5t;foa)
NowapplyingthecyclicpropertyoftraceoperationtoEq.(2.11)onceobtain

d

~ Q .

<G>;tg(«n—n)&+bfo))a+_<0/> c , b (2.70)
d . - Q

(o)gtg(«n—n)b-acfo) b ofy ;( y (2.71)

d . . Q 2
(0>—g(gga eb))+ (¢ a 3)) c  a (2.72)
g<n>=g(go;a>,+<c7*o>)+,;9(<of+o>,) - (2.73)
9’<n>=g(gc;*5>o+<5fo>)—b<c?*a>—<of;7> w \ (2.74)

d " .

—<n>=—gggbfqmofb))—g«a .t e (2.75)

It can be noted that expressions under Egs.(2.70)-(2.75) are coupled nonlinear differentialequations and
hence it is not possible to find exact time-dependent solutions of such equations.We would try to over come
this challenge by applying the Ilarge-time approximation [1, 2].Then,employingthelarge-
timeapproximationscheme,wegetanapproximatelyvalidrelationsfromequations(2.7)and(2.8),thesewouldb

etheexactrelationsatsteadystate.

20 2¢ 2.~ 2 2¢ 2~
b=- o+ (t)a=-"To ="y fa (2.76)
K K K K K K
L bl iy L Al
b=- Lo+ tf () =-To 45 (1), o (2.77)
K K K K K

EmployingtheresultsunderEgs.(2.76)and(2.77)intoEgs.(2.70)-(2.75),theequationsof

evolutionoftheatomicoperatorstaketheform

h i, h i
d Q 2ge€ 2, -~ AT
(0)==V(0)+a (0)+ ¢ oM =(MH(0) +— (mf )~ (af )+ ba  aa) (2fFB)
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d c Q . 2ge Logh . o 1
=, 5 o — {OWh (=) R -TCT  py ) A&7
L (@72 o to)-(0) + (of )=(of ) + m—n) (2.80)
d Ye 2ge 2ge Q
dt c h_2< c . Kh b a ) b a : ahb ) . c a
d ~ “r
“n=-v(p) 29€ 51y + (o) +i‘1 @HC >f%a<o*>+§a> o 281)
h i h i h i
d "t "t P
“v=-v g5 () L 2ae (0")+40)~(a") (@) L Deffy-Coy )-fah)
. (2.82)
h i h i 1
d o Q )
L=y §g>+c<n>—1—§g§ dora) 22, hald S e (2:83)
K K 2
where,
4g?
oz & | (2.84)
K

isthestimulatedemissiondecayconstant.EquationsunderEqs.(2.78)-

(2.83)couldberewritteninamoremanageableformbyintroducingatomicnoiseoperatorswithavanishingmean.

h i

d
oo o o0 —yo4t)+go;(t3+;% Q0o +
2 e (O e ot +F g, C o (289)
h i
d .
wo > o= ot~ For (0322 a0l
24 n(OFf (O-no)f (- (Oolt)y+F £, . ,  (2.86)
K
h i ~h i
d |
e ol = Yeg)+22E o(t)-o(t) £ n(O)=nl))
t ggh A2 AKi ) 2
2L 50f (1-g0F (1) +F (1) ) (2.87)
K
h i h i

d 2 "t
-n(t)=—)a(tt)a(t)fg—e ofeyrg) +2L I OF W W0 . o fa

Q 1 o
+7 ool +F . (2.88)

h i h i

d
o 0=y n(0-a(0) ¥ raloio-of)
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Zgh“f ~ "t N
+ (t)o(t)ff (t)g'(t)= “[tlo(t)-o™(gf (t) }pF (2:89)
K
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d 20g¢ h # i .h 20
ge1e(t)= —ve Ne(t)+na(t)-1- P ou(t)+o,(t) = au(t) (1)
i -h i
+f (Ho'(t) b_g bo(t)+0f2(t) t c 3 (2.90)

wherel-:a(t),I-:b(t),l-cc(t),l-cl(t),l-cz(t)andl-cg(t)areatomicnoiseoperatorswhosecorrelationprop-
ertiesremaintobedetermined.Now,weneedtoobtaintheexpectationvalueoftheproductoftheatomicoperato
rsandthecavitymodenoiseoperatorsinvolvedinEqgs.(2.78)-(2.83).To

doso,theformalsolutionofEq.(2.89)couldbewrittenas
P h

— — _J J
ne(t) = ne(0)e "+ e YO (1)
0

h i h,
+;§§ o'(t)rol(t)-a’(t)-o(t)) 24 T(tJ{%(tJ)%“(tJ)af(t{)
. o S K
— () (t)-0" () fal') +Fo(t)) dt’ (2.91)

U ponmultipIyingEq.(2.91)fromrightbyfa(t)andtakingexpectationvaIue,wefind
J¢ h

MOFO=OF (e e g (n)
~ 0 ~ ~
+ 28 (O () +ale)f (0 -0 (eF (1)
256 i 29%+ " ‘ 29 ~ ;o
— IO OO oot
AW o .
1

+(0,(t)fa(E)fo (D)) +Fa(t')fu(t)) b’ (2.92)
Itisnotpossibletoevaluatetheaboveintegralunlessweadoptsomeapproximationscheme.Tothisend,weprimari

lyneglectthecorrelationbetweentheatomicoperatorsandthecavity

modenoiseoperators

(Na(t')fa (£)Y=(na(t')){Fu (£))=0 (2.93)
(04 () (£))+{0n(t ) fa (£)) =0, ()X Fa (£))+{0b () ){Fa (£)) =0 (2.94)

(0ot fa (£))+{0a (') (£))=(0u(t')){Fa (£))+{Ta (t')) {Fu (£))=0
(2.95)Besides,weig

norethenon-commutativityoftheatomicandcavitymodenoiseoperators,we

seethat
"y bJAa " " gt J" " J
<fb(t)0(t)f( t)+{A o AN E( (I, (A +Ho,(tIAOAL))  ° i (2.96)
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iy 7 ~ : " J"
(

oA+ R0 (IR L OO oA  ° (2.97)
Moreover,weusethefactthatanoperatoratacertaintimecouldnotaffectanoperatoratan
earliertimesothat

(n6(0)fa (1)) =(15(0)){fa(t))=0 (2.98)
andthesamefactappliedonEgs.(2.96)and(2.97)willleadto

(st OV (OMo (VO () =Con () (EVo (D) HFY Nl e () (2.99)

(ot V() HE () () (D)= 00 (E)F (E)) 40" ENF (A1)

hefactunderEqs.(2.64-2.69)inEqgs.(2.99)and(2.100),wearriveat

(2.100)Employingt

<ab(ﬂ)><;(ﬂ>fa(t))+<a*(ﬂ»<ﬁw)ﬁa(t)>=<oa(ﬂ»<“"(t})ﬁ(t)>+<of(tJ)><ﬁ<tJ)ﬁ(t)>=o
b b a a

(2.101)
Then,uponneglectingthecorrelationbetweenthenoiseoperatorsofatomicoperatorsandthe
cavitymodeoperators,weget

(Fa(t)fa(£)y=(Fa(t)){Fa(t))=0 (2.102)
Therefore,employingEgs.(2.93-2.95),(2.98),(2.101)and(2.102)intoEq.(2.92),wewrite
(Mo(t)fa(t))=0 (2.103)
falt)n, (=0 (2.104)
Followingthesameprocedure,wealsoreadilyobtainthat
A= (O (N0, (2.105)
<na(t)fa(t)>=<”“]gt)n*(t»=<nc(t)ﬁ,(t)>=<”‘(t)3:(t)>=o (2.106)
a a b c
(7 FD0(OiF (DN f()a(E)=(0H5H=0 (2.107)
(A= OVBmOAM=C (), (2.108)
(@ (DAY= (D0a(O)e (0" (OF ()=, (Don(t))=0F, (2.109)
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UsingEqgs.(2.93-2.95),(2.103),(2.104),and(2.105-2.109)inEqgs.(2.78)-(2.83),weget

d . Q . 2ge
@A W) . (2.110)
d ve
@)=, 0—2((209)+~;g_;(n);<n)—l<<0> A (2.111)
g<0>= Ve o)+ 2_qﬁ(o)—(o>+ 9(n)—(r)) (2.112)
dt c __2( c K b a 2 c a
d
—(rl)=d—v(n)+gg_€£0i>+(0)+g(0i}+(0) 4 o (2.113)
t K 2
Ly ;t—yb<n>—<nz+;gf<af>+go>—<af,><—<o>b , @ (2.114)
d
“=-y e -1-"" 0140, . ey (o o )
K

Wenotethattheseequationsrepresenttheequationsofevolutionfortheatomicoperatorsforasinglenon-
degeneratethree-levelatomplacedinsideacavitydrivenbytwomodecoherentlight and coupled to thermal
reservoir.From these equations one can easily observe that
thenoiseoperatorsassociatedwiththermalreservoirdonotaffectthedynamicsoftheatomicoperatorsusedinnormal
order.Tomakeitmorevisible,webettertakethesituationwhereNnon-degeneratethree-
levelatomsareplacedinthecavitycoupledtothermalreservoir.Consequently, stronger cavity radiations will be
produced due to the superposition of radiationmodesradiatedfromeachoftheseatoms.Settingmgto

betotalamodeandmto betotal

bmoderadiationsgenerated,thetotalcavitymoderadiation/iwillbesumofthetwocavity

modes.Usingthedefinition

A=mg+mMy (2.116)
oI I (2.117)
g ma+ m,
N N
> = .
me= o= |b){a@|=NIb)a| (2.118)
k=1 k=1
N
= = .
my= ok= |E)h|=NIE)b| (2.119)
k=1 k=1
N
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> =
M= ok=  |e)(al=N|e)al (2.120)
k=1 k=1
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oz . >
Ne= m=|dRfé) (2.121)
k=1 k=1
p-)
. == kI
Ny= 1°= |= MG (2.122)
k=1 k=1
= =V N
Ne=nk=  [EXE=NI[eXE] (2.123)
k=1 k=1

withtheoperatorsNg,NpandN representingthenumberofatomsinthetop,intermediateand bottom levels.let us

taking the summation of the above equations(2.121-2.123) of the atomsyields

S 2" s £ ("
(Na)H(Np)+(NY= " n*+  n*+ n*= I+n)+0* b . (2.124)
k=1 k=1 k=1 k=1
employingthecompletenessrelation
> N
nk+nk+nk=1=5 (HDN=N (2.125)
k=1

wheretherespectivetransitionprobabilityamplitudesng,nea ndncforthepossibIestatesorenergylevels|61)|B)a nd|&)are
na=|6){al,no=|b)(b|,and,n.=|)(e|

weobservethatcombinationofeq(2.116)andeq(2.117)yields

mim=( "+ ) (Ma+rip) (2.126)
me m,
mit= et T+ et T (2.127)

mem mem mym  mym

m* =N Ny+N Ny=N (N,+N) (2.128)
Am’=(a+ris)( '+ 1) (2.129)
ms m,
Am'=ria +mg +my +riy | (2.130)
Mq m, Mq m,

(2.131)wenextproce

edtodeterminerﬁzusingthedefinitiongivenbyeq(z.116)onecanwrite
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m2=(rfq+p) (Ma+ry) (2.132)
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mz_lﬁaIﬁa+'ﬁamb+nabmAa+mbrﬁb

2~y
mZ—Nm andm' =
c Nm,
~ SR ~2 ~ 2 ~2
m,=m, =m_ =mq =m, =m. =0
T "t "t T

aMy=MqMp=myMa=mMymy=0

~ ~

T T ~
mama=mcmc=N Na

A

P t 8
m_ .
aMa=m,mp=N N
A Tt "
Mc ¢ b

m=mm,= NN

(2.133)
(2.134)
(2.135)
(2.136)
(2.137)
(2.138)

(2.139)

InordertoincludetheeffectsofthepresenceofNthreelevelatomsinthecavity,weneedto develop the equations

of evolution of the atomic operator for the system having N non-degenerate three-level atoms inside a

coherently driven cavity coupled to the two mode thermalreservoir and modify the quantum Langevin

equations.The equations of evolution of the atomicoperators could be simply generated by summing

Egs.(2.110)-(2.111) over N atoms placed inthe cavity. Thus equations of evolutions of atomic operators for

N non-degenerate three levelatomswillappearas

_( >—-v(m) _<c )-'a (N)m§,N>+(m) b a c

d Ve Q ~n 296, a
=, o () —>+zz%g/v>—</y<>—<m>c s .
g W Mg @ -
dt c —( I b a 2 c a
-<N>——y</v>+ 20 Ny <n%>;9<?ﬁa+<rﬁ> ., ome

_(N)—-VW> <N)c b< D+~ ¢ ) (Mim, b Ma

d - " g . .
-<N>=—)93N>—C<N>—Naz €+, R A
K 2

ThesearetheequationsofevolutionforatomicoperatorswhenNnon-degeneratethree-

levelatomsareplacedinsideacavitydrivenbytwomodecoherentlightandcoupledtotwomode

(2.140)

(2.141)

(2.142)

(2.143)

(2.144)

me (2.145)
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thermalreservoir.Asweconfineourselvestolinearanalysis,weignoretheg-terms[1,2,7]in

Egs.(2.142),(2.143),(2.144)and(2.145)sothat

d (Y= ve )+ g<"7>‘<"7> (2.146)
dt c —2( c 2 c a
d o e Q% A
(N)= )a<tN>aL ¢ )My , M c (2.147)
d - -~ ~
_<N)=_)a$N>'E<N) c b a (2148)
d, - ~ Q. . "
<N>;_VQN>_<N>C_N c a —ITI%+( ): mc (2149)

Besides, we impose the good-cavity limit condition(ky). Under such condition, the cavitymode variables
change slowly compared with the atomic variables as the result atomic variablesreach steady state in a
relatively short period y-L. One can take the time derivatives of
suchvariablestobezero,whilekeepingthezero-orderatomicandcavitymodevariablesattime
t.Thisproceduremaybereferredtoastheadiabaticapproximationscheme.Thus,uponapplyingtheadiabaticappr
oximationschemeontheequationsunder(2.146),(2.147),(2.148)

and(2.149),weget

<m>=9</\7>z</\7>y — (2.150)
A~ Q% A
(NY==A( )a(m) Me c (2.151)
2yc
(Npy=(Nq) (2.152)
(Ny=N-20)=N-XAy ¢y L e m (2.153)

NowcombinationofEqgs.(2.140),(2.150),(2.151),and(2.152)aswellasEqgs.(2.141),(2.150),

(2.151),and(2.153)leadsto

g<nﬁ>=-)é§n$>arg<AT>t—g—2 f,QN—23(h7:z . (2.154)
KVYc

d c ~ . .

(Y= Jff m— (Q f)+gg‘€N-3<N)—9(N—3<N)) (2.155)
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2 K Ve

Usingoncemoretheadiabaticapproximationscheme,weeasilyfind
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{pa)= " @+ N-3(N,)

i)=Y +4N-3(N,)-2(N-3(N,))

Solvingtheseequations,wegetthesteadystatevaluestobe

4geQ - 4geQ)? ~
Aoy = N-3(N ——=——~v— N-3(N 2.156
(rncac 2242 (Nb) . v(2y2+Q2) (Na) ( )
4gey. ~ 4geQ)? N
Ap)= N-3(N —————5v— N-3(N 2.157
(mb ZVZ-kQZ ( b) V(;ZVZ'EQZ) ( a) ( )

Solvingequationsunder(2.150),(2.151),(2.152)(2.153)andemployingtheresultsinequationsunder(2.156),(2.1

57),wecouldeasilydevelopthefollowingsteadystateequations

" #
~ "t Qy.
m)ss= S= —m N 2.158
(riyss=( '} : el (2.158)
" #
~ QZ
(Ng)ss= ————— N 2.159
‘ (y2+3Q2)_ ( )
mn #
~ 0?2
<’Yb>$5= (y2+3Q2) <N (2.160)
(Noss= 27 vQ (2.161)
(v>+30Q?) |
n #" #
. 4ge(Qy.—Q? Ny
(rﬁa)ss=f(ma)ss= ge(Qye ) ‘ (2.162)
2y24Q0?2 2y2+3Q02
n #" #
2 A=7L =4gE(V2_QZ¥ NVC
(Mp)ss={m,)ss - 22407 /24307 (2.163)

We note that Egs.(2.158)- (2.163) represent the steady-state solutions of the equations of evo-lution of the
atomic operators in the adiabatic approximation scheme. From these equations,one could easily observe
that the interaction between the two mode coherent light and the twomodecavityradiation(ge -
term)doesnotaffectthenumbersofatoms(N,, N,
Nc)inthethreeenergylevelsorpossibleenergystatesandtheatomiccouplingbetweentopandbottomlevels(m;)i
ntheadiabaticapproximationscheme.But,thetwomodecoherentlighthasadi-

rectimpactonthecavitymoderadiations(mg,mMs).Intheabsenceofstimulateddecay(y.=0)
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atsteadystate,alloftheenergylevelswillhaveone-thirdofthetotalatomsinthecavity

(NYss=(N)ss=(N)ss= 3 :cy =0 (2.164)

Moreover,uponsettinge=0,forthecaseinwhichthereisnodriving coherent light,the

steady-statesolutionsdescribedbyEqs.(2.158)-(2.163)taketheform

A

(HyA ©y=0 (2.165)
(Ng)ss=0 (2.166)
(N,)ss=0 (2.167)
(Ncyss=N (2.168)
(fo)ssm( Vss=0 My (2.169)
(rPnyss=( "yss=0 m, (2.170)

The physical interpretation of Egs.(2.165)- (2.170) is as follows.When there is no
drivingcoherentlight(e=0)thatpumptheatomsbackto thetoplevel,noanyatom({m.)=0) could get a means to
come to higher energy level.As the result this there could not be anyatom in the top (No.= 0) and the
middle (Np= 0) levels. Consequently, all atoms (N.= N )willpopulate in the lower energy level.
Furthermore, if there are no atoms in higher energy
Ievels(|a),|5)),therewou|dbenoatomiclasingprocess((n’)a)=(mb)=0).Here,wenotethatthe coherent light is
interacting with the cavity modes (€) and pumping (Q) the atoms from thebottom level to top level.But,
we found that the interaction of coherent light and the
cavitymodesdoesnotaffectthenumberofatomsinenergylevelswhichisthecentralideainatomicprocess.Moreo
ver,theeffectofthisinteractionontheradiationmodesisnotclearlyobservedascomparedtothestimulatedemiss
ion(yc)andtheatomiccoupling(Q)whichshowclearandstrong effect.so, we better ignore the interaction of
coherent light while such light is used

forcouplingatthesametime.Consequently,weneedtomodifythequantumLangevinequations
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ofcavitymodesinacoherentlydriventhreelevellaserpresentinthecavityunderEqgs.(2.7)and

(2.8)as
d K R
ﬁ(t)=-£l-ga 2+f(t)a a (2.171)
d- . .
—b(t)=—§g—ga G (2.172)

Besides,toincludetheeffectofNatoms,wewriteitas
d. K. . A
_a(t)=—;lg+/\Jm 5 +6'f (1) a (2.173)

gB(t)=—§§+/\JJrﬁ , +B8f () ) (2.174)

whereg(t)anoiseoperator.inwhichAisaconstantwhosevalueremainstobefixed.Applying the steady-state solution

of Eq.(2.7), we get for all the atoms, we can show the commutationrelationofcavitymodeoperatorstobe

~ 4g° 4N i
[6,aT]=K2W)-Na)+ K_z[fa, ] (2.175)
~ “n_Vc
[G,a'1="(n—p,) , (2.176)
K
andonsummingoverallatoms,wehave
PSS 4~
[0 1="(N—p,) , (2.177)
K
where,
o LI
[6,a"]= [6,0] (2.178)
k=1

standsforthecom mutatorofaandc?*whenlightmodeaisi nteractingwithalltheNthree-level

atoms.ThesteadystatesolutionofEq(2.173)isfoundtobe

. 2ArAq

a (2.179)

K

Ontheotherhand,applyingthesteadystatesolutionofEq.(2.179)andusingthefactthatatomicoperatorcommute

withcavitymodenoiseoperator[2,7]wecouldshowthat

[6,0"|=8a"-a"a
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~

- 4ANA7? 4872 Tt

A [ P .

[G,0']= o (No=No)+ ~ Tfof] (2.180)
ComparingEgs.(2.192)and(2.197),weget

v _
A=AV=%V and&ﬁ=6”= Ninviewofthisresult,thenewquantumLangevinequations
canberewrittenas

d K g — v .

a(t)—— -V rﬁ + N fq(t) (2.181)

b(t) c?b Witk 9 NFileY—. (2.182)

Voo
UponsettingF (t)= Nf (t)asacavitymodenoiseoperator whenthecavitymodeis interacting with N three-level

atoms with a vanishing mean, the quantum Langevin equationforcavitymodesaandBcanbewrittenas

d K g
a=- A_\/ Aa a — .
dta 20— Nm +Fo(t)— (2.183)
=-_b-Vdm g :
dtb 2b_ N’mthb(’f) N (2.184)

From Eq.(2.64-2.269), we note that the noise operators associated with two mode
thermalreservoirdonothaveanyeffectonthequantumdynamicsofcavitymodeoperatorsinnormalordering.

So, one can remove the noise operator in qguantum Langevin equations for normalorderoperations.

d K g
d=-_0-vV mMa— — .
dta 2&— Nma — (2.185)
=-_~N mp K~ g .
dtb ztd_ N9 (2.186)

2.6CorrelationPropertiesofAtomicNoiseOperators

Furthermore,toincludetheeffectsofNnon-
degeneratethreelevelatomplacedinacavitydrivenbytwomodecoherentlightandcoupledtotwomodethermalreser

voir,wewrite

d u

dtma(t)=-2ma+ga(t)— (2.187)
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d u

dtmb(t)=-2mb+gb(t) —

wherepuisaconstantwhosevalueremainto bedeterminedand{(t)isatomicnoseoperator

withvanishingmean.
(g"a(t))=(g"s(t)) =0

Fromtherelation

UsingEQgs.(2.137)and(2.187),wefind
d 1 N
“(N)=—uN)§— a ada
(N) ;C% 6 ( a ;\)l+(g m) Mag

But,fromEq.(2.147)and(2.150),wesee

d 0?2 h i

dt(Na)= C Vc(Na)+y (Nc) :ENa)
EmployingEq.(2.161),0necouldrewritethisas

d hy2+in Q22+Q?
giNa) == y — V2+3?2;—
(Na)+ N
ComparingEgs.(2.190)and(2.191),weseethat 4
_ o
o Ve
~, ~ 02)2+02 i

Eq.(2.193)impliesthat (garﬁa)+(mag},)=y y2+362 N

(GLt)=uNN)ssSkt —1)

Letusproceedusingtherelation
d ~ h A (
T ik ~
i =( oM +{(Mm,
i getame YHgAme ) o g
UsingEQs.(2.138)and(2.187),wefind . y
d 1 "
A{N)=-p(N)+= (. H)+( ) m m
di g N gamy, a9q

(2.188)

(2.189)

(2.190)

(2.191)

(2.192)

(2.193)

dmg

(2.194)
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EmployingEq.(2.148)andthefact(Ny)=(Np),wesee
" #

d
—(N)= -y (N)-(N) =0 g " c b b

(2.195)ComparingE

gs.(2.212)and(2.213-2.218),wefind

~ ~
~ A

( T T
gama>+(m0ga>=0

(g”a(t) f(t)) = OMoreover,fromtheresultunderEq.(23136)andtherelation

. dmg

d -~ h &
~  \N__ H_,a 7"+A
i MHPme )b g

wecanshowthat

(7 gem,y+(mag,)=0
Thisimplies

@it V)= ult t))=0
) (T, ) v

.- 7 1
Wenotealsothatmm=0and =0.Fromtheseresults,wecanshowthecorrelation
Gb mbmg

betweenthetwonoiseoperatorsas

(@"a(t)g"b(t)))=(g"b(t)g"a(t"))=0

~

" galt)g,()=(a () ga(t))=0

Furthermore,fromEq.(2.135),wecoulddevelop
(g o(t))g"a(t))=( T( t’) 7L(t))=(g“b(tJ)g“b(t))=(;,,f(tJyaf(t))=OTheco rrelationgropgrtiesarerearrangedas

(g"a(t)=(g"s(t))=0 (2.196)
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(" eabltg (en=Gaslela eDunimsse(e— (2.197)
6eltla"(N=tg, Mg en=b (2.198)
@t T)=@g()=0  )g,( (2.199)
(G )" SEN=G" o)) =G S 1) ()=0 (2.200)
0el0gy(h=(gatge(D=(g,DastN=0 (2.201)

These are the equations representing the correlation  properties of atomic noise
operators.Onecaneasilyobservethatalltherelationsvanishexcepttheonewithnormallyorderedcavitymode

operators.Thus,the atomic noise operators associated with the two mode thermal reser-voir under
consideration do not have any effect on quantum dynamics of cavity mode operatorsprovided that the cavity
mode operators are not used in normal order.We note also that
thenoiseoperatorsofthecavitymodeandtheatomicoperatorsassociatedwithtwomodether-mal reservoir affect
the dynamics of the cavity modes in opposite ordering of the cavity

modeoperators,thelateraffectthecavitymodeoperatorsusedinnormalorder.
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Chapter 3PhotonStatistics

Thestatisticalpropertiesofalightmodeisdescribedintermsofthemeanandthevarianceofthe photon number,the
photon number distribution and the second-order correlation
function.Therelationbetweenthemeanandvarianceofthephotonnumberwilldeterminethephotonstatistics as
Poissonian,super-Poissonian and sub-Poissonian[1, 2, 22].Where as the probabilityof two photons reaching a
detector in pairs (the bunching and anti bunching phenomena) canbe determined from the second-order
correlation function.In this chapter we wish to
studythestatisticalpropertiesofthecavitylightmodesproducedbythenon-degeneratethreelevellaser  driven
by two mode coherent light and coupled two mode thermal reservoir.Applying
thesolutionsoftheequationsofevolutionoftheexpectationvaluesfortheatomicoperatorsandthe quantum
Langevin equations for the cavity mode operators, we obtain the global
photonstatisticsforlightmodesaandb.Inaddition,wedeterminethe,theglobalmeanandvarianceofthephoton

numbersforlightmodesaandb.

3.1Single-ModePhotonStatistics

Inthissectionweseektoobtaintheglobalmeanandvarianceofthephotonnumbersforlightmodesaandb.

33
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3.1.1 GlobalMeanPhotonNumber

Hereweseektocalculatethemeanphotonnumberforlightmodesaandbintheentirefrequencyinterval.Tothisen

d,usingtherelation

d~ o ddl(t) ~  d(t)
(a"(t)a(t))=( a(t))+(a’(t) dt> ™ ot
(3.1)alongwithE
q.(2.183),wereadilyfind
d -~ " "t [, - ~
- dt(a(t)a(t))=-K(a(t)a(t))—\/gN— (a(t)mMa(t))+{ma(t)a(t))
vVooa — A A
+ N (t)a(t))Fa’ (t)Falt)) (3.2)
FromthefactunderEq.(2.64-2.69)
Falt)a(t))+(a(t) F(£))%0 (3.3)

Nextweseek to evaluate(c;*(t)rﬁa(t)).Tothisend,applyingthelarge-timeapproximation scheme

toEq.(2.183),weget

2g2F,
1nncl Hes (3.4)

k N K
MultiplyingtheadjointofEq.(3.4)ontherightbym,(t)andtakingtheexpectationvalueof
theresultingexpression,wehave

~ 2gN - 2 "y
(a(t)ma(t))y=- V (Na(t))+ (Fa(t)ma(t)) (3.5)
kK N K
Wenowproceedtofindtheexpectationvalueoftheproductinvolvinganoiseoperatorandanatomicoperatorthatappea
rsinEq.(3.5).Tothisend,aformalsolutionofEq.(2.140),withthefactthatthemeannumberofatomsinaandinbequal,ca

nbewrittenas

ft n ) #
Ma(t)=ma(0)e V<'F 92%“ 2 n%fgth T Mc(t)+Fq(f)  dt (3.6)
0
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UponmultiplyingEq.(3.6)fromby f(t)Ieftandtakj,ngexpectationvaluesonbothsides,we

get

PN

Jt .
T _Jg 7LVc(t t)

(Folt)a( ) (FolO)ra(oe  ~* + e (Edtim (o)

K+;rg-%(*(t)m(tJ)>+<ﬁé(t)FuJ)>dtJ

But,asthenoiseoperatoratcertaintimeshouldnotaffectthedynamicsofanoperatorinthe earlier time together with

the assumption that the noise operator one mode light will notaffecttheatomicoperatoroftheothermode,weset

~

(7 Fa)m(0)y=(Fa(t})(m(0))=0

~

T TR m (e =(Fa(t)) (P, (£)=0

~

(T FalthA()=(Fa(t)$(FA(t))=0

In viewofthesetworesultsandthefactunderEq.(2.64-2.69),weget

Falt)rii(t))=0 (3.7)
Therefore
v

. 2g N —

(a’ (t)Mq(t))=- o (ateh) (3.8)
ThenEq.(3.2)reducesto

d - A 4g?

(;(a*a)=—K(aTa)+K(NT (3.9)
Thesteady-statevalueofthisequationhastheform

N _4g2 Ve

(a'a)ss= K2(N,,)ss= K(Na)ss— (3.10)

Inthesameway,onecouldshowthat
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(bA*B)ss=h(N)ss o b (3.11)
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Weconti nuetofind(ac;f)usingtherelation

A

% aay=(Lary+ (@) B By ”
(3.12)alongwithE
q.(2.185),wereadilyfind ) ,
" ;,;a(t)a(t»:-K<a(}$a(t)>-f: @t ma )+ (Fa(Da(t)
N Ewa e o R (3.13)

Sincethecavitymodeoperatorsareinantinormalorder,theeffectofnoiseoperatorcouldnotbeignoredsimplyandwene
edto evaluate(m,(t)a’ (t)).MultiplyingtheadjointofEq.(3.4)

ontheleftbym, (t)andtakingtheexpectationvalueoftheresultingexpression,weget

~ —2gN 2 h
(Ma(t)a(t))= V (Np(t)rangle+ {(ma(t)F,(t)) (3.14)
K N K

Now,uponmultiplyingEq.(3.6)ontherightbyF (t)andtakingtheexpectationvalueofthe

resultingexpression,wehave

Je

~ ~ t 2 Qe St
o (OFo(t))=(o(OVFolthe -+ = &€ 0 m (e)F(t)
#

+ 22 (e, () +F(E) AD) dt
K

Using the time difference between noise operator and cavity mode operators together with theassumption that

the noise operator one mode light will not affect, we do expectation valuesseparatelytoget

Faa(0) T(£))=(mia(B( "(£))=0

(A +gt "ty "
my,(t)Fa(t))=(m,(t)){Fa(t))=0
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Fac(t) () =(rhc(ER(  ()=0
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Then,wefind

. S .
{Ma()Fa(t)y= e Y O (F(t)Ft))dt
0

. Je A
(n;'a(t»(Fagt))_: Te YT (Fo(t))(Falt))dit

InviewofEq.(2.67),weget
~ \/_ft ,
(Ma(t)Falt)y=k ~ N “e Y V(tlt)dt
0

NotingthepropertiesofKroneckerdeltafunction,weget
3 v
(Ma(t) (t))=KFN (3.15)

EmployingEq.(3.15)inEq.(3.14),wefind

_ v
- 2gN N
(Ma(t)a" ()= v (Np(t)+ — , (3.16)
Kk N
Onecanalsoshowthat N N
0 -2g N N
@) (=" (M=, - (3.17)
Toevaluate(a(t)Af(t)),weuﬁ-xheformalsolutionoqu.(Z.183)givenby
-
a(=tloye 5 e 2% [Fg%)-\/rﬁg(t)]dt (3.18)
0

UponmultiplyingEq.(3.18)by T(t)fromtherl'g,htandtakingexpectationvalueonboth

sides,weget

A(a(t)Fa(t)>=A<%(0)Fﬁ)>e0f“iz’ e 7 <Fa(t)Fﬂt)\;—V<maEi‘)Fa(t)> T dt
Bythesamereasonasbefore,thisreducesto
~ 4 ft —k(t—t’ -
@OF(n)=" e 2 " (Fa(t)Falt))dt

FromthecorrelationpropertiesofcavitymodenoiseoperatorsunderEq.(2.67)weget
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v

p, @0 )=k

(3.19)
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Crat)a(t) =k Nz (3.20)

EmployingEgs.(3.16),(3.17),(3.19)and(3.20)inEq.(3.13),wearriveat
d ~ ~ 4g2
6;(aaT)=—K((”Ja*)+K(NTt“))—2g+KN (3.21)

Thesteady-statesolutionofthisequationcanbewrittenas
~ A 2
(aaf)ss=ﬁ(N)ss+N——gb (3.22)
K

Itcanalsobeestablishedinasimilarmannerthat

an Ve n 2
bby=Yny+n-2 (3.23)
K K

OnaccountofEgs.(2.159)and(3.10),weseethatthesteady-statemeanphotonnumberof

lightmodeahastheform
~ N Cc QZ
ne=(a Clg— V2+3QZC— (3.24)
Wealsofindfromeqs(2.160)andeq(3.11)thesteady-statemeanphotonnumberoflightmode
btobe
A~ QZ
Ap=(h"B¥= — 3.25
nb ( %% y2+3QZ . ( )

Fromequations(3.24)and(3.25),weseethatthemeanphotonnumberradiatedasmodea

andasmodebisthesame.

Ny @
A== 73

ForQ ycor2 zO,wbcentheampIitudeofthedrivinglightsmaIlascomparedtostimulated

emissionrate,themeanphotonnumbergoestozero,n ,=n"p=0.Butwhentheamplitudeof

thedrivinglightismuchmuchgreaterascomparedtotherateofstimulatedemission(2 ~0)

,themeanphotonnumberreducesto

Aa@y=Rmax= Ne Q> _Nye
K 2 cz_ 3K
os+8)(

38

ThegraphunderFig.(3.1),showsthattheglobalmeanphotonformodea(b)increaseswiththeamplitudeofthedrivi

ngcoherentlight(Q),andwiththerateofstimulatedemission(yc)

IJNRDTH00087 \ International Journal of Novel Research and Development (www.ijnrd.org)



http://www.ijrti.org/

© 2023 IJNRD | Volume 8, Issue 10 October 2023 | ISSN: 2456-4184 | INRD.ORG

=8 —
TE:-’.‘I..E
Tc:ﬁl._d.—

Hean photon nusber

Figure3.1:Globalmeanphotonnumberformodea(b)versusQfordifferenty.atk=0.8andN=50

upitsthemaximuma max="¥< =8,whichoccurat k =0.8and y.=0.4.Furthermore,

employingtherelation

d da
aaen=( aoee g df
dt -
alongwithEq.(2.183),wereadilyfind
dt(a(t)a(t))=—K(a(t)6(t))—g\7N — (a(t)mq(t))+{mMa(t)a(t))

Voo, .
+ N(Fq(t)a(t))+(a(t)Fa(t)) Nk

We note that since the noise operator associated with the thermal reservoir has not effect

oncavitymodeoperatorswhicharenotintheanti-normalorder,Eqgs.(2.64-2.69),weset.
(Fa(t)a(t))+(a(t)Fo(1))=0
Applyingthisfact,theaboverelationreducesto

d - n
T2 (a)=2Ka) —g# (@(t)mMa(t))+(Ma(t)a(t)) (3.26)
dt N
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Toevaluate{(mq(t)a(t)),wemultiplyEq.(3.18)bym(t)fromtherightandtakingexpectation

valueonbothsides,weget

—tJ)

(a(t)rﬁa(t)>=(a(0)rﬁa:(KTt‘)>eo_zK(t+ T e (Fa(t)rﬁ%(}g)-\/(r%(t)rﬁa(t))" dt

Usingthefactthatoperatoratacertaintimeshouldnotaffectanoperatorintheearliertime
,wefind

(a(t)ma(t))=0 (3.27)

Inthesameway

(Mq(t)a(t))=0 (3.28)

UponapplyingtheresultsunderEqgs.(3.27)and(3.28)inEgs.(3.26),wefindthat

¢ = xay
= Kkas-
Atsteady-statethisequationturnsouttobe

(a2)=0 (3.29)
Similarly,onecanshowthat

~2

(a” )=0 (3.30)

Ontheotherhand,theexpectationvalueofEq.(3.6)willbecalculatedas

DJi h i E

Folh=(alODe "4 T EICO ) de

Weexpecttheoperators T(tJ),rﬁc(tJl);apdl-:a(tJ)tovarysIowacomparedwiththeexponential

functione=*(t-t) Thus,wecantaketheseoperatorsoutsidetheintegral,sothat

Dh .. ife E

- Q A B B
(miay=(fa(OD)e ¥+~ " m,(t)+mc(t)+Fold) e Vet gy
0

Doingtheintegration,wefind
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Butatt=0,weget

(Mqa)={(M4,(0))Assumingtheatomstobeinitiallyinthebottomlevel,{m,(0))={m»(0))=0
{Mgy)=0 (3.31)

Furthermore,usingEq.(3.31)alongwithEq.(2.64)andtheassumptionthatthecavitylightisinitiallyinavacuumstat

e, theexpectationvalueofEq.(3.18)takestheform
(8)=0,(a"y=0 (3.32)

InviewofEgs.(2.183)and(3.32),weclaimthatdisaGaussianvariablewithzeromean.

Onecanalsoeasilyverifythat
~ ~ 2 ~
(b2)=0,(b" )=0,(b)=0 (3.33)

Thenonaccountoqus.(Z.184)and(3.33),wereaIizethatBisaGaussianvariablewithzero mean.

3.1.2 GlobalPhotonNumberVariance

Thevarianceofphotonnumberforamoderadiationproducedbythenon-

degeneratethreelevellasercoupledtothermalreservoirwillbe
(Ang)?=(n?)~(ra)’=((a"d)?)-(a"a)*

SincedisaGaussianvariablewithzeromean,itsphotonnumbervariancewouldbegivenby

[1,3]
(An)2=(aa)aa’)+(a" (a?)

Usingthefactthat(/\L)=(A7b)togetherwithEqs.(3.10),(3.22),(3.29)and(3.30),we
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Figure3.2:Globalphotonnumbervariance( n)?veusQfordifferentvaluesofy.atk=0.8andN=50
224 29
p  (An)*=nz+n(N-"")
K
Toseetheimpactoftherateofstimulatedemission,weusethey. 4,‘12 whicheouldreduce

Vv
tog=0.45 y.Therefore,theseequationswillappearas

(Ana)2=r;2+ﬁa(N—]u125\/y) (3.34)

c

inasimilarmannerthatthephotonnumbervarianceforlightmodeb

(Anp)?=n?+1,(N- 1,,125\/,/) (3.35)

Egs.(3.34) and (3.35) represents a super-Poisonian photon statistics. In other words, each ofthe two
radiation modes are in a chaotic state of light . In view of Egs.(3.24), (3.25), Egs.(3.34)and (3.35), we found
that the variance of photon number has maximum value of 480 whichoccur at y.= Oand it will decrease
with increasing y..But variance of single mode increaseswith the amplitude of the coherent light and it

terminate atQ = 1.5for any y.. This is clearlydisplayedinfigure3.2.
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3.2Two-ModePhotonStatistics

In this section we seek to determine the global mean photon number and variance of the two-mode cavity

light.In addition, we obtain the local mean photon number and variance of thetwo-modecavitylight.

3.2.1 GlobalMeanPhotonNumber

To learn about the brightness of the generated light,it is necessary to study the mean number ofphoton pairs
describing the two-mode cavity radiation.So,we wish to calculate the steady-statemean photon number for
the two-mode cavity light in the entire frequency interval. The twomode Mean photon number for the
radiation produced by the coherently driven non-degeneratethree level laser coupled to two mode thermal
reservoir is determined using a hermitian numberoperatorl’::(cAT&).
HerecCistheannihilationoperatorforthetwomodecavitylightradiated whichisgivenby6=a+B.From
Eqs(3.32)and(3.33)andthereIation(6)=(a)+(5),we seethat

(@=(c"y=0 (3.36)

Thetwomodemeanphotonnumberisexpressedas

A=(c'e)=((a’+b")(a+b))

=(a'a)+(b'by+a'h))+(b'a)

But, using the formal solution of Egs.(2.183) and (2.184) or their conjugates together with

therespectivefactsunderEqgs.(2.136),(2.66),(3.32)and(3.33),onecouldshowthat
(a'by+(b'ay=0

Then,theequationoftwomodemeanphotonnumberforanon-

degeneratethreelevellaserdrivenbytwomodecoherentlightandcoupledtotwomodethermalreservoirreducesto

A=(a"8)+(b'DY="na+1 (3.37)
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EmployingEqgs.(3.24),(3.25)inEq.(3.37),wefind

Nye 202

(3.38)
y2+302%

ﬁ=(c*9=

Thisshowsthatthemeanphotonnumberforanon-degeneratethreelevellaserdrivenbytwomode coherent light
and coupled to two mode thermal reservoir increases with amplitude of thedriving coherent light(Q). The
mean photon number is zero if there is no stimulated
emission(y.=0),nodrivingcoherentlight.Besides,itwillvanishwhenthecoherentcouplingismuch
muchsmallerthantherateofstimulatedemission (£ ) ~0). Put,itwillhaveamaximum

valuewhenthecoherentcouplingismuchmuchgreaterthantherateofstimulatedemission

a=0)giy&nby
2 V.
Nmax= NKE ZQZ_ = ZNve
K 2 _s+B) 3k

Thisshowsthatthemeanphotonnumberforanon-degeneratethreelevellaserdrivenbytwo
modecoherentlightandcoupledtotwomodethermalreservoiristwiceoftheglobalmeanphotonnumberofindividualr

adiationmodes.Wecanalsoevaluate{éc")as

(&chy=(aa")y+(bb"y+(ba")y+(ba")

Bythesamereasonabove,wecouldshowthat

(ba"y+(ba"y=0
(&c"y=(aa")+(bb")

FromEqgs.(3.22)and(3.23),weget
" #
~ 4
(&)=L (Ny+(N) +2N-
K K

Inotherwords,thesameresultcouldbedevelopedusingtheQuantumLangevinequationfor
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¢.Todoso,wesee ktofind(écA*)usingtherelation

d ~ dé~  dct
~echy=("" — 3.39
(") (dtC>+<c dt) (3.39)
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T
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Figure3.3:Comparisonofsinglemode(blue)andtwomodelight(magneta)versusQat
Yc=0.4,k=0.8andN=50

LookingEqgs.(2.116),(2.183),(2.185),itisnothardtoseethat

Arpy—d A _ & n
ft)=9¢ \/Nm-llz—'c(t) 9 (3.40)
where,l—cc(t)=l—ca(t)+l-:b(t).Thus,wereadilyﬁnd
" #
d ~ "t q " "t
B dt(c“(t)c(t))=—K(c“(t)c(t))—\/ﬁ €(t)ym(t))+(rmt)c (t))
" #
v oo . . el
+ N (F(t)c (0)+(E(t) (1) Fe (3.41)

Sincethecavitymodeoperatorsareinanti-

normalorder,theeffectofnoiseoperatorcouldngtbeignoredsimply.So,toevaluate(c”(t) f(t)),wemultiplythefo

rmalsolutionofEq,(3.40)by
Fc(t)fromtﬁerightandtakingexpectationvaIueonbothsidesas
" #
» ” —it b ie-e) aq ey A "
OO/ e 2+ e —VHOFHFDF®) T e
0

Fromthesamefactasbeforeabouttimedifferenceandimpactofnoiseforce,weget

CORm="" e (oAt dt
0
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~ vVoo. VoL
FromEQ.(2.66-2.69)andF (t)= Nf(t)+ Nf{t),wesee —

ca b

Re™(8) T()=kN

~

(" FADC (t)=kN

Furthermore,weneedto evaluate(ﬁl(t)cA*(t)).Multiplyingtheadjointofthesteadystate
solutionofEq.(3.40)ontheleftbyA(t)andtakingtheexpectationvalue oftheresulting
expression,weget

v
-29

(HOE ()= ’\L<A7(t>>+c</\7(t)>+3Wt)”(t)K> F. (3.42)

Astheinteractionofcavitymodesanddrivinglightisignored,thesumofEqs.(2.140)and(2.141)afterremovingthesq

uarebracketsgiveastheequationofevolutionforri(t)tobe

d Q- 5
S Yo - ;)-ﬁnaz m, me +F0.

dt
withitsformalsolution
S+ .
~ Lyct “¥c Jg (t—tf T Ve o A
m(t)=m0)e 2+ e 2 5 - (mb(p)_ma(tJ)%_ Mg ()+F(t') dt’ (3.43)
0

Now,uponmultiplyingEq.(3.43)ontherightby T(t)andtaking@beexpectationvaIueofthe

resultingexpression,wehave

Je

“¥c

N e vt —ve JQAf(t_'}y
OFL)=(HOF()e "+ &2 - (my(tFdt)

- Ve . oA
(ko) ) - S (E)+(F(t) c(t))Br
Usingthetimedifferencebetweennoiseoperatorandcavitymodeoperatorstogetherwiththeassumptionthatthenois
eoperatoronemodelightwillnotaffect,theonlytermthatsurvive

willbe

. Je .
* —Yc_J ~ Jt J
(MOF(t)y= e  (F()Fddt
0
InviewofEq.(2.68),thisreducesto y
I\./— N R
(mt) (t))= FK o (3.44)

2
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v
con =29 N — Vv _
(Mt)c'(t))= (NEDHN(E)+ N (3.45)
2
v _
Y -29 N Vv _
(E(t)m' ()= (N(-t-»i'-éN(t)H N (3.46)

UponusingEgs.(3.45)and(3.46)inEq.(3.41),weget

‘—’(ECA*)=K(6CA*)+492(Mt))+ (N(t))-2g+2N kAtsteadystate,theaboveequ.isreduces
dt K ¢ b
to

(B(t)C (£)) =XUNC(£))+ N (1)) +2N-22Fromthefactthat(Na (£))+ (N (£))+ (Nc(t)) =N
and({Na(t))=(Np(t))
(echy=¥=N-(Ni(t))+2N-4

EmployingEqg.(2.160),thisreducesto

~ 2, 2
@c()y=2n- 4a  Npys20°  © (3.47)
K K y2+3Q2°¢

3.2.2 GlobalVariancePhotonNumber

Inthissectionweseektocalculatethevarianceofthephotonnumberforthetwomodecavitylight.Tothisend,thevarianc
eofthephotonnumberfortwo-modecavitylightisexpressible

as
(Any=((c'e))~(c'e)?
Sincec”aGaussianvariablewithzeromean,itsphotonnumbervariancewouldbegivenby
[1,2].
b ~ 32 N
(An)?=(c"e)(ec"y+(c" Y{c?) (3.48)
Furthermore,employingtherelation

d dc(t . - N
g€ Be=( ) dtc(t))d:(r(t) dc(t)dt—

alongwithEq.(3.60),weeasilyobtain

d v N
B dt(c‘(t)c“(t))=—K(c‘(t)c“(g)_—\/N @C()ymt)y+(mt)e(t)y + N (Fe(t)e(t))+(E(t) Fc(t))
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couldbeignoredsimplysothat

(F(t)E(t))+(E(t)F(t))=0.Thus

~

SN ] GO +HAED) (3.49)
dt N

Weseektoevaluate(¢(t)m(t)).BymultiplyingthesteadystatesolutionofEq.(3.40)byrit)

fromtherightandta kingtheexpectationvaIu%son bothsides,weget
29 N — 2
E(t)ym(t))=- « (szﬁ’ﬁK(/-:c(t)ﬁﬂ(T))

Uponmultiplyi ngEq.(3.43)byl—cc(t)fromtheleftandtakingtheexpectationvaIue,weget

J- "
t

FOIM)=(Ff8he 2+ R (e (e)m, ()-(FLOma (o) +FUOFe))

0

#

Forthenoiseoperatoratacertaintimeshouldnotaffecttheoperatorsintheearliertime,all

thetermsinthisequationvanish.hence.(l—cc(t)ﬁ’:(t))=050that

2g ™
@(t)t))=- (Ne(t)) (3.50)
¥
2g N iB
A (3.51)

EmployingEgs.(3.50)and(3.51)inEq.(3.49),wefind

2 ~ 2
M=k +T (ML)
withsteadystatevalue

(By=L<(Nc(t))

inviewofeqs(2.161),weget

(&y= Nyey®+Q*  « (3.52)
Kk y>+3Q2
~2 Ve, v Ny, Y0
¢ y="— t))= 3.53
(€)= (t) o e « yre30? (3.53)
EmployingEqgs.(3.38),(3.47),(3.52)and(3.53)inEq.(3.48),0necouldget
" #
_ N 20?2 49  Nyy?+2Q?
(An)2 = DM = 2N-— < c
K p*+3Q072 K K y*+3Q2 ¢
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4 Ny—
—fx 2N- I pe Yo v .
K K pH+3Q2
Onecanfurtherrewritethisequationas
(An)=n?+2AN- 4 ANye  y*
K K y2+3Q2°¢

Vv
Usingthevalueg=0.45 'y, weget

v ANy y?
(Bny=n+2an-235n Py —L— <
c y°+3Q

(3.54)

Thisequationindicatesthatfornon-zeromeanphotonnumber,thephotonnumbervarianceofthe light generated
by coherently driven non-degenerate three level laser coupled to two modethermal reservoir is greater than
its mean photon number. Consequently,the two mode lightproduced by coherently driven non-degenerate

three level laser coupled to two mode thermalreservoirownsasuper-

poisonianstatisticsanditisachaoticlight.
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Chapterad

QuadratureVarianceandSqueezing

In this chapter we seek to study the quadrature variance of single-mode light beams and thequadrature
squeezing of the two-mode cavity light, produced by the system under consideration.Applyingthesteady-
statesolutionsoftheequationsofevolutionoftheexpectationvaluesofthe atomic operators and the quantum
Langevin equations for the cavity mode operators, weobtain the global quadrature variance for light modes a

and b.In addition, we determine theglobalquadraturesqueezingofthetwo-modecavitylight.

4.1Single-ModeQuadratureVariance

Inthissectionwewishtoobtaintheglobalquadraturevarianceoflightmodesaandb.

4.1.1 GlobalQuadratureVariance

Here we seek to calculate the quadrature variance of light modes a and b in the entire
frequencyinterval.Thesqueezingpropertiesofthecavitymodelightaaredescribedbytwoquadrature
operatorsdefinedas

~ “r

dv=a’+a (4.2)

) (4.2)

50
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wherea”.anda”-areHermitianoperatorsrepresentingphysicalquantitiescalledtheplusand
minusquadraturesofcavitymodelighta. Fromthedefinitionofthecommutatoroftwo

operators

andontakingtheexpectationvalueoftheoperatorsontherighthandsideofthisequation,

weseethat
[8,0'1=(aa")-(a’a)

ThusinviewofEgs.(3.10)and(3.22),wefind

A 2
[6,a"1=Y5(Nyss- =N Ye N)ss
K g K _K< F
As(Nq)=(Np),thisreducesto
~ 2
Ga1=Nn L

Thecommutationrelationofsuchplusandminusquadratureoperatorswillbe
[d%,d%]==-2i[a,a"]

29
[a"-,a"]=—2i(N- )(4.3)—
K

Thequadraturevariancesaredefinedby
(Aa+)2=(a#)-(a*)?
Thiscanalsobeputintheform
(Aat)?==([a"+a]?)£((a")(a))?
InviewofEqgs.(3.29),(3.30),and(3.32),onecanshoweasilythat

(Aas)?=(a’a)+{a"d) (4.4)
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EmployingEgs.(3.22)and(3.24)inEq.(4.4),wearriveat

C C 2
(Aai)za=y—(N)+y—b(N)ss——g+N
K K K
Usingthefact(Nq)=(Np),thiscouldberewrittenas
29
(Aa£)>=2n"ar N - (4.5)
K

which is the quadrature variance of a light mode in a chaotic state.In line with the
photonstatistics,thequadraturevariancesoftheplusandminusquadraturesindicatethatlightmodea is in a
chaoticstate.In the same manner,the squeezing propertiesof the other cavity

modelightbaredescribedbytwoquadratureoperatorsdefinedas
by=b"+b (4.6)
"=i(b'-b) (4.7)
wherea”.anda”-areHermitianoperatorsrepresentingphysicalquantitiescalledtheplusandminusquadraturesofcavit

ymodelightb. Fromthedefinitionofthecommutatoroftwo

operators

[b°,b 1=-2i[b,b}]

_ L [b,b 1=-2i((bb"y~(b"D))
FromEqgs.(3.11)and(3.23),weget
~ - 2
_ . b == 25Ny 5 (N + e
K K

Fromegs.(2.159)andegs.(2.160),thisexpressionreducesto
mn #
o - Nye p 29
—,bs]=-2 —k— = +N 4.8
[b /b+] / K %2_'_3()2 K ( )

Nextweproceedtocalculatethequadraturevarianceoflightmodeb.Thevarianceoftheplusandminusquadratureoper

atorsaredefinedby

. (Ab)2=()-(b)?
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Thiscanalsobeputintheform
(Adx)?=([b" LB12) 2 ((6") 2 (B
InviewofEq.(3.33),o0necanshoweasilythat
(Ab")2=(b"b)e+(bb") (4.9)

EmployingEqgs.(3.23)and(3.25)inEq.(4.9),wearriveat

2
(Abi)th(NHV—i(N)ss——ng
K K K
Thiscouldberewrittenas
e 2
(Db )2=r ANy =Lan . (4.10)
K K

which is the quadrature variance of b light mode in a chaotic state.In line with the photonstatistics still, the
quadrature variances of the plus and minus quadratures indicate that
lightmodebisinachaoticstate.Ontheotherhand,iftwohermitianoperatorsAandBdonot

commute , [A,B] = iC, the uncertainties in their measurements in a given state satisfy
thegeneralizedHeisenberguncertaintyrelationgivenbyAf\AéZHCL

2

Then,wecouldseethat

EmployingEq.(4.3)inthisrelation,weseethat

NG+ AO-2> N=K

Formodeb,wecouldseethat

~ ~ 1 ~ 7
sb &b Tz b,

EmployingEq.(4.8)inthisrelation,weseethat

2 29

Nye
e ¥ Y (4.11)

c
2
. y2+3CR
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4.2Two-ModeQuadratureSqueezing

Inthissectionweseektostudytheglobalquadraturevarianceofthetwo-modecavitylight.

4.2.1 GlobalQuadratureSqueezing

We now proceed to calculate the variance of the plus and minus quadrature of the the two-
modecavitylightproducedbyacoherentlydrivennon-
degeneratethreelevellaserinacavitycoupledtothermalreservoir.Thesqueezingpropertiesofthetwo-
modecavitylightaredescribedby

twoquadratureoperatorsdefinedby

Co=C+¢ (4.12)
E=i(c'-¢) (4.13)

wherec”.andc”-.areHermitianoperatorsrepresentingphysicalquantitiescalledtheplusandminusquadraturesoftwo

modecavitylight.
(&, & ]=-2il6c']
where
[&c=éc’-c'¢
Therefore,takingexpectationvalues
[,c"=(écT) (')
But,weremember

@y=Lene)+(N(e) +an-22
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ce=2Yn(t))

a
K

Besides,usingthefactthat(I\A/a(t))=(I\A/b(t)),weget

[@c“*]=ﬁ</\7(t)>—<rly(t)>+gzw—ég . (4.14)
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WiththeaidofEgs.(4.22),(4.23),and(4.24),wecanshowthattheplusandminusquadrature

operatorssatisfythecommutationrelation
SN ~ . q
[c ]—21_,c(1V(t)>-(l’Y(t)>-a4/N+8l c

Itthenfollowsthat
“ANC"> - — + — .
AC”AC™ > Ve (N)=(N)+2N-4 g (4.15)
+ - c b
K P
where Ac.andAc-are the uncertainties in the plus and minus quadratures. Next we proceedto calculate the
quadrature variance of the two-mode cavity light. To this end, the variance

oftheplusandminusquadratureoperatorsofthetwo-modecavitylightaredefinedby

(Ace)2=(c2)~(c+)?

(Ac-)2=(c) (&)’

OnaccountofEgs.(4.12)and(4.13),theequationtaketheform

(Ac )2={CE) @Y+ Y+ ~(EY (T -2CT)E) (4.16)(Ac
Y2=(G ) +(ECTYH(C V(D) (&) (CY2-2(CTN(E) (4.17)

o (A =R+ ECY (Y)Y

C(Ac P=(ER+EY~(EY (&)
EmployingEgs.(3.36),(3.38),(3.47),(3.52)and(3.53)inEqgs.(4.16)and(4.17),wefind

(Ac,)2 = Nre 20° 4 on-  4g, Nyyr+20?

o

K 24302 243002 ¢
A!I_KQVQ"'QZC IOEC 6kc y
K y*43Q7? K y*+3Q?
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Nyc2y*+5Q°+Qyc
K + (4.18)
24 K )/2+3Q2 ¢
(Ac-) =‘§N—M¢ch—302 419
K" p2+3Q2 (4.19)
Moreover,forthecaseinwhichthederivingcoherentlightisabsent(Q=0),onecanseethat
4g 2N
(Ac P=2n—"Lp o (4.20)
K K
2 4q
(Ac )*=2N-—", (4.21)
K

which are the quadrature variance of the two-mode cavity light in vacuum state.

ComparingEqgs.(4.18)and(4.19),weexpectthesqueezingtooccurintheminusquadrature.

4.3QuadratureSqueezing

Inthissectionweseektostudythesqueezingpropertiesofthelightgeneratedbynon-
degeneratethreelevellasersystem.Tothisend,wecalculatethequadraturesqueezingofthetwo-
modecavitylightintheentirefrequencyintervalrelativetothequadraturevarianceof the two-mode cavity vacuum
state.The quadrature squeezing of the two-mode cavity lightrelativetothequadraturevarianceofthetwo-

modevacuumlightcanbedefinedas[2,7]

(Ac-)*—(Ac-)?
S_= T (4.22)

where(Ac-)?%isquadraturevarianceofthetwo-modevacuumcavitylight,S-isthesqueezingof minus quadrature.Now
employing gquadrature variance of the two-mode vacuum cavity

lightgivenbyEq.(4.19)andthequadraturevarianceofthecavitylightinavacuumstateexpressedinEq.(4.21),Eq.(4.22)r

educesto
2N—2—2 N -4 Nrelve 3"
S_= P2 p p V""Dkl’
2N-% _
K
AscomparedtoN,%,wecouldset %4~0.Then,aftersomealgebra,weget
K K
YeQye—3Q°
Va3 | (4.23)
Cc
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5

Figure4.1:PlotsofthequadraturesqueezingS-versusQfork=0.2andfordifferenty.

We note that, unlike to the mean photon number and variance of the photon number,
thequadraturesqueezingdoesnotdependonthenumberofatoms.Thisimpliesthatthequadra-
turesqueezingofthecavitylightisindependentofthenumberofphotons.FromEq.(4.23),onecan easily observe
that the degree of squeezing depends highly on both rate of
stimulatedemission(yc)andtheamplitudeofthedrivingcoherentlight(Q).
Itincreaseswithincreasingboththestimulateddecayrateandtheamplitudeofthedrivingcoherent  light.Finally,
we found that the light generated by a coherently driven non-degeneratethree level laser placed inside a
cavity coupled to two mode thermal reservoir produces asqueezed state light with a maximum squeezing

of (96.22%) ycbelow the quantum standardlimitorthecoherentstatelevelwhichoccuraty.=5andQ=0.78.
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Chapter5Conclusion

In this thesis, we have investigated the statistical and squeezing properties of coherently drivennon-
degeneratethreelevellasersinacavitycoupledtotwomodethermalreservoir.Inthecaseofinteractingdrivingcoheren
tlightwithacavitymodeandnondegeneratethreelevelatom,we obtain the Hamiltonian equation.After that, we
develop the master equation and quantumlangiven equations for the system under consideration and then, we
derive the equations of evo-
lutionoftheexpectationvaluesofthecavitymodeandatomicoperators.wethen,determinethesteady-
statesolutionsoftheresultingequationsintheadiabatic(largetime)approxima-tion scheme.By the help of this
equation and solutions, we obtained the photon statistics andquadrature squeezing.We find that the global
mean photon number for modea(b)
increaseswiththeamplitudeofthedrivingcoherentlight(Q)andwiththerateofstimulatedemission(y.).Wealsoobtain
edthatthephotonnumberstatisticsofsinglelightmodeissuper-Poiso-
nianphotonstatisticswhichshowsthateachofthetworadiationmodesareinachaoticstateoflight. Weverifythattheglo
balmeanphotonnumberfortwomodelightincreaseswiththeamplitudeofthedrivingcoherentlight(Q)andwiththerat
eofstimulatedemission(yc).Then, we show that the light generated by coherently driven non-degenerate three
level lasercoupledtotwomodethermalreservoirownsa super-poisonianstatisticsanditisa
chaoticlight.Finally,wefindthatthelightmodegeneratedbysuchlightisinasqueezedstatewithamaximumdegreeofsq

ueezing(96.22%)belowthecoherentlevel.
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